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PREFACE

This book discusses every kind of infinity: potential and actual,
mathematical and physical, theological and mundane. Talking
about infinity leads to many fascinating paradoxes. By closely
examining these paradoxes we learn a great deal about the
human mind, its powers, and its limitations,

The study of infinity is much more than a dry, academic
game, The intellectual pursuit of the Absolute Infinite is, as
Georg Cantor realized, a formn of the soul’s quest for God.
Whether or not the goal is ever reached, an awareness of the
process brings enlightenment.

Infinity and the Mind has been written with the average person
in mind. Most of the main text should prove digestible, if
chewed. By and large, the separate sections are complete in
themselves, and the reader should feel free to skip about in the
book.

At the end of each chapter there is a section with puzzles and
paradoxes; answers are provided. For those who may wish to
delve a bit deeper into set theory and logic, 1 have organized two
mathematical excursions which are placed at the end of the book.

Infinity and the Mind was thought out and written over a
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period of some ten years. 1 started having ideas for it in that most
Sixties of years, 1972. At that time ! was writtng a doctoral
dissertation in set theory for Erik Ellentuck at Rutgers University
and attending a logic seminar led by the eminent proof theorist
Gaisi Takeuti at the Institute for Advanced Study in Princeton,
New Jersey. The first time I met Takeuti | asked him what set
theory was really about. **“We are trying 10 get exact description
of thoughts of infinite mind,'’ he said. And then he laughed, as
if filled with happiness by this impossible task.

The same year 1 met Kurt Godel at the Institute for Advance
Study. No one in modern times has thought more logically than
Godel, no one has proved theorems of greater mathematical
complexity. Yet the man I met was a joyful, twinkling sage—not
some obsessed fossil. What struck me most about Gadel was his
intellectual freedom—his ability to move back and forth between
frankly mystical insights and utterly precise logical derivations.
As | began to study the writings of Georg Cantor, the founder of
set theory, 1 realized that Cantor shared this freedom. Logic and
set theory are the tools for an exact metaphysics.

The writing of this book started with a paper I did for a logic
colloquium at Oxford University in 1976 and began in eamest
with a set of mimeographed lecture notes for an interdepartmen-
tal course I taught with my friend William J. Edgar at SUNY
Geneseo in 1977, In 1978 I rewrote my notes and reproduced
them by photo-offset for an experimental metamathematics course.
Those notes make up the present Chapters One and Three and
the more technical Excursion I.

[ spent the years 1978-1980 at the Mathematics Institute of the
University of Heidelberg, a guest of Gert Miiller and the Alexan-
der von Humboldt Foundation. While there, I wrote Chapter
Four with Excursion II for a course of lectures on the philosophy
of mathematics. Chapters Two and Five have been written this
winter at Randolph-Macon Woman’s College.

Infinity and the Mind is a work of transmission. 1 dedicate it
with love and respect to everyone in the channel,

R.v.B.R.
Lynchburg, Virginia
Jure 19, 1981



ONE
INFINITY

A SHORT HISTORY OF INFINITY

The symbol for infinity that cne sees most often is the lazy eight
curve, technically called the lemniscate. This symbol was first
used in a seventeenth century treatise on conic sections.' It
caught on quickly and was soon used to symbolize infinity or
eternity in a variety of contexts. For instance, in the 1700s
the infinity symbol began appearing on the Tarot card known
as the Juggler or the Magus. It is an interesting coincidence that the
Qabbalistic symbel associated with this particular Tarot card is
the Hebrew letter N (pronounced alef}, for Georg Cantor, the
founder of the modern mathematical theory of the infinite, used
the symbol Ny (pronounced alef-null) to stand for the first
infinite number.

The appropriateness of the symbol o for infinity lies in the fact

Figure 1.
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Figure 2.
that one can travel endlessly around such a curve . . . demolition

derby style, if you will. Endlessness is, after all, a principal
component of one’s concept of infinity. Other notions associated
with infinity are indefiniteness and inconceivability.

Infinity commenly inspires feelings of awe, futility, and fear.
Who as a child did not lie in bed filled with a slowly mounting
terror while sinking into the idea of a universe that goes on and
on, for ever and ever? Blaise Pascal puts this feeling very well:
“When 1 consider the small span of my life absorbed in the
eternity of all time, or the small part of space which I can touch
or sec engulfed by the infinite immensity of spaces that I know
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not and that know me not, [ am frightened and astonished to see
myself here instead of there . . . now instead of then.’’?

It is possible to regard the history of the foundations of
mathematics as a progressive enlarging of the mathematical uni-
verse to include more and more infinities. The Greek word for
infinity was apeiron, which literally means unbounded, but can
also mean infinite, indefinite, or undefined. Apeiron was a
negative, even pejorative, word. The original chaos out of which
the world was formed was apeiren. An arbitrary crooked line
was apeiron. A dirty crumpled handkerchief was apetron. Thus,
apeiron need not only mean infinitely large, but can also mean
totally disordered, infinitely complex, subject to no finite
determination. In Aristotle’s words, ‘*. . . being infinite is a
privation, not a perfection but the absence of a limit. . . .**

There was no place for the apeiron in the universe of Pythago-
ras and Plato. Pythagoras believed that any given aspect of the
world could be represented by a finite arrangement of natural
numbers (where “‘natural number’” means ‘‘whole number’’).
Plato believed that even his ultimate form, the Good, must be
finite and definite. This was in contradistinction to almost all
later metaphysicians, who assumed that the Absolute is necessar-
ily infinite. In the next chapter I will discuss the way in which
Greek mathematics was limited by this refusal to accept the
apeiron, even in the relatively harmless guise of a real number
with an infinite decimal expansion.

Aristotle recognized that there are many aspects of the world
that seem to point to the actuality of the apeiron. For instance, it
seems possible that time will go on forever; and it would seem
that space is infinitely divisible, so that any line segment con-
tains an infinity of points. In order to avoid these actual infinites
that seemed to threaten the orderliness of his a priori finite
world, Aristotle invented the notion of the potentially infinite as
opposed to the actually infinite. 1 will describe this distinction in
more detail in the next section, but for now let me characterize it
as follows. Anstotle would say that the set of natural numbers is
potentially infinite, since there is no largest natural number, but
he would deny that the set is actually infinite, since it does not
exist as one finished thing. This is a doubtful distinction, and I
am inclined to agree with Cantor’s opinion that ‘. . . in truth the
potentially infinite has only a borrowed reality, insofar as a
potentially infinite concept always points towards a logicall‘y
prior actually infinite concept whose existence it depends on.”’
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Plotinus was the first thinker after Plato to adopt the belief that
at least God, or the One, is infinite, stating of the One that,
*‘Absolutely One, it has never known measure and stands out-
side of number, and so is under no limit either in regard to
anything external or internal; for any such determination. would
bring something of the dual into it.”*?

St. Augustine, who adapted the Platonic philoscphy to the
Christian religion, believed not only that God was infinite, but
also that God could think infinite thoughts. St. Augustine argued
that, “*Such as say that things infinite are past God’s knowledge
may just as well leap headlong into this pit of impiety, and say
that God knows not all numbers. . . . What madman would say
50?7 . . . What are we mean wretches that dare presume to limit
His knowledge?''®

This extremely modern position will be returned to in the last
section of this chapter. Later medieval thinkers did not go as far
as Augustine and, although granting the unlimitedness of God,
were unwilling to grant that any of God's creatures could be
infinite. In his Summa Theologiae St. Thomas Aquinas gives a
sort of Aristotelian proof that *“although God's power is unlimited,
he still cannot make an absolutely unlimited thing, no more than
he can make an unmade thing (for this involves contradictories

Q.l

Figure 3.
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being true together).””” The arguments are elegant, but suffer
from the flaw of being circular: it is proved that the notion of an
unlimited thing is contradictory by slipping in the premise that a
“‘thing’’ is by its very nature limited.

Thus, with the exception of Augustine and a few others, the
medieval thinkers were not prepared to deal with the infinitude
of any entities other than God, be they physical, psychological,
or purely abstract. The famous puzzle of how many angels can
dance on the head of a pin can be viewed as a question about the
relationship between the infinite Creator and the finite world.
The crux of this problem ts that, on the one hand, it would seem
that since God is infinitely powerful, he should be able to bid an
infinite number of angels to dance on the head of a pin; on the
other hand, it was believed by the medieval thinkers that no
actually infinite collection could ever arise in the created world.

Their proofs that infinity is somehow a self-contradictory no-
tion were all flawed, but there was at least one tnteresting paradox
involving infinity that the medieval thinkers were aware of. It
would seem that any line includes infinitely many points. Since
the circumference of a circle with radius two is two times as long
as the circumference of a circle with radius one, then the former
should include a larger infinity of points than the latter. But by
drawing radii we can scc that each point P on the small circle
corresponds to exactly one point P’ on the large circle, and each
point Q' on the large circle corresponds to exactly one point Q on
the small circle. Thus we seem to have two infinities that are
simultaneously different and equal.

In the early 1600s Galileo Galilei offered a curious solution to
this problem. Galileo proposed that the smaller length could be
turned into the longer length by adding an infinite number of
infinitely small gaps. He was well aware that such a procedure
leads to various difficulties: ““These difficulties are real; and they
are not the only ones. But let us remember that we are dealing
with infinites and indivisibles, both of which transcend our finite
understanding, the former on account of their magnitude, the
latter because of their smallness. In spite of this, men cannot
refrain from discussing them, even though it must be done in a
roundabout way."'®

He resolved some of his difficulties by asserting that problems
arise only ‘‘when we attempt, with our finite minds, to discuss
the infinite, assigning to it those properties which we give to the
finite and limited; but this I think is wrong, for we cannot speak
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of infinite quantities as being the one greater or less than or equal
to another.’”® This last assertion is supported by an example that
is sometimes called Galileo’s paradox.

1 2 3 4 5 6 7 ...
O ! I I !
1 4 9 16 25 36 49...

The paradoxical situation arises because, on the one hand, it
seems evident that most natural numbers are not perfect squares,
50 that the set of perfect squares is smaller than the set of all
natural numbers; but, on the other hand, since every natural
number is the square root of exactly one perfect square, it would
seem that there are just as many perfect squares as natural
numbers. For Galileo the upshot of this paradox was that, “‘we
can only infer that the totality of all numbers is infinite, and that
the number of squares is infinite . . . ; neither is the number of
squares less than the totality of all numbers, nor the latter greater
than the former; and finally, the attnibutes ‘equal,’ ‘greater,” and
‘less,” are not applicable to infinite, but only to finite quantities.””'®

I have quoted Galileo at some length, because it is with him
that we have the first signs of the modern attitude toward the
actual infinite in mathematics. If infinite sets do not behave like
finite sets, this does not mean that infinity is an inconsistent
notion. It means, rather, that infinite numbers obey a different
*‘arithmetic’’ from finite numbers. If using the ordinary notions
of “‘equal’’ and *‘less than"’ on infinite sets leads to contradictions,
this is not a sign that infinite sets cannot exist, but, rather, that
these notions do not apply without modification to infinite sets.
Galileo himself did not see how to carry out such a modification
of these notions; this was to be the task of Georg Cantor, some
250 years later.

One of the reasons that Galileo felt it necessary to come to
some sort of terms with the actual infinite was his desire to treat
space and time as continuously varying quantities. Thus, the
results of an experiment on motion can be stated in the form that
x = f{t), that space position is a certain function of continuously
changing time. But this variable ¢ that grows continuously from,
say, zero to ten is apeiron, both in the sense that it takes on
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arbitrary values, and in the sense that it takes on infinitely many
values.

This view of position as a function of time introduced a
problem that helped lead to the founding of the Calculus in the
late 1600s. The problem was that of finding the instantancous
velocity of a moving body, whose distance x from its starting
point is given as a function f{t) of time.

It tums out that to calculate the velocity at some instant f,,
one has to imaginc measuring the speed over an infinitely small
time interval dr. The speed f'(#,) at fp is given by the formula
(fity, + dr) — fltg))icdt, as everyone who has ¢ver survived a
first-year calculus course knows.

The quantity dt is called an infinitesimal, and obcys many
strange rules. If dt is added to a regular nrumber, then it can be
ignored, treated like zero. But, on the other hand, dt is regarded
as being different enough from zero to be usable as the denomina-
tor of a fraction. So is df zero or not? Adding firitely many
infinitesimals together just gives another infinitesimal. But add-
ing infinitely many of them together can give either an ordinary
number, or an infinitely large quantity.

Bishop Berkeley found it curious that mathematicians could
swallow the Newton-Leibniz theory of infinitesimals, yet balk at
the peculiarities of orthodox Christian doctrine. He wrote about
this in a 1734 work, the full titte of which was, The Analyst, Or
A Discourse Addressed to an Infidel Mathematician. Wherein It
is examined whether the Objeci, Principles, and Inferences of
the modern Analysis are more distinctly conceived, or more
evidently deduced, than Religious Mysteries and Points of Faith.
‘“First cast out the beam out of thine own Eye; and then shalt
thou see clearly to cast out the mote out of thy brother's Eye.’''!

The use of infinitely small and infinitely large numbers in
calculus was soon replaced by the limit process. But it is un-
likely that the Calculus could ever have developed so rapidly if
mathematicians had not becn willing to think in terms of actual
infinities. In the past fifteen years, Abraham Robinson's non-
standard analysis has produced a technique by which infinitesi-
mals can be used without fear of coniradiction. Robinson’s
technique involves enlarging the real numbers to the set of
hyperreal numbers, which will be discussed in Chapter 2.

After the introduction of the limit process, calculus was able
to advance for a long time without the use of any actually infinite
quantities. But as mathematicians tried to get a precise description
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of the continuum or real linc, it became cvident that infinitics in
the foundations of mathematics could only be avoided at the cost
of great artificiality. Mathematicians, however, still hesitated to
plunge into the world of the actually infinite, where a set could
be the same size as a subset, a line could have as many points as
a line half as long, and endless processes were treated as finished
things.

Itgwas Georg Cantor who, in the late 1800s, finally created a
theory of the actual infinite which by its apparent consistency,
demolished the Aristotelian and scholastic **proofs’’ that no such
theory could be found. Although Cantor was a thoroughgoing
scholar who later wrote some very interesting philosophical de-
fenses of the actual infinite, his point of entry was a mathemati-
cal problem having to do with the uniqueness of the representation
of a function as a trigonometric series.

To give the flavor of the type of construction Cantor was
working with, let us consider the construction of the Koch curve
shown in Figure 4. The Koch curve is found as the limit of an
infinite sequence of approximations. The first approximation is a
straight line segment (stage D). The middle third of this segment
is then replaced by two pieces, each as long as the middle third,

“which are joined like two sides of an equilateral triangle (stage
1). At each succeeding stage, each line segment has its middle
third replaced by a spike resembling an equilateral triangle.

Now, if we take infinity as something that can, in some sense,
be attained, then we will regard the limit of this infinite process
as being a curve actually existing, if not in physical space, then
at least as a mathematical object. The Koch curve is discussed at
length in Benoit Mandelbrot’s book, Fracrals, where he explains
why there is reason to think of the Koch curve in its infinite
spikiness as being a better model of a coastline than any of its
finitely spiky approximations. '?

Cantor soon obtained a number of interesting results about
actually infinite sets, most notably the result that the set of points
on the real line constitutes a higher infinity than the set of all
natural numbers. That is, Cantor was able 1o show that infinity is
not an all or nothing concept: there are degrees of infinity.

This fact runs counter to the naive concept of infinity: there is
only one infinity, and this infinity is unattainable and not quite
real, Cantor keeps this naive infinity, which he calls the Abso-
lute Infinite, but he allows for many intermediate levels between
the finite and the Absolute Infinite. These intermediate stages



Stage 1

/\ /\

Stege 2

Stage 3

Stage 4

Figure 4. Adapted from Benoit Mandelbrot, Fractals.
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comrespond to his rransfinite numbers . . . numbers that are infinitc,
but none the less conceivable.

In the next section we will discuss the possibility of finding
physically existing transfinite sets. We will then look for ways in
which such actual infinities might exist menrally. Finally we will
discuss the Absolute, or metaphysical, infinite.

This threefold division is due to Cantor, who, in the following
passage, distinguishes between the Absolute Infinite, the physi-
cal infinities, and the mathematical infinities:

The actual infinite arises in three contexts: first when it
is realized in the most complete form, in a fully indepen-
dent other-worldly being, in Deo, where 1 call it the
Absolute Infinite or simply Absolute; second when it oc-
curs in the contingent, created world; third when the mind
grasps it in abstracto as a mathematical magnitude, number,
or order type. 1 wish to make a sharp contrast between the
Absolute and what I call the Transfinite, that is, the actual
infinities of the last two sorts, which are clearly limited,
subject to further increase, and thus related to the finite.!>

PHYSICAL INFINITIES™

There are three ways in which our world appears to be un-
bounded and thus, perhaps, infinite. It seems that time cannot
end. It seems that space cannot end. And it seems that any
interval of space or time can be divided and subdivided endlessly.
We will consider these three apparent physical infinities in three
subsections.

Temporal Infinities

Suppose that the human race was never going to die out—that
any given generation would be followed by another generation.
Would we not then have to admit that the number of generations
of man is actually infinite?

Aristotle argued against this conclusion, asserting that in this
situation the number of generations of man would be but poten-
tially infinite; that is, infinite only in the sense of being
inexhaustible. He maintained that at any given time there would
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only have been some finite number of generations, and that it
was not permissible to take the cntire future as a single whole
containing an actual infinitude of generations.

It is my opinion that this sort of distinction rests on a view of
time that has been fairly well discredited by modern relativistic
physics. In order to agree with Aristotle that, although there will
never be a last generation, there is no infinite set of all the
generations, we must believe that the future does not exist as a
stable, definite thing. For if we have the future existing in a
fixed way, then we have all of the infinitely many future genera-
tions existing ‘‘at once.’’

But one of the chief consequences of Einstein's Special The-
ory of Relativity is that it is space-time that is fundamental, not
isolated space which evolves as time passes. I will not argue this
point in detail here, but let me repeat that on the basis of modern
physical theory we have every reason to think of the passage of
time as an illusion. Past, present, and future all exist together in
space-time.

So the question of the infinitude of time is not one that is to be
dodged by denying that time can be treated as a fixed dimension
such as space. The question still remains: is time infinite? If we
take the entire space-time of our universe, is the time dimension
infinitely extended or not?

Fifty, or even twenty, years ago it would have been natural to
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assert that our universe has no beginning or end and that time is
thus infinite in both directions. But recently it has become an
established fact that the universe does have a beginning in time
known as the Big Bang. The Big Bang took place approximately
15 billion years ago. At that time our universe was the size of a
point, and it has been expanding ever since. What happened
before the Big Bang? It is at least possible to answer, “‘Nothing."’
The apparent paradox of having a first instant in time is some-
times avoided by saying that the Big Bang did not occur in time
. . . that time is open, rather than closed, in the past.

f—s—e—s
/2 x
(8)
¢ >
(A)

Figure 6A (bottom) and Figure 6B (top).

This is a subtle distinction, but a useful one. If we think of
time as being all the points greater than or equal to zero, then
there is a first instant: zero. But if we think of time as being all
the points strictly greater than zero, then there is no first instant.
For any instant 7 greater than zero, one has an earlier instant #/2
that is also greater than zero.

Big 4 Bang
Figure 7.
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But in any case, if we think of time as not existing before the
Big Bang, then there are certainly not an infinite number of years
in our past. And what about the future? There is no real consen-
sus on this. Many cosmologists feel that our universe will eventu-
ally stop expanding and collapse to form a single huge black hole
called the Big Stop or the Gnab Gib; others feel that the expan-
sion of the universe will continue indefinitely.

If the universe really dogs start as a point and eventually
contract back to a point, is it really reasonable to say that there is
no time except for the interval between these points? What
comes before the beginning and after the end?

Big @ Stop

Contracting Fhase

Expanding Phase

Big @ Bang
Figure 8.
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One responsc is to view the universe as an oscillating system,
which repeatedly goes through expansions and contractions. This
would reintroduce an infinite time, which could, however, be
avoided.

" The way in which one would avoid infinite time in an end-
lessly oscillating universe would be to adopt a belief in what
used to be called ‘“‘the eternal return.’” This is the belief that
every so often the universe must repeat itself. The idea is that a
finite universe must return to the same state every so often, and
that once the same state has arisen, the future evolution of the
universe will be the same as the one already undergone. The
doctrine of eternal recurrence amounts to the assumption that

World-Line

Figure 9.



Figure 10.

Here & Now

Figure 11. From R. v.B. Rucker, Geometry, Relativity, and the Fourth
Dimension.
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time is a vast circle. An oscillating universe with circular time is
pictured in Figure 10.

There is a simpler model of an oscillating universe with
circular time, which can be called toroidal space-time. In toroi-
dal space-time we have an oscillating universe that repeats itself
after every cycle. Such a model is obtainable by identifying the
two points, ‘‘Big Bang’’ and *‘Big Stop,”” in Figure 11,

Note, however, that if the universe really expands forever,
then it cannot ever repeat itself, as the average distance between
galaxies is a continually increasing quantity that never returns to
the same value.

Spatial infinities

We now turn to a consideration of the possibility of spatial
infinities, The potential versus actual infinity distinction is some-
times used to try to scotch this question at the outset. Immanue]
Kant, for instance, argues that the world cannot be an infinite
whole of coexisting things because ‘‘in order therefore to con-
ceive the world, which fills all space, as a whole, the successive
synthesis of the parts of an infinite world would have to be
looked upon as completed,; that is, an infinite time would have to
be looked upon as elapsed, during the enumeration of all coexist-
ing things.’"'?

Kant’s point is that space is in some sense not already really
there—that things exist together in space only when a mind
perceives them to do so. If we accept this, then it is true that an
infinite space is something that no finite mind can know of after
any finite amount of time. But one feels that the world does exist
as a whole, in advance of any efforts on our part to see it as a
unity. And if we take all of space-time, it certainly does not
seem to be meaningless to ask whether the spatial extent of
space-time is infinite or not.

In De Rerum Natura, Lucretius first gave the classic argument
for the unboundedness of space: *‘Suppose for a moment that the
whole of space were bounded and that someone made his way to
its uttermost boundary and threw a flying dart.”*'® It seems that
either the dart must go past the boundary, in which case it is no
boundary of space; or the dart must stop, in which case there is
something just beyond the boundary that stops it, which again
means that the purported boundary is not really the end of the
universe.
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I i there's
”f@é// nathing here,

SR

Figure 12A.
Dart goes beyond *‘boundary.™

Figure 12B.
Dart stops at boundary.

So great was their revulsion against the apeiron that Par-
menides, Plato, and Aristotle all held that the space of our uni-
verse 15 bounded and finite, having the form of a vast sphere.
When faced with the question of what lies outside this sphere,
Aristotle maintained that “*what is limited, is not limited in
reference to something that surrounds it."*"’

In modern times we have actually developed a way to make
Aristotle’s claim a bit more reasonable. As Lucretius realized,
the weak point in the claim that space is a finite sphere is that
such a space has a definite boundary. But there is a way to
construct a three-dimensional space which is finite and which

does nor have boundary points: simply take the hypersurface of a
hypersphere. Such a space is endless but not infinite.

Infinite Finite &
& Unbounded Bounded
< > .
Figure 13A. Figure 13B.
Finite &

Figure 13C, Unbounded
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To understand how something can be endless but not infinite,
think of a circle. A fly can walk around and around the nm of a
glass without ever coming to a barrier or stopping point, but
none the less he will soon retrace his steps.

Again, the surface of the Earth ts a two-dimensional manifold
which is finite but unbounded (unbounded in the sense of having
no ¢dges). You can travel and travel on the Earth’s surface
without ever coming to any truly impassible barrier . . . but if
you continue long enough, you will begin to recross your steps.

The reason that the two-dimensional surface of the Earth is
finite but unbounded is that it is bent, in three-dimensional
space, into the shape of a sphere. In the same way, it is possible
to imagine the three-dimensional space of our universe as being
bent, in some four-dimensional space, into the shape of a
hypersphere. It was Bernhard Riemann who first realized this
possibility in 1854, There is, however, a traditional belief that
anticipates the hypersphere. This tradition, described in the essay,
““The Fearful Sphere of Pascal,”” by Jorge Luis Borges, is
summarized by the saying (attributed to the legendary magician
Hermes Trismegistus) that *“God is an intelligible sphere, whose
center is everywhere and whose circumference is nowhere,””'8 If
the universe is indeed a hypersphere, then it would be quite
accurate to regard it as a sphere whose center is everywhere and
whose -circumference is nowhere,

To see why this is so, consider the fact that if space is
hyperspherical, then one can cover all of space by starting at any
point and letting a sphere expand outwards from that point. The
curious thing is that if one lets a sphere expand in a hyperspherical
space, there comes a time when the circumference of the sphere
turns into a point and disappears. This fact can be grasped by
considering the analogous situation of the sequence of circular
latitude lines on the spherical surface of the carth.'® This line of
thought appears in Dante’s Paradisio (1300).%°

Aristotle had believed that the world was a series of nine
spheres centered around the Earth. The last of these crystalline
spheres was called the Primum Mobile and lay beyond the sphere
upon which were fastened all of the stars (other than the sun,
which was attached to the fourth sphere). In the Paradisio,
Dante is led out through space by Beatrice. He passes through
each of the nine spheres of the world: Moon, Mercury, Venus,
Sun, Mars, Jupiter, Saturn, Fixed Stars, Primum Mobile. Beyond
these nine spheres lie nine spheres of angels, corresponding to
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the nine spheres of the world. Beyond the nine spheres of angels
lies a point called the Empyrean, which is the abede of God.
The puzzling thing about Dante’s cosmos as it is drawn in
Figure 14 is that here the Empyrean appears not to be a point,
but rather to be all of space (except for the interior of the last
sphere of angels). But this can be remedied if we take space to
be hyperspherical! In Figure 15 1 have drawn the model we
obtain if we take the diagram on the last page and curve it up
into a sphere with a point-sized Empyrean. In the same way, the
three-dimensional model depicted by the first picture can be
turned into the finite unbounded space of the second picture if
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we bend our three-dimensional space in such a way that all of the
space outside our last angelic sphere is compressed to a point.’
Figure 16 is Doré’s engraving of the Empyrean surrcunded by its
spheres of angels.

This whole notion of hyperspherical space was not consciously
developed until the mid-nineteenth century. In the Middle Ages
there was a general and uncritical acceptance of Aristotle’s view
of the universe—without Dante’s angelic spheres.

Lucretius, of course, had insisted that space is infinite, and
there were many other thinkers, such as Nicolas of Cusa and
Giordano Brune, who believed in the infinitude of space. Some
kept to the Aristotelian world system, but suggested that there
were many such setups drifting around; others opted for a looser
setup under which stars and planets are more or less randomly
mixed together in infinite space.

Bruno strongly advocated such viewpoints in his writings,
especially his dialogue of 1584, *‘On the Infinite Universe and
Worlds.”’??> Bruno travelled freely around Europe during his
lifetime, teaching his doctrine of the infinite universe at many
centers of leaming. In 1591, a wealthy Venetian persuaded
Bruno to come from Frankfurt to teach him *‘the art of memory
and invention."" Shortly after Bruno artived, the trap was sprung.
His host had been working closely with the ecclesiastical



Figure 16. From Gustav Doré’s Divine Comedy (Dover).
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authorities, who considered Bruno a leading heretic or heresiarch.
Bruno was turned over to the Inquisition. For nine years Bruno
was interrogated, tortured, and tried, but he would not give up
his beliefs; early in 1600 he was bumed at the stake in the
Roman Piazza-Campo di Fiori. Bruno’s example caused Galileo
to express himself a pood deal more cautiously on scientific
questions in which the Church had an interest.

Whether or not our space is actually infinite i1s a question that
could conceivably be resolved in the next few decades, Assum-
ing that Einstein’s theory of gravitation is correct, there are
basically two types of universe: i) a hypersphernical (closed and
unbounded) space that expands and then contracts back to a
point; ii) an infinite spacc that expands forcver. It is my guess
that casc i) will come to be most widely accepted, if only
because the notion of an actually infinite space extending out in
every direction is so unsettling. The fate of the universe in case
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i) is certainly more interesting, since such a uvniverse collapses
back to an infinitely densc space-time singularity that may serve
as the seed for a whole new universe. In case ii}, on the other
hand, we simply have cooling and dying suns drifting further and

further apart in an utterty empty black immensity . . . and in the
end there are only ashes and cinders in an absolute and etemnal
night.

Even though | am basically pro-infinity, my emotions lie with
the hyperspherical space. But is there any way of finding a
spatial infinity here? Well, what about that four-dimensional
space in which our hyperspherical universe is floating? Many
would dismiss this space as a mere mathematical fiction . . . as a
colorful way of expressing the finite, but unbounded, nature of
our universe, This widely held position is really a more sophisti-
cated version of Aristotle’s claim that what is limited need not be
limited with reference to something outside itself.

But what if one chooses to believe that the four-dimensional
space in which our universe curves is real? We might imagine a
higher 4-D (four-dimensional) world called, let us say, a duoverse,
The duoverse would be 4-D space in which a number of
hyperspheres were floating. The hypersurface of each of the
hyperspheres would be a finite, unbounded 3-D universe.

Thus, a duoverse would contain a number of 3-D universes, but
no inhabitant of any one of these universes could reach any one
of the others, unless he could somehow travel through 4-D
space. By lowering all the dimensions by one, one can see that
this situation is analegous to a universe that is a 3-D space in
which a number of spheres are floating. The surface of each
sphere or planet is a finite, unbounded 2-D space; and no one
can get from one planet surface to another planct surface without
travelling through 3-D space.

Following the Hermetic principle, **As above, so below,”” one
is tempted to believe that the duoverse we are in is actually a
finite and unbounded 4-D space (the 4-D surface of a 5-D sphere
in 5-D space), and that there are a number of such duoverses
drifting about in a 5-D triverse. This could be continued
indefinitely. One is reminded of those Eastern descriptions of the
world as a disk resting on the backs of elephants, who stand
upon a turtle, who stands upon a turtle, who stands upon a turtle,
who stands upon a turtle, etc.

Note that in that particular sort of cosmos there is only one
universe, one duoverse, one triverse, and so on. But in the kind
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of infinitely regressing cosmos that 1 have drawn in Figure 18,
we have infinitely many objects at each level. Note also that to
get from star A to star B one would have to move through 5-D
space to get to a different duoverse. It is a curious feature of
such a cosmos that, although there are an infinite number of
stars, no one n-dimensional space has more than a finite number
of them.

The question we are concerned with here is whether or not
space is infinitely large. There seem to be three options: i) There
is some level n for which n-dimensional space is real and infi-
nitely extended. The situation where our three-dimensional space
is infinitely large falls under this case. ii) There is some n such
that there is only one n-dimensional space. This space is to be
finite and unbounded, and there is to be no reality to n + 1
dimensional space. The situation where our three-dimensional
space is finite and unbounded, and the reality of four-dimensional
space denied, falls under this case. iii) There are real spaces of
every dimension, and each of these spaces is finite and unbounded.
In this case we either have an infinite number of universes,
duoverses, etc., or we reach a level after which there is only one
n-verse for each n.

So is space infinite? It seems that we can insist that at some
dimensional level it is infinite; adopt the Aristotelian stance that
space is finite at some level beyond which nothing lies; or accept
the view that there is an infinite sequence of dimensional levels.
In this last case we already have a qualitative infinity in the
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dimensionality of space, and we may or may not have a quantita-
tive infinity in terms, say, of the total volume of all the 3-D
spaces involved.

Figure 19.
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Infinities in the Smalt

In this subsection 1 will discuss the existence of the infinity in
the small, as opposed to the infinity in the large, which has just
been discussed. Since a point has no length, no finite number of
points could ever constitute a line segment, which does have
length, So it scems evident that every line segment, or, for that
matter, every continuous plane segment or region of space, must
consist of an infinite number of points. By the same token, any
interval of time should consist of an infinite number of instants;
and any continuous region of space-time wonld consist of an
infinite number of events (event being the technical term for a
space-time locaticn, i.e., point at an instant).

It is undeniable that a continuous region of mathematical
space has an infinite number of mathematical points. Right now,
however, we are concermned with physical space. We should not
be too hasty in assuming that every property of the abstract
mathematical space we use to organize our experiences is an
actual property of the concrete physical space we live in. But
what is ‘‘the space we live in'’? If it is not the space of
mathematical physics, is it the space of material objects? Is it the
space of our perceptions? In terms of material objects or of
perceptions, points do not really exist; for any material or percep-
tual phenomenon is spread over a certain finite region of space-
time. So when we look for the infinity in the small in matter, we
do not ask whether matter consists of an infinity of (unobservablc)
mass-points, but, rather, whether matter is infinitely divisible.

A commitment to avoiding the formless made it natural for
Greek atomists such as Democritus to adopt a theory of matter
under which the seemingly irregular bodies of the world are in
fact collections of indivisible, perfectly formed atoms. (The four
kinds of atoms were shaped, according to Plato, like four of the
repular polyhedra. There is one other polyhedron, the twelve-
sided dodecahedron, and this was thought somehow to represent
the Universe with its twelve signs of the zodiac.) For the atomists,
it was as if the world were an immense Lego set, with four kinds
of blocks. The diverse substances of the world—oil, wood,
stone, metal, flesh, wine, and so on—were regarded as being
mixtures of the four elemental substances: Earth, Air, Fire, and
Water. Thus, gold was regarded by Plato as being a very dense
sort of Water, and copper was viewed as gold with a small
amount of Earth mixed in.
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Figure 20. (A-D). From D. Hilbert and H. Cohn-Vossen, Geometry and the
Imagination.

The alchemists and early chemists adopted a similar system,
only the number of elemental substances became vastly enlarged
to include all homogeneous substances, such as the various ores,
salts, and essences. The fundamental unit here was the molecule.

A new stage in man’s conception of matter came when it was
discovered that if an electric current is passed through water, it
can be decomposed into hydrogen and oxygen. Eventually, the
vast diversity of existing molecules was brought under control by
regarding molecules as collections of atoms. Soon some ninety
different types of atoms or chemical elements were known. A
new simplification occurred when it was discovered, by bombard-
ing a sheet of foil with alpha rays, that an atom consists of a
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positive nucleus surrounded by electrons. Shortly after this the
neutron was discovered, and the physical properties of the vari-
ous atoms were accounted for by regarding them as collections
of protons, neutrons, and electrons.

Over the last half century it has been learned, by using particle
accelerators, that there are actually many types of ‘‘elementary
particles’” other than the neutron, electron, and proton. The
situation in high-energy physics today is as follows. A few
particles—<clectrons, neutrinos, and muens—seem to be abso-
lutcly indivisible. These particles are called leptons. All others—
protons, neutrons, mesons, lambdas, etc.—can be broken up into
smaller units, which then reassemble to form more particles.

The historical pattern in the investigation of matter has been
the explanation of diverse substances as combinations of a few
simpler substances. Diversity of form replaces diversity of
substance. So it is no surprise that it has been proposed that the
great variety of divisible particles that exist can be accounted for
by assuming that these particles are all built up out of quarks.

A second element in the historical pattern is that as more
powerful tools of investigation are used, it becomes evident that
there are more types of new building blocks than had been
suspected initially. This is the phase that high-energy physics is
currently moving into. First there were three kinds of quark: up,
down, and strange. Now, the charmed quark has been admitted,
and there are two new possible quarks: the top quark and the
bottom quark. It seems likely that the many diverse types of
quark will eventually be accounted for by assuming that each
quark is a combination of a few, let us say, darks . . . and that
there are only a very small number of possible kinds of dark.
The cycle will then repeat, with more and more different sorts of
dark being indirectly observed, the new diversity being accounted
for by viewing each dark as a collection of a few smaller
particles of which there are a limited variety, this limited variety
beginning to proliferate, and so on.

If this sort of development can indeed continue indefinitely,
then we are left with the fact that a stone is a collection of
collections of collections of. . . . The stone thus consists of an
infinite number of particles, no one of which is indivisible.
There is, finally, no matter—only form. For a stone is mostly
empty space with a few molecules in it, a molecule is a cloud of
atoms, an atom is a few electrons circling a tiny nucleus. . . .
What if any seemingly solid bit of matter proves on closer
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inspection to be a cloud of smaller bits of matter, which arc in
turn clouds, and so on? Note that the branching matter tree that 1
began to draw for the stone has only a finite number of forks or
nodes at each level, but that since there are infinitely many
levels, there are in all an infinite number of nodes or component
particles.

There are various objections to this sort of physical infinity.
One is the Aristotelian arpument that unless one is actually
smashing the stone down to the guark level, the gquarks are only
potentially (as opposed to actually) there. The point would be
that the stone may be indefinitely divisible, but that since no one
will ever carry out infinitely many divisions, there are not really
infinitc numbers of particles in the stone right now.

There is a more practical objection as well. This is that no
quark has ever been observed in isolation; the existence of
quarks is deduced only indirectly as a way of explaining the
symmetries of structure that occur in tables of the elementary
particles. This argument is not very strong, however. For one
thing, a great number of the things we believe in can be observed
only indirectly; and, more practically, if we can continue to
increase the energy of our measuring tools, there is no reason to
think that quarks cannot be more convincingly detected.

A more fundamental objection to the whole idea of particles,
subparticles, etc., is that the underlying reality of the world may
be field-like, rather than particle-like. By splitting particies indefi-
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Figure 21.
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nitely we arrived at the conclusion that there is only form, and
no content; many physicists prefer to start with this viewpoint.
For these physicists, the various features of the world are to be
explained in terms of the geometry of space-time. To get a
feeling for this viewpoint, one should look carefully at the
surface of a river or small brook. There are circular ripples, flow
bulges, whirlpcals and eddies, bubbles that form, drops that fly
up and fall back, waves that crest into foam. The geometrodynamic
worldview regards space-time as a substance like the surface of a
brook; the various ficlds and particles that seem to exist are
explained as features of the flow.

Figure 22.

Does the space-time of geometrodynamics allow an infinity in
the small? There is really no answer to this question at present.
According to one viewpoint there should be a sort of graininess
to space-time, and the grain size would represent a sort of
indivisible atom; a different viewpoint suggests that space-time
should be as infinitely continuous as mathematical space.

What if there really is nothing smaller than electrons and
quarks? Is there then any hope of an infinity in the small? One
can argue that a given electron can have infinitely many loca-
tions along a given meter stick, so that our space really does
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have infinitely many points. It is sometimes asserted that the
uncertainty principle of quantum mechanics nullifies this argument,
but this is not the case.

Quanturn mechanics puts no upper limit on the precision with
which one can, in principle, determine the position of an electron.
It is just that the more precisely the electron’s position is known,
the less precisely are its speed and direction of motion known.
Infinite precision is basically a nonphysical notion, but any
desired finite degree of precision is, in principle, obtainable. The
precision with which something can be measured is thus a good
example of something that is potentially infinite, but never actu-
ally infinite.

But this still gives us an actual infinity in the world. For if our
electron is located somewhere between zero and one, then each
member of the following infinite collection is a possible outcome
of a possible measurement:

2 = 1, .23 = 01, .235 = 001, .2356 = 0001, ...,
235608947 = 000000001, . . .

Although infinite precision is impossible, an electron can be
found to occupy any of the infinitely many points between zero
and one whose distance from zero is a terminating decimal.

There are, however, some modem physical speculations that
regard “*space’” and ‘‘time’” as being abstractions which apply to
our size level, but which become utterly meaningless out past the
thirtieth decimal place. What would be there instead? Our old
friend the apeiron. But even if we cannot really speak of infi-
nitely many space locations, we might hope to find infinitely
many sorts of particle.

It is sometimes thought that quantum mechanics proves that
there is a smallest size of particle that could exist. This is not
true. Quantum mechanics insists only that in order to ‘‘see’” very
small particles, we must use very energetic processes (o look for
them,

It is illuminating, after all this, to learn how the high-energy
physicists actually go about finding new particles. The process is
a little like finding stations on the radio by inching the dial back
and forth until you hear music instead of static. One uses a
particle accelerator in which collisions (between electrons and
positrons) are continually taking place. The energy of the collision
processes is varied by turning the voltage on the accelerator up
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and down. There is number R that measures the *‘particleness’
of the reaction taking place. R can be thought of as being a little
like the information parameter that enables you to tell whether
you have found a station, even though the sound of music is no
louder than the sound of the static. When an energy is found at
which the graph of R versus energy has a sudden peak, then it is
assumed that the energy in question is characteristic of the
rest-mass of 2 new particle. This process is called **bump-
hunting.”’ It is interesting to note that the sharper and narrower
the peak, the more long-lived, and, thus, more ‘‘real’’ the
particle is.

The question of whether or not matter is infinitely divisible
may never be decided. For whenever an allegedly minimal parti-
cle is exhibited, there will be those who claim that if a high
enough energy were available, the particle could be decomposed;
and whenever someone wishes to claim that matter is infinitely
divisible, there will be some smallest known particle which
cannot be split. One is almost tempted to doubt if the question of
the infinite divisibility of matter has any real meaning at all,
particularly in view of the fact that such concepts as ‘‘matter””
and “‘space’’ have no real meaning in the micro-world of quan-
tum mechanics.

To return to something a little more concrete, let us consider
the divisibility of our perceptual field. There is a limit to the
subdivisions that this field can undergo. If two clicks happen
close enough together in time, they cannot be distinguished; if a
spot of ink is small enough, we can no longer see it. Hume
makes much of this fact in his Treatise of Human Nature of
1739:

Put a spot of ink upon paper, fix your eye upon that spot,
and retire to such a distance, that at last you lose sight of
it; "tis plain, that the moment before it vanish’d the image
or impression was perfectly indivisible.*?

The best way to understand Hume’s view of the world is to
regard our space-time as being supplemented by an additicnal
dimension of scale. To represent what I have in mind, let us
forget about time and drop all the space dimensions but one. In
Figure 24 1 have drawn the space-scale continuum for a one-
dimensional world. An individual’s perceptual field has a certain
fixed size, as drawn; the field is made up of a certain finite
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number of slots or tiles—minimal perceptual units. In this model,
the one-dimensional creature has two dimensions in which he
can move his perceptual field. He can move to the left and right
in space, and he can enlarge and contract his perceptual field.
Rather than thinking of the field as enlarging and contracting, we
think of the field moving up and down on the scale axis.

If the labelled objects (mountain, stone, speck of rock dust)
occupy the appropriate regions of the space-scale coatinuum,
then we can think of the ordinary perceptual level as being when
the field is placed somewhere in the middle of the picture. At
this perceptual level stones are visible, but one has neither
enlarged one’s field of vision enough to see the mountain as a
single object, nor contracted one's attention enough to see the
specks of dust on the rock. Notice that changing the size of one’s
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perceptual field amounts just to moving this field about in the
space-scale continuum.

Hume takes perceptions as primary. Althcugh he is often
thought of as an empiricist, his is actually an extremely idealistic
viewpoint. The perceptions are ‘'out there’’; one’s consciousness
seems to move among them like a butterfly flitting from flower
to flower.

One’s perceptual field has minimal elements, yet these mini-
mal elements can be resolved into smaller elements by altering
one’s field (by paying closer attention, using a telescope, or
moving closer to the object in question). The only way to
reconcile these two apparently contradictory aspects of our per-
ceptual world is to view the world as a five-dimensional, space-
time-scale continuum.

The question of the existence of an infinity in the small now
becomes the question of whether or nct the space-scale contin-
uum drawn in Figure 24 extends downward indefinitely; similarly,
the question of the existence of infinity in the large is the
question of whether or not the continuum extends upward
indefinitely,

— ol

Figure 25.

I have long been interested in a curious trick that eliminates
the infinity in the large and the infinity in the small without
introducing any absolute perceptual minimum or maximum. This
is simply the trick of bending the space-scale diagram into a
tube, by turning the scale axis into a circle. Here the universe
could consist of many galaxies, which consist of many star
systems, which consist of many planets, which consist of many
rocks, which consist of many molecules, which consist of many
atoms, which consist of many elementary particles, which con-
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sist of many quarks and leptons, which consist of many darks,
which could consist of many universes.?*

A problem with the circular scale model is that if our universe
is broken down far enough, one gets many universes, each of
which will break down into many more universes. Are all of
these universes the same? Perhaps, but then it would be hard to
sce how there could really be more than one object in the world.
Another difficulty is that if there are many universes, each of
which breaks up into many more universes, how can each of the
component universes be one of the starting universes?

9 10 11 12.

There is no problem if we have infinitely many universes. To
illustrate this, I have drawn a picture of the simplest case: the
case in which each universe is made up of two universes. We
can see that 1 splits into 1 and 2, 2 splits into 3 and 4, 3 splits
into 5 and 6, and in general n splits into 2n — 1 and 2n, We
can continue splitting any given universe indefinitely, thus obtain-
ing an infinite number of components in any bit of matter.

What is gained here is freedom from the belief that any size
scale is intrinsically more basic or iriportant or complex than any
other size scale. Why waste time on the six o’clock news when
you are no more nor less important than a galaxy or an atom?
The point of this question is that one is often pressured to feel
that the concemns of society or the world are more significant
than one’s own immediate personal concerns. But this is based
on the assumption that some sizes are in an absolute sense bigger
than others, and it 15 this assumption that circular scale undermines.

Conclusion

In conclusion, note that it is entirely possible that our universc
is in every sense finite. A toroidal space-time of the sort men-
tioned in the section on temporal infinities eliminates all infini-
ties in the large; and if circular scale is introduced as in the
section on infinities in the small, then there are no discrete
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infinities in the small, These finitizations can be accomplished
smoothly: there need be no end of time, edge of space, or
smallest particle.

But it is hard to believe that there would be only one of these
totally finite universes. First, it is difficult to see how to apply
circular scale unproblematically unless there are infinitely many
universes; second, the principle of sufficient reason is violated if
only this particular finite universe exists; and third, there is the
feeling that the ‘‘space’ in which our space-time is curved
should be real.

In the section on spatial infinities it was pointed ocut that if, on
the one hand, one repeatedly finitizes by replacing lines with
circles, and if, on the other hand, one never accepts some
particular finite n-verse as the end of the line—if, in other
words, one thinks along the lines sketched in the last two
paragraphs—then one is forced to conclude that space is infinite
dimensional and that there are infinitely many objects in this
cosmic space.

INFINITIES IN THE MINDSCAPE

In the last section 1 discussed some of the ways in which an
actual infinity could physically arise. But there are things that
are not physical. There are minds, thoughts, ideas, and forms.
In this section we will see if any of these familiar nonphysical
entities are actually infinite.

In order to appreciate the section at hand, it is necessary to
keep an open mind on the question of whether or not mind
equals brain, for if one assumes a priori that a thought is nothing
more than a certain biochemical configuration in a certain finite
region of matter, then (unless one has infinite divisibility of
matter) it seems to follow automatically that infinite thoughts are
impossible.

To cast a few preliminary doubts on the hypothesis that brain
equals mind, let me quickly raise a few questions. Is what you
thought yesterday still part of your mind? If you own and use an
encyclopedia, are the facts in that encyclopedia part of your
mind? Does a dream which you never remember really exist?
How can you grasp a book as a whole, even though you only
read it a word at a time? Would the truths of mathematics still
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exist if the universe disappeared? Did the Pythagorean theorem
exist before Pythagoras? If three people see the same animal, we
say the animal is real; what if three people see the same idea?

I think of consciousness as a point, an ‘‘eye,”” that moves
about in a sort of mental space. All thoughts are already there in
this multi-dimensional space, which we might as well call the
Mindscape. Our bodies move about in the physical space called
the Universe; our consciousnesses move about in the mental
space called the Mindscape.

Just as we all share the same Universe, we all share the same
Mindscape. For just as you can physically occupy the same
position in the Universe that anyone else does, you can, in
principle, mentally occupy the same state of mind or position in
the Mindscape that anyone else does. It is, of course, difficult to
show someone exactly how to see things your way, but all of
mankind’s cultural heritage attests that this is not impossible.

Just as a rock 1s already in the Universe, whether or not
someone is handling it, an idea is already in the Mindscape,
whether or not someone is thinking it. A person who does
mathematical research, writes stories, or meditates is an explorer
of the Mindscape in much the same way that Armstrong,
Livingstone, or Cousteau are explorers of the physical features of
our Universe. The rocks on the Moon were there before the lunar
module landed; and all the possible thoughts are already out
there in the Mindscape.

The mind of an individual would seem to be analogous to the
room or to the neighborhood in which that person lives. One is
never in touch with the whole Universe through one’s physical
perceptions, and it is doubtful whether one’s mind is ever able to
fill the entire Mindscape.

One last analogy. Note that there is always a certain region of
physical space that only 1 can ordinarily know of—barring surgery,
no one but me is in a position to assess the physical conditions
obtaining within my stomach. In the same way, there is a certain
pari of the Mindscape that only I can ordinarily know of—unless
I am to be greatly favored by the Muse, the feelings that pass
over me when [ think of my childhood will always remain
private and inexpressible. Nevertheless, these almost ineffable
feelings are part of the common Mindscape—they are simply
difficult for anyone else to get to.

The point of all this is that just as the finiteness of our physical
bodies does not imply that every physical object is finite, the
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finiteness of the number of cells in our brains does not mean that
every mental object is finite.

Well . .. are there any infinite minds, thoughts, ideas, or
forms or what have you in the Mindscape?

The most familiar candidate is the set & of all natural numbers.
If I try to exhibit N, all I can really do is show you something
like thiss N = {1, 2, 3, ...]. What the **. . .”” stands for is
something that is evident, yet basically inexpressible. The idea,
of course, is that all of the natural numbers are to be collected
together into a whole. Each of them would seem to exist individu-
ally in the Mindscape, and onec would suppose that the set
consisting of exactly the natural numbers would be in the
Mindscape as well—one almost feels as if one can see it.

1 2 3 4.1 1+1 T+214+3...

Figure 26.

We might try to avoid the use of the **. . .”" by saying
something like this: **N is the set that has the following property:
one is in N, and for any number x that is in N, x plus one is in ¥
as well."' The trouble with this definition is that it does not
uniquely single out one particular set. If, for instance, there were
some infinitely large number /, and if N* were the set consisting
of all the numbers in N and all the numbers of the form [ + » for
some n in N, then N* would satisfy the property that for every x
in M*, x plus one is in N* as well . . . but N* would be different
from N.

We might try to get around this difficulty by saying that N is
the smallest set in the Mindscape that has one in it, and that has
x plus one whenever it has x. But, for reasons that I will begin to
explain in the next section, the word *‘Mindscape’ cannot be
meaningfully used in a definition. The concept of “*‘Mindscape’’
is too vast to be represented by any word or symbol.

If we try to avoid fhis difficulty by substituting some sort of
finite description of the mental universe for the word ‘‘Mindscape,'’
then we get the same problem as before. By the classic work of
the logician Thoralf Skolem, we know that for any finite descrip-
tion of N one might come up with, there will be a different set
N* that also satisfies the description. So it is quite literally true
that what is really meant by the **. . .’ is inexpressible.
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Some thinkers have taken this to mean that there is, after all,
no unique N in the Mindscape. This could be true. But one need
not take this to mean that there are no infinite sets in the Mindscape:
if there are many, many versions of the set of natural numbers,
then there are many, many infinite sets. However, it is normally
more desirable to assume that there is a simple unique N in the
Mindscape, just as it is simpler to assume that there is only one
universe instead of a whole slew of *‘parallel worlds.’’

I might note here that if tirne is indeed infinite, then just as we
can indicate Earth by saying, ‘‘this planet,”” we could indicate
our N by saying, ‘‘the number of seconds left in this time.”’ This
is, in fact, what people do when they attempt to define N by
saying, ‘'N is what you get if you start with one and keep adding
ones forever.” '

Figure 27.

If infinite forms are actually out there in the Mindscape, then
maybe we can, by some strange trick of mental perspective, see
some of these forms. The philosopher Josiah Royce maintained
that a person’s mental image of his own mind must be infinite.”
His reason is that one’s image of one’s own mind is itself an
iten present in the mind. So the image includes an image that
includes an image, and so on. This infinite regress can be nicely
visualized by imagining a United States in which a vast and
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fanatically accurate scale model of the country occupies most of
the Midwest. The scale model, being absolutely accurate, in-
cludes a copy of the scale model, etc. This regress is occasion-
ally used to make a striking label for a commercial product. The
old can of Pet Milk, for instance, bore a picture of a can of Pet
Milk, which bore a picture of a can of Pet Milk, etc.

In a physical situation we would probably never actually be
able to finish making such a label in all its infinite detail. But
this is not to say that no such label or country-plus-scale-model
could existz. There would be no problem, if matter were infinitely
divisible. (If scale is indeced circular, then everything is, in a
sense, already an object of this nature!)

There is certainly no reason why a nonphysical mind should
not be infinite; and Royce’s point is that if you believe that one
of the things present in your mind is a perfect image of this mind

"
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Figure 28 (A-C).
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and its contents, then your mind is infinite. One might try to
avoid this conclusion by adopting a circular scale attitude and
insisting that there is no difference between the mind and the
mind’s image of itself, so that the allegedly infinite set of
thoughts {image of the mind, image of the image, image of the
image of the image, . . .} is really the same as the set {mind,
mind, mind, . . .}, which is just a set with one member: {mind}.

I would like to discuss this a bit more, but first let me formally
introduce some of the apparatus of set theory. In Cantor’s words,
‘“A set is a Many that allows itself to be thought of as a One.”"%¢
A set is usually given as a pair of curly brackets enclosing some
description of the contents of the set. It is easiest to think of the
curly brackets as a thought balloon. Thus the set {l, 2} is the
unity obtained by taking the multiplicity consisting of the num-
bers 1 and 2 and treating this multiplicity as a unity. That is, we
can think of the set {I, 2} as being represented by a thought
balloon that has 1 in it and 2 in it.

Of particular interest in set theory is the empty set, . (& is the
One obtained by taking together . . . nothing. If we write out
in the ordinary way we get { }, which I have drawn as an empty

thought halloon.
BEIEs

Figure 29.

More and more complicated sets can be built up using only the
brackets in various arrangements. Thus we have the set {{ }}
depicted in Figure 28B, and we could equally well form {{ },
{1, {1}, {{ }}}} which is how the number 3 is usually represented
in terms of pure sets. (See Figure 29.)

Now let’s get back to the question of whether or not a mind
that has a perfect self-image is infinite. Really to get down to the
bare bones, say that we have a mind or label or set M such that
the only member of M is M. That is, M = {M}. Now, if we
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change this equation by replacing the M on the right by {M} then
we get M = {{M}}. If we could continue replacing M by {M}
forever, we would wind up with M = {{{{{. . . . .. Nt This
could actually be a definition of an M whose only member is
itself, for note that placing ancther pair of brackets around
L. .. ... 11t changes nothing. In plain English, M is the set
whose only member is the set whose only member is . . .

Figure 30. Based on a drawing from Robert Crumb, Your Hytone Comix
(San Francisco: The Print Mint, 1976).

But if the only member of M is indeed M itself (rather than a
copy of M), then M really only has one element. It is just that if
we try to describe this element by using brackets we get an
infinite description. We call thoughts like M self-representative.
Whether or not such an M is to be regarded as infinite depends
on whether you experience the M subjectively (in the way you
experience your own mind), or objectively (as a feature of the
Mindscape that is to be precisely described in the language of set
theory).

Set theory is, indeed, the science of the Mindscape. A set is
the form of a possible thought. Set thcory enables us to put
various facts about the Mindscape into one framework in the
same way that the atomic theory of matter provides a framework
in which the diverse physical and chemical qualitics of matter
can be simultaneously accommodated.

Before the atomic theory of matter, such phenomena as melt-
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ing and burning, rusting and freezing were regarded as qualita-
tively different. Once a good atomic theory was developed,
however, all of these phenomena could be thought of in more or
less the same way. The notion of set was consciously introduced
only at the tum of the century. Before long, it became evident
that all of the objects thal mathematicians discuss—functions,
graphs, integrals, groups, spaces, relations, sequences—all can
be represented as sets. One can go so far as to say that mathemat-
ics is the study of certain features of the universe of set theory.

The universe of set theory is closely bound up with the
Mindscape—one can, perhaps, think of the former as a sort of
blueprint of the latter. A set is obtained when we take a thought
and abstract from it all the emotive content, keeping only the
abstract relational structure. A set is the formn of a possible
thought. So the question of whether or not there are any infinite
entities in the Mindscape is really equivalent to the question of
whether or not there are any infinite sets.

According to set theorists, there certainly are infinite sets.
Indeed, there is to be an endless hierarchy of infinities: the set of
natural numbers, the set of all sets of natural numbers, the set of
all sets of sets of natural numbers, etc. Each member of this
sequence can be shown to be of an infinity greater than that of
the earlier members. In modern set theory there is a whole field
of study called large cardinals, whose specialists study a dizzy-
ing array of higher and higher infinities.

But many mathematicians and philosophers do not go along
with the set theorists. The traditional finitist viewpoint is still
with us. According to the finitists, there is nothing that is infinite,
in heaven or on earth.

Those who assert that infinite sets of every size have a secure
existence in the Mindscape are usually called Platonists. This
name is a bit inapt, since Plato did not believe in infinity; but he
did believe in the existence of ideas independent of thinkers, and
it is for this aspect of his thought that the Platonists are named.

It is not likely that the finitist vs. Platonist debate will ever be
concluded. On the one hand, it is probably impessible to meet
the demands of a finitist who says that he will believe in infinity
only if he is shown an infinite set right now; on the other hand,
the notion of infinite sets appears to be logically consistent, so
the finitist can never prove that infinite sets do not exist.

I incline towards Platonism; but if you are stubbom enough,
how can I possibly convince you that infinite things are real? All
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I can do, after all, is to make a finite number of marks on a finite
number of sheets of paper. If you are truly committed to disbe-
lief in the infinite, then you will not be satisfied by anything less
than my simultaneously exhibiting each member of some infinite
set . .. and whenever I claim that I have done so, you will
triumphantly point at the finiteness of the number of marks on
paper which 1 have really shown you.

In pre-Cantorian times finitists sometimes thought that they
had proved the impossibility of actually infinite sets. These
proofs, however, were always fallacious. Such proofs usually
deal with some particular property P of numbers that each natu-
ral number happens to enjoy. P might be the property of being
odd or even, having an immediate predecessor, being the sum of
finitely many units, or being greater than any predecessor. The
false proof that no infinite numbers exist then takes the form:
**Every number has property P. If x is an infinite number, then x
cannot have property P. Therefore no infinite numbers can exist.”
The fallacy in such a circular proof is that when it is asserted that
“*every number has property P,” it is being quietly assumed that
anything that fails to have property P does not exist.

But, of course, one cannot assume that the infinite sets must
have certain properties before one has ever looked at them!
Galileo’s paradox, for example, showed that an infinite set can
be put into a one-lo-one correspondence with a proper subset of
itself. Had we assumed in advance that no set could be put into a
one-to-one correspondence with a proper subset of itself, then we
waould have had a proof that no infinite set can exist. But such an
assumption is fotally unwarranted; indeed, to make such an
assumption is essentially to assume in advance that every set is
finite . . . which does not make for a very productive debate.

But are we quite sure that the finitists wilt never come up with
some valid proof that the notion of infinite sets is incoherent and
fundamentally meaningless? A Platonist would answer that yes,
he is sure that there is no inconststency in the theory of infinite
sets. He is sure of this because the theory in question is a
description of certain features of the Mindscape that “*anyone
can see.”’

But the finitist can still hope. There is a curious proof, discov-
ered by Kurt Gédel in 1930, that the consistency of set theory
cannot be finitely proved. The time will never come when the
finitist is absolutely forced to admit that it is safe to talk about
infintte sets.
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In mathematics no other subject has led to more polemics than
the issue of the existence or nonexistence of mathematical infinities.
We will return to some of these polemics in the last chapter. For
now, let us reprint Cantor’s opening salvo in the modern phase
of this age-old debate:

The fear of infinity is a form of myopia that destroys the
possibility of seeing the actual infinite, even though it in
its highest form has created and sustains us, and in its
secondary transfinite forms occurs all around us and even
inhabits our minds.?’

Strong words! But what does Cantor mean when he says that
the highest form of infinity created us? Read on!

THE ABSOLUTE INFINITE

There is a certain type of non-physical entity that was not
discussed in the last section. God, the Cosmos, the Mindscape,
and the class V of all sets—all of these are versions of what
philosophers call the Absolute. The word **Absolute’’ is used
here in the sense of *‘non-relative, non-subjective.”’ An Absolute
exists by itself, and in the highest possible degree of completeness.

As I mentioned carlier, Plotinus held that the One could not be
limited in any sense. As Aquinas, the quintessential theologtan,
says: ‘“The notion of form is most fully realized in existence
itself. And in God existence is not acquired by anything, but
God is existence itself subsistent. It is clear, then, that God
himself is both limitless and perfect.”’?®

The limitlessness of God is expressed in a form closer to the
mathematical infinite by St. Gregory: **No matter how far our
mind may have progressed in the contemplation of God, it does
not attain to what He is, but to what is beneath Him."’?” We have
here the rudiments of the infinite dialectic process that takes
place if we systematically try to build up an image of the whole
Mindscape.

Suppose that I want to add thought after thought to my mind
until my mind fills the whole Mindscape. Whenever | make an
attempt at this, I am collecting together a group of thoughts into
a single thought 7. Now, when [ become conscious of my state
of mind T, I realize that this is a new thought that I had not yet



INFINITY 47

x¢
4
C¥T
T
- A
Thinking T
{A)
Thinking T and "'T"
®
Figure 31 (A-B). -
accounted for . . . so |1 improve my image of the Mindscape by

passing to the thought that includes all the clements of 7 plus T
itself, viewed objectively.

This is a dialectic process in the sense that the thetic compo-
nent is one’s instantancous unconscious image of the Absolute,
the antithetic component is the conscious formalization of this
image, and the synthetic component is the formation of a new
uncenscious image of the Absolute that incorporates one’s earlier
images and the awareness that they are inadequate.™

This process is most clearly understood if we start with noth-
ing at all, as in the cartoon strip of Wheelie Willie in Figure 32.
{Wheelie Willie is a character whose adventures [ occasionally
used to draw for the Rurgers Daily Targum when [ was in
graduate school therc.) Notice that in cach of the shifts, what
takes place is that Wheclie Willic forms a thought that has as its
members the members of the last thought plus the last thought
itself. Looked at another way, the thought at each stage has all of
the previous stages as components.

If we call the ath thought T, we can define T, in two ways.
On the one hand, we can use an inductive definition: 7o = & and
Tasr = Th U {T,}, where for any sets A and B, A U B means the
set of all the sets that are members of A or of B. On the other
hand, we can use a different sort of inductive definition: T, =
{T:m < n}, which means **T, is the set of all T, such that m is less
than n."’
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Some readers may have asked themselves if the thought T plus
“T* really has to be different from the thought 7. And the
answer is, not always. In the last section we were looking at a
mind, M, which has M as one of its components. Such an M is
already fully self-aware, and M plus *“M”" is no different from
M. In terms of sets, M U {M} = M.

It would seem, in particular, that God should be able to form a
precise mental image of Himself. Insofar as the Mindscape is
God’s mind, what [ am saying is that one of the objects in the
Mindscape should be the Mindscape itself. That is, the Mindscape
is an M that has M as one of its members. Now, any object in the
Mindscape is, in principle, something that one can percetve
through one’s consciousness. So it would seem to be possible for
our minds actvally to attain a vision of God or of the whole
Mindscape.

Now this seems to contradict St. Gregory’s dictum and the
general feeling that the Absolute is unknowable. But there are
two kinds of knowing: the rational and the mystical.

If I know something rationally, then I have sorme thought that
15 built up from simpler thoughts, which are in turn built up from
still simpler thoughts. This regress is not infinite, but goes anly
through some finite number of stages before certain simple and
unanalyzable perceptions and ideas are reached. My idea of
“‘house’” consists of a collection of ideas, each one of which
represenis a certain type of house (e.g., my house, brick house,
hovel). Each idea of a type of house consists of ideas of various
components and functions (doors, windows, shelter), which can
in turn be explicated in terms of certain simple ideas (walking,
vision, warmth).

When I communicate a rational thought, what I do first is to
show what the components of my thought are, and then to show
how the components {it together. If one of the components of the
final thought were to be the final thought itself, then this rational
communication would be blocked by an infinite regress. To
explain the thought, I would first have to explain the thought. I
could not finish unless [ had already finished.

In terms of rational thoughts, the Absolute is unthinkable.
There is no non-circular way to reach it from below. Any real
knowledge of the Absclute must be mystical, if indeed such a
thing as mystical knowledge is possible.

Mathematics and philosophy do not normally have a great deal
to say about the mystical way of knowing things. Mystically
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speaking, it is possible to expenience a direct vision of the whole
Mindscape. This vision cannot be rationally communicated for
the reasons just outlined. Of course, it is possible to communi-
cate mystical knowledge in an indirect way, for example, by
advocating that a person prepare his or her mind through carry-
ing out some physical or spiritual exercises. But, ultimately,
mystical knowledge 1s attained all at once or not at all. There is
no gradual path by which to build up an M that has M as one of
its elements.

Even if full knowledge of the Absolute is only possible through
mysticism, it is still possible and worthwhile to discuss partial
knowledge of the Absolute rationally. A significant thing about
the Mindscape and the other Absolutes is that they are actually
infinite. Indeed, in 1887 Cantor’'s friend, Richard Dedekind,
published a proof that the Mindscape is infinite, where Dedekind's
word for Mindscape was Gedankenwelt, meaning thought-world.'!

Dedekind’s argument for the infinitude of the Mindscape was
that if 5 is a thought, then so is “‘s is a possible thought,’’ so that
if 5 1s some rational non-self-representative thought, then cach
member of the infinite sequence {s, s is a possible thought, s is a
pussible thought is a possible thought, . . .} will be in the
Mindscape, which must, therefore, be infinite.

A very similar argument proves that the class of all sets is
infinite. The class of all sets is normally called V, or Cantor’s
Absolute. We can use the Wheelie Willie sequence of sets to see
that there are infinitely many different sets in V.

Dedekind modelled his argument after an argument that ap-
pears in Bernard Bolzano's Paradoxes of the Infinite (ca. 1840):

““The class of all true propositions is easily seen to be
infinite. For if we fix our attention upon any truth taken at
random . . ., and label it A, we find that the proposition
conveyed by the words ‘A is true’ is distinct from the
proposition A itself . . .>"*2

So we can see that the Mindscape, the class of all sets, and the
class of all true propositions are all infinite. Does this guarantee
that infinite objects exist? Not really. For a case can be made for
the pluralist claim that the Mindscape, the class of all sets, and
the class of all true propositions do not exist as objects, as
unitics, as finished things.
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In more familiar terms, it is not hard to prove that God is
infinite . . . but what if you don’t believe that God exists? It may
seem hard to doubt that the more impersonal Absolutes—such as
*“*everything,”” or the Mindscape—exist, but there are those who
do doubt this. The issue under consideration is a version of the
old philosophical problem of the One and the Many. What is
being asked is whether the cosmos exists as an organic One, or
merely as a Many with no essential coherence. It is certainly true
that the Mindscape, for instance, does not exist as a single
rational thought. For if the Mindscape is a One, then it is a
member of itself, and thus can only be known through a flash of
mystical vision. No rational thought is a member of itself, so no
rational thought could tie the Mindscape into a One.

Normally the word “*set’’ is restricted by definition to apply
only to collections that are not members of themselves. Under
this use of the word, the class V of all sets cannot be a set, for if
it were, we would have a set V such that V is a member of itself.
So V becomes a collection that can never be formed into a One.

Suppose that we do not believe in circular scale and assumne
that any physical thing is not a part or component of itself. Is the
Cosmos, the collection of all physical things, a thing? If it is,
then it has to be a component of itself, which we do not allow,
So the Cosmos is not a thing, but only a Many that can never be
a One.

There is a highly relevant passage in a letter Cantor wrote to
Dedekind in 1905:

**A multiplicity can be such that the assumption that e/l its
clements *are together’ leads to a contradiction, so that it is
impossible to conceive of the multiplicity as a unity, as
‘one finished thing.” Such multiplicities [ call absolutely
infinite or inconsistent multiplicities. As we can readily
see, the ‘totality of everythmg thinkable,’ for example, is
such a muttiplicity . . .”"?

Again, the reason that it would be a contradiction if the
collection of all rational thoughts were a rational thought T is
that then T would be a member of itself, violating the rationality
of T (where “‘rational’’ means non-self-representative). The up-
shot of all this is that God, the Mindscape, the class of all sets,
and the class of all true propositions all seem to be infinite, but it
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is at least possible to question whether any of these Absolutes
exists as a single entity. Certainly they do not exist as entities
that can be fully grasped by the rational mind.

CONNECTIONS

In this section 1 would like to explore some of the connections
between the various sorts of infinities that have been discussed.®*
In his 1887 essay, ‘‘Contributions to the Study of the Transfinite,””
Cantor quotes a passage from Aquinas’s Summa and states repeat-
edly that in this passage appear the only two really significant
objections that have ever been raised against the actual infinite.?*
Let us examine this quote from Aquinas here, reproducing Cantor’s
italics:

The existence of an actually infinite multitude is impossible.
1) For any set of things one considers must be a specific
set. And sets of things are specified by the number of
things in them. Now no number is infinite, for number
results from counting through a set in units. So no set of
things can actually be inherently unlimited, nor can it
happen to be unlimited. 2) Again, every set of things
existing in the world has been created, and anything cre-
ated is subject to some definite purpose of its creator, for
causes never act to no purpese. All created things must be
subject therefore to definite enumeration. Thus even a
number of things that happens to be unlimited cannot
actually exist.3®

It seems clear that Aquinas’s first point is that an infinite set
can occur only if infinite numbers exist, and he does not believe
that infinite numbers exist. Cantor’s theory of transfinite num-
bers stands as the only adequate response to this objection. For
many years, it was believed that the notion of actually infinite
numbers was fundamentally incoherent. It was only with the
birth of Cantor’s theory in the late 1800s that a consistent and
reasonable theory of infinite, or transfinite, numbers was developed.
As Cantor remarks in his discussion of Aquinas’s objection, this
objection against the existence of actually infinite collections is
to be met positively by exhibiting a theory of infinite numbers.



INFINITY 53

It is not so obvious what Aquinas’s second point might be. It
might be taken to be simply a variation on the first point. Under
this reading, the first point says that any set must have a number
of cardinality, but all numbers are finite; and the second point
says that any set must have a purpose or significance, but any
definite purpose is finite. If this is indeed Aquinas’s meaning,
then we can say that once again the Cantorian theory of infinite
sets provides a positive rebuttal.

Aquinas’s whole view of the infinite is not really tenable, for
he held that God is infinite, but that no created thing is infinite.
This contradicts a widely accepted principle known as the Reflection
Principle. The Reflection Principle as formulaied in set theory
goes as follows: every conceivable property that is enjoyed by V
is also enjoyed by some set. (Recall here that V is Cantor’s
Absolute, the class of all sets.) Philosophically it would run:
every conceivable property of the Absolute is shared by some
lesser entity; or, every conceivable property of the Mindscape is
also a property of some possible thought. -

The motivation behind the Reflection Principle is that the
Absolute should be totally inconceivable. Now, if there is some
conceivable property F'such that the Absolute is the only thing
having property P, then I can conceive of the Absolute as *‘the
only thing with property P.’’ The Reflection Principle prevents
this from happening by asserting that whenever I conceive of
some very powerful property P, then the first thing I come up
with that satisfies P will not be the Absolute, but will instead be
some smallish rational thought that just happens to reflect the
facet of the Absolute that is expressed by saying it has property
P.

Let me give an example of a Reflection Principle argument.
For every thought S in the Mindscape, the thought 'S is q
possible thought'’ is also a thought in the Mindscape. By Reflec-
tion there must, therefore, be some thought W such that For
every thought § in W, the thought ''S is a possible thought’’ is
also in W. This W reflects, or shares, the italicized property of
the Mindscape. But note now that this W must be infinite. So an
infinite thought exists.

Again, it is true that each of the Wheelie Willie sets T, is a
member of V. By the Reflection Principle there must, therefore,
be some set & such that each of the Wheelie Willie sets T, is a
member of N. Therefore an infinite set N exists.
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The point I wish to make is that if one accepts the existence of
any of the various infinite Absolutes, then one is fairly well
committed to accepting the existence of infinite thoughts and
sets. For to deny the Reflection Principle is practically to assert
that the Absolute can be finitely described, which is most
unreasonable.

The passage from St. Augustine that [ referred to earlier
contains a kind of Reflection Principle argument for the reality of
the set N of all natural numbers. In that passage Augustine
argues that God must already know each and every natural
number and that he even knows *‘infiniteness’’ in the form of all
the natural numbers taken at once—for otherwise the set of
natural numbers would exhaust his abilities. God, according to
Augustine, must lie beyond the set of natural numbers.

To summarize the points in this chapter:

1. The infinite normally inspires such feelings of helplessness,
futility, and despair that the natural human impulse is to reject
it out of hand.

2. There are, however, no conclusive proofs that everything is
finite; and the question of whether or not anything infinite
cxists remains as an open, almost empirical problem.

3. There arc various sorts of physical infinites that could actu-
ally exist: infinite time, infinitely large space, infinite dimen-
sional space, infinitely continuous space, and infinitely divisible
matter. Each of these infinites is, in principle, avoidable;
whether or not cur Cosmos actually does avoid infinitics
remains to be seen.

4. In Cantor’s set theory we have a great number of infinite sets.
This simple and coherent theory of the infinite provides a
logical framework in which to discuss infinities. Moreover, if
we feel that the things that mathematicians discuss are real,
then we can conclude that actually infinite things exist.

5. Atempts to analyze the phenomenon of consciousness and
self-awareness rationally appear to lead to infinite regresses.
This seems to indicate that consciousness is essentially infinite.

6. The Absolute is certainly infinite. So one must either deny
the reality of the Absolute or accept the existence of at least
one infinity.

7. According to the Reflection Principle, once one has an infi-
nite Absolute, one must also have many conceivable infinities
as well.
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PUZZLES AND PARADOXES
{Answers on page 318)

. It is sometimes said that if infinitely many planets existed,
then every possible planet would have to exist, including,
for instance, a planet exactly like Earth, except with unicoms.
Is this necessarily true?

. Consider a very durable ceiling lamp that has an on-off pull
string. Say that the string is to be pulled at noon every day,
for the rest of time. If the lamp starts out off, will it be on or
off after an infinite number of days have passed?

. For each observer O, there is some fixed upper bound N, to
the number of stars that O can physically see. Therefore, for
each observer the universe is finite. Does this imply that the
universe is finite?

. “‘I have five fingers on my left hand’” means the same
thing as ‘*When I count up all the fingers on my left hand,
the last number I say is five.”” What might *‘I have = fingers
on my left hand’' mean?

. Suppose that we find an infinite number I that is the largest
possible number. But now, what about I + 17

. In the little-known field of ‘‘enumerative geometry,’” it is
said that there are  points on a line and o points in a plane.
There are said to be ®? fines in the plane as well: *‘To get
the correct number = of straight lines in the plane, we must
divide the number o* of pairs of points in the plane by the
number = of pairs of points on a straight line.’”*” How
many circles should there be in the plane? How many
ellipses?

. Can you prove, without circularity, that seven is a finite
number?

. The universe has lasted about 10'° years since the Big Bang.
There are about 3 X 107 seconds in a year. According to
quantum mechanics, the usual conception of continuous time
does not extend to intervals shorter than 5 X 10~ * seconds,
so we might think of this unit as being a kind of *‘instant,”’
faster than which nothing can happen. How many “‘instants’’
of time does that come to so far? Is it reasonable to argue
that larger numbers, such as 10'%, do ot yet exist?

. Say that the space we live in is infinitely large. Consider an
infinite line L contained in our space. L is infinity yards
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long, and L is infinity feet long. But since each yard is three
feet, L is also three-times-infinity feet long. How can infin-
ity equal three times infinity?*®

Here is an example of an infinite regress. Suppose that some
person wishes to prepare a text in which every appearance of
the letters ‘‘'man’’ is replaced by the letters *‘woman.’ If
this is rigidly adhered to, then ‘‘man and woman'' becomes
‘*woman and wowoman,'’ then *‘wowoman and wowowom-
an,”’ and so on. What do you reach in the limit?



TWO
ALL THE NUMBERS

In this chapter we will begin by tracing the development of the
familiar real number system with its infinity of irrational numbers.
Once one has accepted irrational numbers, there is really no
reason not to accept infinitely large or transfinite numbers. So
the second section of the chapter will be devoted to the transfi-
nitc ordinals and cardinals. The ordinals form a gappy number
sequence somewhat like the natural numbers. It is a natural move
to fill in these gaps as densely as possible, just as one fills in the
space between, for instance, two and three with rational and real
numbers. If we fill in as much as possible we end up with what
might be called an absolutely continuous ordering. In the section
on infinitesimals and surreal numbers [ will present some exam-
ples of such orderings, any one of which can be viewed as
comprising *‘all the numbers’’ (including the infinitesimals). In
the final section of this chapter 1 will return, once again, to the
question of whether the infinitely big and infinitely small num-
bers have any real existence, physically or otherwise.
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FROM PYTHAGOREANISM TO CANTORISM

Pythagoras lived in Greece and in Italy in the sixth century
B.C. He is an extremely shadowy and ambivalent figure. On the
one hand, he was a wizard, the shamanistic leader of a reli-
gious sect. On the other, he has frequently been credited with
bringing about the birth of modern mathematics and mathemati-
cal physics.

The sect of Pythagoreans is best known for their belief in
metempsychosis, or reincarnation. They believed that there is one
cosmic mind or soul, that you are alive because a small piece of
this soul is imprisoned in your body, and that the bit of soul that
animates you will animate many other bodics before retuming to
full unity with the one big soul. The Pythagoreans adhered to a
great number of rules and taboos (never look back when crossing
a border, always put the right shoe on first, never pick up food
that drops from the table), apparently in an effort to bring
themselves into a closer harmony with the cosmos. Presumably
it was hoped that if in the course of your lifetime you could bring
yourself into a close enough relationship with the One, then
when your body died, the soul that vivified it might be able to
return to the source instead of being forced into ancther body.

Pythagoras was said to be able to remember several of his
previous lives, and he was believed to have many other supernat-
ural powers as well. There is a whole series of ancient miracle
tales about Pythagoras, such as stories that he was once seen in
widely separated places at the same time, and that once when he
was crossing a river it hailed him in an audible voice saying,
*Greetings, Pythagoras,™

Part and parcel of the Pythagorean religious beliefs were a
number of numerological notions. There was a feeling that the
essential nature of the cosmos was somehow numerical, with
certain numbers seeming to embody particular abstract concepts.
The Pythagoreans made the following identifications: 1 was
mind (the One); 2 was opinion (the first moving away from
unity); 3 represented wholeness (beginning, middle, and end); 4
was justice (a2 “‘square’” deal); 5 stood for marriage (since 5 = 2
+ 3, and even numbers were regarded as female, odd as male).
Under a later system the numbers one through four were identi-
fied with the point, line, plane, and solid, respectively.

The number ten was singled out for special aitention and was
said to symbolize perfection. One reason for this is abvious:
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Figure 33 (A-D).

people have ten fingers, and most of our systems of numeration
are based on the number ten. But a more important reason for the
importance of the number tenisthat 10 = 1 + 2 + 3 + 4, and
the numbers one through four and their interrelations were re-
garded as primary. This fact about 10 was represented by the
Pythagorean fetractys depicted in Figure 36. A Pythagorean
would feel nght at home in a bowling alley, ritually building and
destroying the tetractys with a sphere punctuated by a triad of
holes, and recording his progress with a series of numbers
inscribed in squares.

®
o ®
® ® ®
] ® o L
Figure 34,

The Pythagoreans assumed that since ten was so important,
there should be ten heavenly bodies. At the time there were only
ninc known celestial objects (not counting the stars), so the
Pythagoreans postulated the existence of a counter-Larth that is
never seen, because it is always on the opposite side of the sun.

It is interesting to realize that this fype of argument is the stock
in trade of modem mathematical physics. For example, a three-
dimensional chart of all the known elementary particles is drawn
up. The chart looks, let us say, like a regular dodecahedron with
one comer missing. [t would look prettier, more symmetric, if
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there were an additional particle with such and such characteris-
tics to fill the missing comer, so the physicists postulate the
existence of such a particle. The surprising thing is that, often as
not, such an argument tums out to be correct: a particle with
exactly the predicted properties is discovered.

The fact is that 2 priori mathematical considerations can lead
to empirically determined physical truths. The structure of the
physical universe is deeply related to the structure of the mathe-
matical universe. The Pythagoreans were aware of examples of
this relationship, having observed, for instance, that if the lengths
of two stretched strings are in a simple numerical ratio (such as
2:1 or 3:2 or 4:1), then the notes produced by plucking the
strings are consonant.

The conclusion that the Pythagoreans drew was, according to
Aristotle, ‘‘that the elements of numbers are the elements of
things, and that the whole heaven is a harmony and a number.”’
Again, Aristotle states that the Pythagoreans ‘‘considered num-
ber as the substance of all things.””'

This sort of viewpoint is not uncongenial to the modem scientist,
for whom any phenomenon can be expressed in terms of numbers,
vectors, functions, operators, groups, and the like. If one be-
lieves that the universe is basically all form and no content and
that the forms that arise in nature all admit of mathematical
representation, then one can reasonably conclude that anything
that exists is ultimately a mathematical object.

Take my right shoe, for example. I can, of course, state the
size, count the number of eyelets, or determine the weight in
grams. But even independently of my efforts, the shape exists
mathematically as the set of coordinates of points that happen to
lic within the substance of the shoe; and the color of the shoc is
precisely specified by a function giving the wave lengths of light
reflected at each point of the surface of the shoe. As for the
actual particles that make up the shoe, they may very well be
nothing more than small irregularities in the curvature of space-
time. So it is not really so odd to believe with the Pythagoreans
that ultimate reality is precise mathematical form.

LIMITED UNLIMITED
ONE MANY
REST MOTION
STRAIGHT CROOKED
GOOD BAD
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So far, so good. But the story gets more interesting. The
Pythagoreans did not believe in infinite forms. They are credited
with the creation of a ‘‘table of opposites,’” which I have par-
tially reprinted. Looking at this table, it is evident that the
Pythagoreans would not have been big fans of infinity. In the
original Greek they have apeiron for *‘unlimited.”’

Now, if i) everything is a mathematical form and ii) nothing
infinite exists, then everything is basicatly either a natural num-
ber or some relationship between a few natural numbers. Note
that you have to give up either i) or i1) if it can be proved that
there is some feature of the world that cannot, even in principle,
be fully represented by a finite number of natural numbers.

Imagine the coast of Southern Italy. You're out on the water
. . . brilliant, ultramarine water and dry, rugged rocks. Pythago-
ras himself is aboard the boat on this outing of the brotherhood.
There’s been a lot of hassles with the locals, and everything is
finally mellow, kind of merged out here on the water. Pythago-
ras is sitting on the deck talking with Hippasus, a guy in his
thirties who laughs a lot. Hippasus is scraiching lines on the
smooth deck with a knife, showing Pythagoras and some of the
others a construction he’s been fooling with. It goes something
like this.

L

Once a square and the diagonal of the square have been
drawn, one can ask about the ratio d:s of the length of the
diagonal to the length of the side. If all things are expressible in
terms of natural numbers, then one would expect that there are
two natural numbers m and n such that d:s::m:n. But it can be

S
Figure 35.
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conclusively proved that no such natural numbers m and n exist.
The ratio d:s is irrational, nameless, apeiron.

In the mental movie we were just watching, Hippasus is
letting Pythagoras in on this. One version of the movie’s ending
is that when the Pythagoreans returned from their sail, it turned
out that Hippasus had **drowned at sea’’!

Given the Pythagorean theorem, which states that the square
of the hypotenuse of a right triangle is equal to the sum of the
squares of the sides, we can see that ° = 5% + 5%, so &® = 252,
so d%s? = 2, so the ratio d/s = V' 2 . In modemn terms, what the
Pythagoreans learned was that V2 is an irrational number. But as
far as they were concerned, they had discovered that there was a
physical relationship, the ratio d:s, which was not representable
in terms of numbers. Since they did not recognize the existence
of ratios other than the natural number ratios, the ratio d:s was
called alogos, meaning *‘inexpressible.”’ It was also called arratos,
meaning ‘‘not having a ratio.”’

It is interesting to see how one might go about trying to find a
representation of V2 as a fraction, or ratio, of natural numbers.
This amounts to the problem of finding an # such that for some
m, mn® = 2n%/n’. In the table below, T have sketched the
beginning of a search for such an n. The curious thing is that we
can say with certainty that this search must remain forever
fruitless. The proof is covered in almost every survey course of
mathematics.

(2/2) = 4/4 < B84 < 9f4 =(3/2% s02/2<V2< 32
(473 = 16/9 < 18/9 < 25/9 =(5/3)% s04/3 <V2< 3/3
(3/4) = 25/16 < 32/16 < 36/16 = (6/4)%, s05/4 < V2 < 6/4

(7/5) = 49/25 < 50/25 < 64/25 = (8/5)* s07/5 <V2 < 8/5
(B/6) = 64736 < 72/36 < B1/36 = (9/6)%, s0BJ6 <2< 9/6
(9/7)F = B1/49 < 98/49 < 100/49 = (10/7), 30 9/7 < V2 < 10/7
[
Continue forever with all

fractions equal to two in this
column.

L ® @
. [ ] L
® ® L ] ] ® @ ® e O
1 2 3 & §
(A} ® IC) ©) €

Figure 36 (A-E).
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For the Greeks there were two kinds of magnitudes: discrete
and continuous. Discrete magnitudes could be counted, set into
correspondence with natural numbers that were sometimes visual-
ized as pattemns of dots. But continuous magnitudes simply did
not correspond to any number at all. Just as we can add and
multiply numbers, we can manipulate continuous magnitudes by
means of the techniques called geometrical algebra. The Greeks
developed these techniques to the point where they could, in
effect, sclve most quadratic equations involving continuous
magnitudes.

Consider, for example, the geometric technique for finding the
mean proportional between two lengths a and b. That is, given
line segments a and b, we wish to find a line segment m such
that a:m::m:b. The construction of m is as follows.

1. Put a and b end to end, forming AC.
2. Construct a semicircle having AC as diameter.

2 b
P ——f [ .
B c
{A) (8]

(C)
Figure 37 (A-C).

3. Erect a perpendicular to AC at B, meeting the semicir-
cle at D, let AD have length m.

4. a:m:m:b because triangle ABD is similar to triangle
DBC.
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m Area m? ab=m'
a Area ab
b m
(A) (B)

Figure 38 (A-B).

in modem terms we would say that m is a solution of the
equation a/x = x/b, a-b = x*, or x = Va-b. The Fact
that we can solve the second to last equation is expressed peomet-
rically in Proposition 14 of Book Il of Euclid’s Eiements, which
says in part that "'It is possible to construct a square equal [in
area] to any given rectangle.’*?

Notice how differently the problem of finding the mean propor-
tional is treated today. Since i)} we think of there being a real
number commesponding to every length, and since ii) we have
extended all of the usual operations, such as multiplication and
square root, to the real numbers, we are able to assert that i) any
given line segments have some real number lengths a and b and

that ii) there is a real number m = Vab.
What are these protean real numbers of ours? In general, a
non-negative real number has the form n.ryrrarqrs . . . , where n

is a natural number, and each of the r, is one of the digits 0
through 9. The interesting thing about these ‘‘real”” numbers is
that they are, in point of fact, very ideal objects. The string of
digits to the right of the decimal place is infinite. Strictly speaking,
a real number can never be completely written out.

Of course, some real numbers, such as 25.000 ... or
3.123123123 . . ., eventually begin repeating themselves. For
convenience we write these numbers as follows; 25.0 and 3.123,
where it is understood that the string of digits under the bar is
repeated over and over. There is an interesting little theorem
about repeating decimals. To state this theorem, we must keep in
mind that a real number is rational if it is equal to some fraction,
such as %is.
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Theorem: A real number r is rational if and only if it has a
repeating decimal expansion.

28571428 . . . = 285714
7)(2) 00000000 . . .
14
G0
_36
@o
35
®o
_49
Qo
_1
3o
28
@0
14
©0
56
4 ...

Instead of giving a formal proof of the theorem, let's just see
an example of how cach direction works. First, imagine that you
have a real number r that is equal to the fraction %4. In order
to get the decimal expansion of r, we begin dividing 7 into 2.
1 have circled the successive remainders that occur. Notice
that i) when you are dividing by 7 the remainder is always
one of the natural numbers 0 through 6, and ii) if the same
remainder occurs twice, then the decimal starts repeating, since
the same sequence of actions will follow.

Second, imagine that there is a real number r that has the
repeating decimal expansion .123. Now, r has an infinite number
of blocks of *“123"" to the right of the decimal, so if we move
one of these blocks to the left of the decimal, by taking 1000 r,
then there will still be an infinite number of **123"" blocks to the
right of the decimal.
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1000 r = 123.123123123...
- L= 123123123,
989 ¢ = 123
r = "*340
r= "f::lx

So, in the indicated calculation, if we subtract v from 1000 r,
then there is nothing réemaining on the right of the dectmal.

It is satisfying to see that the two finite ways of describing a
real number—as a fraction, or as a repeating decimal—coincide.
Given that we have proved that V72 s irrational, we can be sure
that the decimal expansion of V' 2 never repeats. Thatis, when we
write V'2 = 1.4159 . . ., we do not have any simple way of
describing the pattern that the **. . ."" stands for.

We can also use the theorem in the reverse way. That is, we
can artificially construct a non-repeating decimal and be sure that
this represents an irrational real number. There is, for instance,
the artificial number of Liouville, .010010001000010000010000001

., where the building principle of steadily increasing the
number of zeros between the ones guarantees that the number
ncver repeats itself. A different sort of non-repeating decimal can
be obtained by sticking together all of the natural numbers to get
the ‘‘number number,”” .1234567891011121314151617181920
212223, . ..

123

t 1 H
1 42 = The Limnt

Figure 39.

But how can we be sure that such artificial decimal expansions
are really numbers? What exactly is meant by .12345. . . ? The
understanding is that .12345 . . . stands for the infinite series or
sum, Yio + %00 + Yiooo + %ooo + Yioooos +. . . . It is easy to
visualize a geometric interpretation.

One is tempted just to say that a given real number, such as
12345 . . ., is really to be thought of as a point on the idealized
real number line. The problem with this approach is that one has
not really explained where the ‘‘real number line’” comes from.
The real number line is basically something to be found with
certainty only in the Mindscape; there is no reason to assume in
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advance that our physical space is filled with copies of the real
number line.

This problem was finally dealt with only about one hundred
years ago, by our old friends Cantor and Dedekind. Cantor
basically defined a real number simply as an infinite sequence of
digits, just as was done above. The original element of his
approach was that one does not act as if the limit or sum of the
infinite series expressed by a real number is anything other than
or external to the series itself, Thus, the sum of the series #¢ +
%00 + Yoo + Yiococo + . . . is nothing other than the series
itself, also known as .20579. . . . By using various weird defini-
tions one can learn to add and multply such series with each
other without having to pretend that cne is really working with
finitely given limits. The point is that Cantor gave up the pre-
tense that the real numbers are primarily finite lengths. He
treated them rather as arbitrary infinite series of the form
Xnrrarara. .

1 L 1 Xl L 1
L T UL . SUBSLEL T
0 1 Slatha T M2 Vs 3 2

Figure 40.

Dedekind also defined real numbers in terms of infinite sets.
His approach was to characterize a real number as a cut [L, R] of
the rational numbers. The idea is that every rational is either in L
or in R and every member of L is less than every member of R.
For instance, the square root of two would be represented by the
cut [{ard: a6* < 2}, {a/b: a*/b* > 2}1. The crucial thing about
Dedekind’s definition of real number is that, again, the rcal
number itself is an infinite set. To be more precise, a Dedekind
real number is a pair [L, R] of infinite scts.

It is a curious fact in the history of mathematics that Dedekind’s
definition of real numbers is taken over almost unaltered from
the Eudoxian theory of proportion given in Euclid's Elements,
Book V. The problem Eudoxus had been concerned with was
how we can compare and manipulate ratios (such as the d:s ratio
mentioned above) that are not equal to the ratio of any two
natural numbers. His solution was, essentially, to regard an
irrational ratio X:¥ as a cut of the form [{m:nlmY < nX}, {m:nimY
> nX}]. One can see that this makes sense if one realizes that
min < X/Y if mY < nX, and likewise for >.
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The diffecrence between what Eudoxus and Dedekind did is
that Eudoxus thought of the ratio between two magnitudes as the
fundamental thing, with the description in terms of infinite sets
arising only in a practical and potentially infinite way (since one
would not, in practice, ever need all of the members of each side
of the cut). Uniess someone had constructed two specific magni-
tudes to be compared, the equivalent cut had no meaning . . . as
it was an iofinite, and thus unreal, thing.

Dedekind, on the other hand, accepted the actually infinite
sets of the cut as fundamental. Whether or not one has a particu-
lar trick for constructing a length that drops a point down into the
cut’s gap is immaterial. All the different actualty infinite cut-sets
exist in the Mindscape, and all the real numbers are already
there, whether or not they can be finitely named or constructed.

The point is that the only way to get a stable mathematical
representation of the notion ‘‘arbitrary real number’’ is to repre-
sent real numbers by actually infinite sets. There is no other way
to get an absolute foundation of the real number system in terms
of discrete mathematical objects.

Once it was realized that real numbers can be represented in
terms of infinite sets, the dam broke. Ten years after Cantor’s
death it was already a commonplace that every mathematical
object can be represented by a set. If you have ever picked up a
mathematics text in any field, be it analysis, algebra, or topology,
you will have noticed that the book begins with a short chapter
or section on set theory. This is because everything the book
mentions can be best represented as a set.

For the Pythagoreans everything was a natural number. Their
belief became untenable when it was realized that certain things
are in their inmost essence infinite. The modern mathematical
credo called Cantorism asserts that everything {(at least every-
thing mathematical) is a set.

Just as the existence of the actual infinite forces a revision of
the Pythagorean position, the existence of the Absolute infinite
forces a revision of the Cantorian position. If there are, indeed,
Absolutes of the kind discussed in the earlier section on the
Absolute infinite, then there are things that are not sets. Set
theorists are still not quite certain what to do about this. But let
us not worry about Absolute infinity before discussing the
transfinite.

Once we realize that the irrational numbers are fundamentally
infinite, in that they can be fully grounded only on a theory of
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infinite sets, then it is natural to start looking at infinitely large,
or transfinite, numbers. In Cantor’'s words, “*One can without
qualification say that the transfinite numbers stand or fali with
the infinite irrationals; their inmost essence is the same, for these
are definitely laid out instances or modifications of the actual
infinite.”*?

A last remark on Cantorism. Just as chemistry was unified and
simplified when it was realized that every chemical compound is
made of atoms, mathematics was dramatically unified when it
was realized that every object of mathematics can be taken to be
the same kind of thing. There are now other ways than set theory
to unify mathematics, but before set theory there was no such
unifying concept. Indeed, in the Renaissance, mathematicians
hesitated to add x” to x*, since the one was an area and the other
a volume. Since the advent of set theory, one can cormrectly say
that all mathematicians are exploring the same mental universe.

TRANSFINITE NUMBERS

In my novel White Light, 1 describe a mountain that is higher
than infinity.* This mountain, called Mount On, consists of
alternating cliffs and meadows. The curious thing about it is that
even after one has climbed ten cliffs, a thousand cliffs, infinitely
many cliffs . . . there are always more cliffs. The climbers of
Mount On are able to make some progress because they are able
to execute a procedure called a *'speed-up.’” By using speed-ups
they are able, for instance, to zip past the first infinity of cliffs in
two hours,

How is this done? The idea is to climb the first chiff in one
hour, the next cliff in half an hour, the one after that in a quarter
of an hour, and, in general, the ath cliff in %" hours. Since 1 +
o+ Ya+ Y& + ... sums to 2, we see that after two hours our
climbers have passed infinitely many cliffs. But there are more,
many more,

In this section we will climb up through the transfirite numbers,
which are usually called ordiral numbers, or just ordinals.
Typically, one describes some ordinal a by giving an example of
an ordered set M such that if one could count M in the correct
order, then one would count up to a. a is then viewed as the
abs:racr order type of M, called M for short. The ordinal M is
gotten from the ordered set M by ignoring the actual appearance



