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INTRODUCTION

This is a little book about absolutely elementary mathematics
(AEM); and so a book about the natural numbers, zero, the nega-
tive numbers, and the fractions. It is neither a textbook, a treatise,
nor a trot. I should like to think that this book acts as an anchor to
my other books about mathematics.

Mathematicians have always imagined that mathematics is
rather like a city, one whose skyline is dominated by three great
towers, the state ministries of a powerful intellectual culture — our
own, as it happens. They are, these great buildings, devoted to
Geometry, Analysis, and Algebra: the study of space, the study of
time, and the study of symbols and structures.

Imposing as Babylonian ziggurats, these buildings convey a
sacred air.

The common ground on which they rest is sacred too, made
sacred by the scuffle of human feet.

This is the domain of absolutely elementary mathematics.

Many parts of mathematics glitter alluringly. They are exotic.
Elementary mathematics, on the other hand, evokes the very stuff
of life: paying bills, marking birthdays, dividing debts, cutting
bread, and measuring distances. It is earthy. Were textbooks to dis-
appear tomorrow, and with them the treasures that they contain,
it would take centuries to rediscover the calculus, but only days
to recover our debts, and with our debts, the numbers that express
them.
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Elementary mathematics as it is often taught and sometimes
used requires an immersion into messiness. Patience is demanded,
pleasure deferred. Decimal points seem to wander, negative num-
bers become positive, and fractions stand suddenly on their heads.

And what is three-fourths divided by seven-eights?

The electronic calculator has allowed almost everyone to treat
questions such as this with an insouciant indifference. Quick,
accurate, and cheap, it does better what one hundred vears ago
men and women struggled to do well. The sense that in elemen-
tary mathematics things are familiar—half remembered, even if
half forgotten —is comforting, and so are the calculator and the
computer, faithful almost to a fault, but the imperatives of mem-
ory and technology do prompt an obvious question: why bother to
learn what we already know or at least thought we knew?

The question embodies a confusion. The techniques of ele-
mentary mathematics are one thing, but their explanations are
quite another. Everyone can add two simple natural numbers
together —two and two, for instance. It is much harder to say what
addition means and why it is justified. Mathematics explains the
meaning and provides the justification. The theories that result
demand the same combination of art and sophistication that is
characteristic of any great intellectual endeavor.

It could so easily have been otherwise. Elementary mathemat-
ics, although pressing in its urgency, might have refused to cohere
in its theory, so that, when laid out, it resembled a map in which
roads diverged for no good reason or ended in a hopeless jumble.
But the theory by which elementary mathematics is explained and
its techniques are justified is intellectually coherent. It is powerful.
It makes sense. It is never counter-intuitive. And so it is appropri-
ate to its subject. If when it comes to the simplest of mathematical
operations—addition again —there remains something that we do
not understand, that is only because there is nothing in nature (or
in life) that we understand as completely as we might wish.

Nonetheless, the theory that results is radical. Do not doubt
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it. The staples of childhood education are gone in the night. One
idea is left, and so one idea predominates: that the caleulations
and concepts of absolutely elementary mathematics are controlled
by the single act of counting by one. There is in this analysis an
economy of effect, and a reduction of experience to its essentials,
as dramatic as anything found in the physical sciences.

Until the end of the nineteenth century, this was not under-
stood. A century later, it is still not widely understood. School
instruction is of little help. “Please forget what vou have learned
in school.” the German mathematician Edmund Landau wrote in
his book Foundations of Analysis; “you haven’t learned it.”

From time to time, I am going to ask that readers do some
forgetting all their own.

A secret must now be imparted. It is one familiar to anyone writ-
ing about (or teaching) mathematics: no one very much likes the
subject. It is best to say this at once. Like chess, mathematics has
the power to command obsession but not often affection.

Why should this be —the distaste for mathematics, | mean?

There are two obvious reasons. Mathematics confronts the
beginner with an aura of strangeness, one roughly in proportion to
its use of arcane symbols. There is something about mathematical
symbolism, a kind of peevishness, that while it demands patience,
seems hardly to promise pleasure.

Why bother?

If the symbolic apparatus of mathematics is one impediment
to its appreciation, the arguments that it makes are another. Math-
ematics is a matter of proof, or it is nothing. But certainty does not
come cheap. There is often a remarkable level of detail in even a
simple mathematical argument, and, what is worse, a maddening
difference between the complicated structure of a proof and the
simple and obvious thing it is intended to demonstrate. There is
no natural number standing between zero and one. Who would
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doubt it? Yet it must be shown, and shown step by step. Difficult
ideas are required.

Why bother?

A tricky bargain is inevitably involved. In mathematics, some-
thing must be invested before anything is gained, and what is
gained is never quite so palpable as what has been invested. It is a
bargain that many men and women reject.

Why bother indeed?

The question is not ignominious. It merits an answer.

In the case of many parts of mathematics, answers are obvi-
ous. Geometry is the study of space, the mysterious stuff between
points. To be indifferent to geometry is to be indifferent to the
physical world. This is one reason that high-school students have
traditionally accepted Euclid with the grudging sense that they
were being forced to learn something that they needed to know.

And algebra? The repugnance (in high school) that this sub-
ject evokes has always been balanced by the sense that its symbols
have a magical power to control the flux and fleen of things. Farm-
ers and fertilizers were the staple of ancient textbooks. But energy
and mass figure in those that are modern. Einstein required only
high-school algebra in creating his theory of special relativity, but
he required high-school algebra, and he would have been lost
without it.

Mathematical analysis came to the mature attention of Euro-
pean mathematicians in the form of the calculus. They under-
stood almost at once that they had been vouchsafed the first and
in some respects the greatest of scientific theories. To wonder at
the importance of analysis, or to scoff at its claims, is to ignore the
richest and most intensely developed body of knowledge acquired
by the human race.

Yes, ves. This is all very uplifting, but absolutely elementary
mathematics? Not very long ago, the French mathematician
Alain Connes invented the term archaic mathematics to describe
the place where ideas are primeval and where they have not vet

6
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separated themselves into disciplines. It is an elegant phrase, an
apt deseription. And it indicates just why elementary mathemat-
ics, when seen properly, has the grandeur of what is absolute. It is
fundamental, and so, like language, an instinctive gesture of the
human race.

A theory of absolutely elementary mathematics is an account
in modern terms of something deep in the imagination; its devel-
opment over the centuries represents an extraordinary exercise in
self-consciousness.

This is what justifies the bothering, the sense that, by seeing an
old, familiar place through the mathematician’s eyes, we can gain
the power to see it for the first time.

This is no little thing.

— Paris, 2010
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One sheep, two sheep, three. Wool to follow . . .

NUMBERS

The natural numbers 1, 2, 3, . .., play a twofold role in our ordi-
nary affairs. Without them, there could be no counting, and so no
answer to the question How many? A man who is unable to tell
whether he is looking at one sheep or two of them cannot identify
sheep. He is left staring at so much wool on the hoof. It is the
natural numbers that offer him relief from sheeplessness. “The
creation of numbers,” Thierry of Chartres remarked in the twelfth
century, “was the creation of things.”

As counting endows things with their identity, so it imposes
on them their difference. Three sheep make for three things. The
natural numbers are the expression in nature of division and dis-
tinctness. Between the number one and the number two there
is, after all, nothing whatsoever, and nothing between things that
are distinct either, however much alike they might be in various
respects. The discreteness of the natural numbers is as absolute as
the one enforced by the surface of our skin, which permits contact
but not, alas, commingling.

There are certainly substances in the world that cannot be
counted —mud, for example. The word ‘mud’ seems indifferently
to designate mud wherever it is and however it may be found. But
so strong is the intellectual impulse to subordinate experience to
counting that ordinary English provides the tools by which even
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mud can be made numerate—a spot of mud, or a dab, or a pile,
whereupon there is one spot, two dabs, or three piles. The same
one, two, and three used in counting sheep are also used in sort-
ing them. It is the natural numbers that make it possible for some
leather-faced Spanish sheepherder, his concave cheeks pursing
around two gold teeth, to put his sheep and thus his life in order.

The first is mine, hombre, as these sheepherders say, the second
vours, and the third his.

A SCRIBAL ART

The Sumerians drilled their children in AEM more than five
thousand vears ago, when the desert sun was new and nothing was
vet old. Sumerian children were taught the basics; their teachers
had grasped the essentials. They did not find it easy. Sumerian
scribes studied for years beyond childhood in order to hen-scratch
clay tablets with tax records, business claims, legal codes, real-
estate transactions. They left behind a sense of their mathematical
intimacy, the first in history.

An inadequate sense of their calling was not among their afflic-
tions. “T'he scribal art,” one wrote, “is the father of masters.”

Scribes alone, he added, could “write [inscribe] a stele; draw a
field, settle accounts.”

There is a gap in the text, a break in its flow.

And then a phrase isolated on both sides, one suggestive of the
scribe’s intellectual grandeur: . . . the palace . . .

At the end of the third millennium B.c., the Sumerian empire
ran streaming into the desert sands, defeated at last by time.
Carried by the wind, I suppose, or some other current of warm
thought, the scribal sense of intimacy with AEM was acquired by
Chinese mandarins, intoxicated by their new power over picto-
grams, and acquired again by the Babylonians, so that it appears
throughout the ancient world.
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Different societies used AEM in their own ways and for their
own ends. Every society missed something, and no society, not
even our own, knew or knows it all.

A MAN APART

Leopold Kronecker was born in 1823, his birthplace, the small
city of Liegnitz, in Fast Prussia. Having quaked to the sound of
Russian tanks in late 1944, Liegnitz is now known as Legnica. It is
a part of Poland. Fast Prussia has vanished.

Kronecker's face is not easy to read on a photograph. Harsh
lighting and extended exposure have darkened and deepened
every facial line. The stern creases suggest an unacknowledged
blood tie between Leopold Kronecker and General William
Tecumseh Sherman. In both men, the forehead is high, and the
hair cut short, almost en brosse; the eyes are deeply recessed and
melancholy. In all this, Kronecker, at least, is completely Prussian
and austere, but his nose has undertaken a racially unmistakable
life of its own, hooking proudly at the bridge, and then curving
toward its Huted tip.

I mention this not in order to make fun of another man’s
nose— | have a give-away nose all my own, after all—but to con-
vey something of Kronecker’s capacity to stand apart from other
mathematicians while standing among them. Kronecker was that
rare character in the history of thought, a mathematical skeptic,
unwilling to countenance ideas that he could not completely
grasp, and very quick to conclude that he could not grasp most
ideas completely. If Kronecker the Glum was notable for saying
no—no to the negative numbers, no to the real numbers, no to
sets— he was notable for saying ves to the natural numbers, a great
life-affirming yes to these ancient objects of thought and experi-
ence, a yes spilling over to encompass any mathematical construc-
tion that returned to the natural numbers in a finite series of steps.

Kronecker, the man of a thousand no’s, and Kronecker, the
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man of a single yes, were combined in a singular personality:
suave, supple, self-satishied.

While still in his twenties, Leopold Kronecker pursued a
career in business as the manager of his uncle’s estates in East
Prussia. He had a remarkable gift for practical affairs, and over the
course of eight years, he made himself a wealthy man. Thereaf-
ter, he bought a splendid Berlin mansion, and after marrying his
uncle’s daughter, Fanny Prausnitzer, made it a center of culture
and refinement.

Wealth made Kronecker indifferent to the great game of math-
ematical chairs in which the leading mathematicians of Europe
stood looking eagerly at a small number of seat cushions still
glowing with the warmth of some departed professor’s buttocks.
When the music stopped, they scrambled unceremoniously for
the vacant seat. Inevitably, most were disappointed. Mathemati-
cians of genius, such as Georg Cantor, spent vears waiting for a
call from Berlin and were bitterly vexed when it did not come.

Herr Kronecker expressed no very great interest in becoming
Herr Professor. He did not need to scramble for his seat. Or for his
supper. What he lacked was the right to lecture at the University
of Berlin. This he wished very much to have. Devoted to topics
in number theory, elliptic functions, and algebra, his papers were
in every way remarkable without in any way being revolutionary.
When he was elected to the Berlin Academy in 1861, he gained
the right to lecture at the university.

Having declined to mount the greasy pole, he found himself
at its very top. Once there, he determined to persecute those with
whom he disagreed. It was an activity he carried out with never-
Hagging zeal.

IN EVERY HUMAN MIND

At the very beginning of human history, a Neolithic hunter
chipped a number of slash marks or tallies onto his ax handle.

11
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Wias he recording bison killed? I do not know. I like to think that
as my ancestor, he had a contemplative nature, and regarded the
numbers as things in themselves, leaving those bloated bison to
his rivals.

If the natural numbers appear at the very beginning of human
history, they also appear spontaneously in every human mind.
Otherwise, arithmetic could not be taught. Anthropologists are
often amazed by the radically incommensurable way in which dif-
ferent societies organize the most basic facts of experience. Seeing
this is said to be one of the pleasures of travel. Nonetheless, our
own one, two, three, the Latin unus, duo, tres, and the Akkadian
dis, min, es, designate precisely the same numbers. If goat eyes are
adelicacy in Khartoum but not in New York, it is nonetheless true
that three goat eves is one more than two in both cities.

Because they are universal, the natural numbers very rarely are
the cause of introspection. We take them for granted. We would
be lost without them.

There they are.

What they are is another matter entirely.

The English logician and philosopher Bertrand Russell was a
passionate opponent of the First World War, and he took the occa-
sion of his conlinement as a conscientious objector to organize
his thoughts about the nature of the numbers. It may be imagined
that Russell was writing under conditions of personal austerity, but
in his Autobiography he indicates that, except for his freedom, he
was provided every comfort by his jailers.

The book that Russell wrote in prison, his Introduction to
Mathematical Philosophy, is a work of logical analysis. It has had
a very great influence among mathematicians and philosophers,
because it offers an account of the natural numbers in terms of
something other than the natural numbers. Such an account is
needed, Russell believed, because the numbers are “elusive” in
their nature, and though they make their influence felt in the

12
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most ordinary of activities—counting sheep, after all —what they

are doing is far easier to determine than how they are doing it.

For one thing, the numbers are not physical objects. They
are not objects at all. Three sheep are in the pasture. There are
not, in addition to the sheep, three numbers loitering around and
munching grass.

Nor, however, are the numbers properties of physical objects.
Three sheep are three in number, just as they are white in color.
This is a step in the right direction. But to argue that being three
is just like being white invites the question of just what property
makes three sheep three. We know what makes them white: it is
their color. To say that what makes them three is their number
does not seem a step forward. If we knew what the numbers were,
we would know what three of them add up to.

To the question of just what makes three sheep three, Russell
argued that those three sheep were similar to other sets of three
things —triplets, troikas, or trios. This is obviously so. Three sheep
and three sheepherders are alike. There are three of them. Rus-
sell next argued that being alike in being three could be defined
with no appeal to the number three. This is the crucial step. Three
sheep and three sheepherders are alike if each sheepherder can be
matched with one and only one sheep, and vice versa. Numbers
are not required. No sheep lacks a herder and no herder a sheep.

This is ingenious, but it is also disappointing. The number
three was destined to disappear in favor of similar sets, but what,
after all, makes a set of three sheep a set of three sheep and not
four? Four sheepherders and four sheep may also be put into cor-
respondence so that nothing is left over and no sheep or sheep-
herder left out. The obvious answer is that a set of four sheep is
larger than a set of three sheep.

It is, in fact, larger by precisely one sheep.

13
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WIVES, GOATS, NUMBERS

The natural numbers begin at one; they increase by one; and they
go on forever. The knowledge that this is so is an inheritance of
the race. Anthropologists, it is true, report that certain tribes lack a
complete sense of the numbers. Men count in the fashion of one,
two, many, and thev refer to any number past two by observing
glumly that it is many. One chief, two goats, many wives, as a great
chief might say.

I am skeptical of such reports, because | feel quite certain that
stealing one of the chief’s wives would prompt the chief to observe
that he has one less than many wives. If he is capable of determin-
ing that he has one less wife than he might need, he is equally
capable of determining that he has one more wife than he might
want. Pressed thus by the exigencies of tribal life, he could count
up by enumerating his ensuing discontent: many wives, one more
than many wives, one more than one more than many wives, and so
on toward frank domestic nightmare.

Going in the other direction, he could count down until he
reached bedrock in the number one, whereupon he could com-
pare the number of his squabbling wives with the number of his
chiefs—one in both cases. It is a laborious system, to be sure, but
brain workers are often indifferent to practical concerns.

GOD’S WORK

If it is difficult to say what the numbers are, it is difficult again
to say how they are used. The most familiar way of counting a
small number of sheep is to match those sheep to the tips of one’s
fingers as they uncoil from a fist; it is what we all do when we are
minded to count sheep. But as an explanation of counting sheep,
it suffers the drawback that counting one’s fingers, however famil-
iar, is no easier to explain than counting one’s sheep. Shall we
explain counting three sheep by an appeal to counting sheep one

14
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at a time, with counting by one explained in terms of a physical
act—moving those sheep one by one from pasture to paddock, for
example? It has an appeal, this sort of explanation. Something is
being done, and when it has been done, someone has done some-
thing. But obviously, if we wish to understand what it means to
count three sheep, it will hardly improve our grasp of the matter
to be told that we must first count sheep one by one three times.
What holds for counting holds for ordering too, as when a shep-
herd’s ever-useful fingers are used to explain the fact that the [irst
sheep into the paddock comes before the second, and the second
before the third. Fingers are vigorously extended: the first, the sec-
ond, and the third. Yet, if sheep are following in a certain order,
it is hardly to the point to appeal to the same order among fingers
as among flocks. If the order is not the same between fingers and
flocks, of what use are the fingers? If it is the same, of what use
the analogy?

At a certain point—now, perhaps—it becomes reasonable to
suppose that neither the numbers nor the operations they make
possible permit an analysis in which they disappear in favor of
something more fundamental. It is the numbers that are fun-
damental. They may be better understood; they may be better
described; but they cannot be bettered.

The natural numbers, Leopold Kronecker remarked, are a gift
from God. Everything else is the work of man. This is a radical
position in thought—an admission, on the one hand, that the
natural numbers cannot be explained, and a suggestion, on the
other, that the mathematician’s proper work must be to accept this
strange gift and from it derive all others.

It is comforting to realize that in AEM we are doing God's
work.

15
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This could not be true; it is not so. Formulas are symbolic
forms: marks on paper, sounds on the moving air, or even lines
within a computer program. The number four cannot replace
anvthing in any formula. Only symbols can replace symbols.

On the other hand, the number four was equal to itself long
before formulas were in existence; and equal to itself, for that mat-
ter, before the earth cooled, or the solar system formed, or the
universe erupted into being out of nothingness.

Numbers owe their identity to no symbolic contrivance. They
are what they are. They have always been what they always were.
They are not destined to change. But the numerals (and so the
formulas) name; they denote; they designate; they are a part of the
apparatus with which we make up a world of symbols in order to
represent a world of things. How symbols designate numbers is
mysterious, because we do not understand how names designate
things. Speaking in The Book of the Thousand and One Nights, a
Prince offers as good an explanation as any: There is no letter in
any language, he remarks, “which is not governed by a spirit, a ray,
or an emanation of the virtue of Allah.”

A MAN FOR ALL SYMBOLS

T'he notation used to name the natural numbers is Hindu-Arabic,
and it seems to have gained currency among mathematicians dur-
ing the early part of the ninth century.

The man most associated with the transmission of the Hindu-
Arabic numerals to the west is Abu Ja’far Muhammad ibn Musa
al-Khwarizmi. Born at some time during the latter part of the
eighth century, and dying at some time during the middle of the

sticker “War is never the answer,” I think that, to the contrary, war most certainly is the
answer, if the question is “What is a three-letter word for organized armed conflict?””
But war is, of course, not a three-letter word; it is not a word at all.

17
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What is vet lacking is a way in which these symbols may
be used to denote the numbers beyond nine. Left to their own
devices, of course, nine numerals can hardly do more than name
nine numbers.

An especially ingenious Baghdad merchant might have desig-
nated the number ten by 9 + 1. The number after that could be
designated by 9 + 1 + 1. This would hardly have been a contri-
bution to a merchant’s practical concerns, if only because a bill
for one hundred and seventy drachmas would have run on for
pages.

The solution to this problem emerged in stages, and it emerged
in the way solutions so often emerge in mathematics, a slapped-
together strategy followed by a carefully contrived cleanup. Thus
merchants with business more pressing than mathematical nota-
tion long ago expressed their bills of lading or sale by writing 1
plus X for the number ten, or simply 1X, where the symbol 1, by
means of its new and unfamiliar position, designated the number
ten, and where X served simply as a placeholder, a symbol signify-
ing that nothing was being added to ten.

Thereatter, precisely the same scheme could encompass the
numbers that followed, with the number eleven expressed as 1X
plus 1, or 11. Having the sense, I am hoping, that he might have
discovered something profound, that Baghdad merchant might
well have noted with satisfaction that by writing 1X for ten, or 11
for eleven, he had discovered the key to positional notation, the
great door swinging open to admit both merchants and mathema-
ticians.

In any compound numeral of the form ab, where a and b
stand in for the numerals from 1 to 9, position is king and key,
indicating both that b is to be added to a, and that b marks things
in units of one, while a marks them in units of ten. That bill of
ladingnowemerges justasthatlong-dead merchantmighthavewrit-
ten it:
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P
In the name of Allah the Most Powerful, the Most High, the

Most Merciful
Dates: 17 drachmas
Oil: 13 drachmas
Almonds: 1X drachmas
IFigs: 1X drachmas

whereupon positional notation and the ever-useful X come into
play again in the total of 5X drachmas.

The placeholder X was in time replaced by the symbol 0, so
that SX emerges in its modern and familiar form as the numeral 50.

The cleanup followed vears later when the placeholder under-
went a further promotion, so that 0 is now regarded as the name
of a number in its own right. And for every good reason. The sim-
plest of hygienic routines demands it. The sum of 2 and 0 is 2.
Treating 0 as a placeholder, and so as a symbol, renders this iden-
tity incoherent. A placeholder cannot be added to a number, any
more than a horse’s name can be entered in a race.

Yet the promotion of 0 from a placeholder to the name of a liv-
ing number is itself hardly a model of logical scrupulousness, for if
0 is a name, just what does it name? The obvious answer, in virtue
of the fact that two plus zero is still two, is that it names nothing.

But if zero names nothing, then it is difficult to make sense of
adding zero to two. There is no adding nothing to anything.

If, on the other hand, 0 names something, then it is again dif-
hicult to see why two plus something should remain two. It hardly
helps to insist that zero is that unique something that behaves as
if it were nothing. Mathematicians have traditionally resolved
these difficulties by embracing the thesis that at times something
is nothing, a metaphysical achievement that cannot be said to
inspire a sense of serenity.

The converse, that at times nothing is something, is, of course,
among the most usetul declarations of the human race.
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Index

sense of words and signs for, 136
see also specific operations
Arithmetices Principia, Nova
Methodo Exposita (Peano), 44
Artin, Emil, 142
associations, 66
associative law, 95
addition and, 97, 102, 116-20, 147
commutative law vs., 98
and definition by descent, 73
fractions and, 190
inductive base for, 106, 116-20
law of signs and, 152
multiplication and, 97, 147
proof of, 106, 116-20
in ring axioms, 147, 148, 164, 165
as symmetry, 96-7
astronomy, 26-7, 28
asymptotes, 111
Autobiography (Russell), 12,42, 43
axiomatic systems, 41, 83
of geometry, 41-3, 44, 83
of natural numbers see Peano
axioms
of rings, 144, 146-8, 151, 164, 165
of set theory, 25

Babbage, Charles, 93
Babylonia
algebra in, 136
essentials of AEM grasped in, 9
fractions in, 170-1
negatives unknown in, 167
polynomials known in, 160, 167
bankers, 126, 192
base, definition of, 79
base ten, 19, 75, 79-80, §1-2
base two, 79
Basic Notions of Algebra
(Shafarevich), 139

200

Copyrighted material



Index

Bedouin, 83

Berlin Academy, 11

Bhaskara, 123-4

Big Bang, 50

binary, 79

biology, 139

Birkhoff, Garrett, 137, 154, 175-6

Book of Restoration and Equalization
(al-Khwarizmi), 18

Book of the Thousand Nights and
One Night, The, 17

Boole, George, 63, 9]

Borges, Jorge Luis, 13940

Brahmagupta, 123

Braunschweig, 53

Brideshead Revisited (Waugh), 33, 179

British East India Company, 92

British Museum, 158

Bryn Mawr College, 142-3

Calamari, John D., 33
calculators, 4
calculus, 3, 112, 115
creation of, 124, 134
notation of, 93
use of, 6
Cambridge University, 90, 155
cancellation, law of, 95, 95-9
for addition, 98-9, 148
law of signs and, 154
for multiplication, 99, 149-50
rings and, 148-9, 185, 187
zero and, 99
Cantor, Georg, 11, 22, 25.54
Cardano, Gerolamo, 168
Carnot, Sadi, 134
categories, 138
Catholic Church, 37
Cayley, Arthur, 91-2
certainty, 26-9, 35

chemistry, 53
China
algebra in, 136
essentials of AEM grasped in, 9
fractions in, 170-1 B
polynomials known in, 160
Church, Alonzo, 30-2
circles, 28
squaring of, 111
Clifford, William Kingdom, 91
Cloister School at Notre-Dame, 37
Collegium Carolinum, 53
commutative law, 95
addition and, 97-8, 147, 166
associative law vs., 98
fractions and, 190-1
and infinite density of fractions,
178-9
multiplication and, 97-8, 147
in ring axioms, 147, 148, 164, 165
as symmetry, 96-7
complex analysis, 31
complex numbers, 169
conjunction, 34
Connes, Alain, 6-7
conservation laws, 141-2
Constantinople, 194
contracts, 164
conditions for, 147
hypothetical statements i, 33
specific examples of, 184, 185
triple abstraction of, 144-6
Contracts (Calamari and Perillo), 33
Contracts (Williston), 144
Copernican system, 27
counting, §
AEM and, 5, 54
and deflinition of addition, 62,
69, 74
explanation of, 14-15
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counting (continued)
limits of, 8-9
natural numbers generated by,
8-9.45-6, 51-2, 54-6
of sets, 25
as simplest arithmetic act, 49, 50
creation, 124-5
Croesus, 32
cunciform texts, 136

Darwin, Charles, 113
debts, 3, 138
negative numbers and, 126-7, 134
decimal notation, 172-3
Dedekind, Richard
background of, 53—+
on counting, 49-50, 55, 69
literary voice of, 59-60
Peano axioms and, 44
ring work of, 142, 146
deductive theorem, 32
deficient numbers, 51, 52n
delmition by descent
for addition, 61-2, 65, 68, 84-5
as allegedly circular, 61-2
and existence of function, 86-8
in exponentiation, 75-6
for multiplication, 72-3, 84-5
recursion theorem as proof of, 85,
87-8, 89,102
delinitions
of base, 79
of division, 70
ofexponcnti;llion, 75-6
of fields, 187, 191
of negative numbers, 133
of ordering, 133
of rings, 146, 148-50, 151, 154,
164-5
of subtraction, 70, 133, 137, 148

used in AEM, 83-4
of well-ordering principle, 108
see also addition, deflinition of;
multiplication, delinition of
De Morgan, Augustus, 63,91,
92-4
principle of induction expressed
by, 103
on signs of algebra, 135, 136
work on rings by, 146
Descartes, René, 111
Description of the Marvelous Canon
of Logarithms, A (Napier), 77
Dicudonné, Jean, 56
Diophantus, 123
Dirichlet, Peter, 54
disjunction, 34
distances, 3, 134, 138
as derived number, 54-5
negative numbers and, 125-6
Planck length and, 181-2
distributive law, 95, 100-1
and definition by descent, 73
and infinite density of fractions,
178-9
and law of signs, 152, 153
in ring axioms, 147, 164, 165
division, 57, 170=1
associative law and, 97
deflinition of, 70
as [mite in physical world,
181-2
fractions and, 171-2, 184, 188
multiplication vs., 59
polynomials and, 161
unnatural aspects of, 70
division ring, 187
dominoes, 104-5
double-entry bookkeeping, 127
Doughty, Charles M., 83
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education, mathematical, 93
Egypt, 158-9, 170-1, 193-6
Einstein, Albert, 6, 28, 140
Elements (Euclid), 41-3, 55-6, 103
elliptic function, 11
empty set, 24
energy, conservation of, 141-2
England, 90-1
equality, 16-17
equations, 159
application of formulas to, 167-8
polynomials see polynomial
equations
quadratic, 123-4, 168
quintic, 168
Frdés, Paul, 155
Fuclid, 6, 41-3, 44, 83, 123, 138, 181
axioms created by, 41, 44
derivation of numbers by, 55-6
induction in, 103
infinite number of primes
demonstrated by, 95
legacy of, 41-2
as mental training, 42-3
Euclidean algorithm, 154
even numbers, 50
as well ordered, 108-9
exponentiation, 74-8, 79
definition by descent in, 75-6
deflinition of, 75-6
of number two, 86
in polynomials, 160
three clauses of, 75-6
with zero, 76
exponents, bases and, 75

falsity, 33—4

Fermi, Enrico, 43

field(s), 138, 188
delinition of, 187, 191

fixation, 125
formulas, 16-17
as applied to equations, 167-8
Foundations of Analysis (Landau), i
fractions, 3,4, 7, 59, 170-82, 188
in ancient times, 170-1
as counterintuitive, 180-1
decimal notation and, 172-3
definition of order among, 176
division and, 171-2, 184, 188
as infinite, 174
infinite density of, 176-9, 1580~1
integers vs., 174-5
multiplication of, 158
as multiplicative inverses, 187,
188-90
rings and, 185-6
Frege, Gottlob, 63
French Academy of Science, 114
Fulbert, Canon, 39-40
function 2%, 87
functional notation, 57-8§
functions, 162-3, 168-9
and delmitional descent, 86-8
see also specific functions
fundamental particles, 51

Galois, Evariste, 59, 138, 168
Gattopardo, Il (Lampedusa), 45
Gaudi, Antoni, 188
Gauss, Carl Friedrich, 53, 59
geometry, 3, 55-6
AEM vs., 56
analytic, 112
arithmetic’s relationship with, 125
axioms of, 41-3, 44, 83
use of, 6
Gérome, Jean-Léon, 194
Gaodel, Kurt, 29
Gordan, Paul, 141
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multiplication, deinition of,
102
delinitional descent and, 72-3,
§4-5
in modern algebra, 137
in real example, 74
as repeated addition, 70-1, 74
three clauses of, 72-3
multiplicative inverses, 187, 188-90

Naipaul, V. 8., 23
Napier, John, 77
Napoleon I, Emperor of the French,
193, 194
natural numbers, 3_ §-9, & 34-5,
121,124
axioms of, 44-6, 49, 52, 65, 83
as beyond space and time, 66-7
discreteness of, 5-6, 8, 174, 175-6,
184, 185
early history of, 11-12
as fundamental, 14=15, 22, 137
as generated by counting, 8-9,
45-6, 51-2, 54-6
Great Dictionary of, 79-82
identity of, 16-17
innate understanding of, 14, 188
notation for, 17-19
order of, 133
as powers and products of
primes, 95
in rings, 150, 184-5, 187
Russell’s work on, 12-13, 22
successors Lo see successors,
SUCCession
as towers of sets, 12-13, 22, 24
as well ordered, 108-9
Nature and Meaning of Numbers,
The (Dedekind), 49-50
Nazis, 142

negation, 34
negative numbers, 3,4, 59, 121-34,
188
addition by, 133-4
debts and, 126-7, 134
delinition of, 133
distances and, 125-6
history of, 1234
law of signs in, 151-5

as not well ordered, 109

order of, 132-3

paradox of, 127

skepticism of, 10,12, 21,122-4, 128

subtraction :md_,l'i_l-z. 133-4, 183
negative roots, 123—4
New Exposition of Arithmetical

Principles, A (Peano), 44

Newton, Isaac, 90, 93
New York Review of Books, 16n-17n
nominalism, 37
Nither, Emmy, 140-3, 146
Notre-Dame at Argenteuil, 39
number line

full, 124-5

half, 121-2, 124
numbers

base ten, Ii 75, 79-80, §1-2

base two, 79

names vs., 16-17

naming of, 79-82

see dalso specific types of numbers
number theory, 11, 51n, 157

odd numbers, 50
as well ordered, 109
one
as distinet from zero, 147, 148
multiplication by, 72, 73
as set containing empty set, 24
as touchstone of creation, 52, 186

206

Copyrighted material



Index

operation, 57 Plato, 29
see also specific operations Platonic forms, 37-8
operator algebras, 156-7 points, 55,121, 181
Oppenheimer, ). Robert, 29 Pélya, George, 155
ordered pairs polynomial equations, 149, 159-63
fractions as, 171 and roots in AEM, 165-9
sets of, 867, 162 specilicity of, 161-2
ordering, 15 polynomials, 159, 160-1, 164-5
definition of, 133 ambiguity of, 161
ordinary differential equations, 43 integers vs., 165, 166
Organon (Aristotle), 29 ring formed by, 164-7
Ottoman Empire, 193-6 positional notation, 16, 18-21,
Owid, 27 79-81
Oxford University, 90, 93 positive numbers see natural
numbers
Pacioli, Luca, 126-7 Prausnitzer, Fanny, 11
parameters, 116, 117 prenuptial agreements, 154, 185
parentheses, 66, 67,77, 130 prime numbers, 51
Paris, 36-8, 43 infiite number of, 95
Pascal, Blaise, 103 theorems of, 95
Pauli, Wolfgang, 53 Princeton University, 143
Paulos, John, 16n-17n probability, 126
Peacock, George, 91, 93 procedural mathematics, 95
Peano, Giuseppe, 43, 44-7, 63 pronouns, 63
Peano axioms, 44-6, 49, 191 proofs
addition and, 52, 65 complicated structure of, 5-6
fifth, 45, 46, 103-4, 108, 109-10, deduction theorem, 32
117,120 of defmitions by descent, 85, 87-8,
principle of mathematical 89, 102
induction in, 103—4, 108, of law of signs, 151-5
109-10, 117, 120 outside of math, 28-9
succession in, 45-6,49, 52, 65, Ratchet, 105-8
109-10, 117 of recursion theorem, 88
Peirce, C. S., 63 of trichotomy law, 99
perfect numbers, 50, 51n proofs, inductive, 1034, 116-20,
Perillo, Joseph M., 33 137
physics, 51, 53—4, 141-2, 181 associative law and, 106, 116-20
Planck length, 151-2 propositional connectives, 34
Planck time, 1581 Ptolemy, Claude, 26-7, 28
plane, 55 Ptolemy’s theorem, 28
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Qom, Iran, 23

quadratic equations, 123-4, 168
quantification, 34

quantum mechanics, 53, 181

quintic equations, 168
Qur'an, 23

Raffles v. Wichelhaus, 145
Ratchet proof, 105-8
real numbers
construction of, 169
skepticism of, ]ﬂ
recursion, 834
recursion theorem, 85, 87-8, 89,
102, 120
deflinition of addition and, 120
proof of, 88
Reid, Thomas, 29-30
relativity, 53
special, 6
Rhind, Alexander Henry, 158
Rhind Papyrus, 158, 170
Rilke, Rainer Maria, 125-6
rings, 138, 142, 144-6, 188
axioms of, 144, 146-8, 151, 164,
165
cancellation law in, 148-50, 185,
187
definition of, 146, 148-50, 151,
154, 164-5
as formed by polynomials, 164-7
fractions and, 185-6
integers as, 142, 144, 147-50, 165,
166-7, 164-5
integral, 150, 185
law signs and, 154
positive numbers in, 150, 184-5,
187
well-ordering principle in, 150,
185, 187

Rome, 136
Roscelin, Jean, 36-7
Rovigo, Duke of, 193-4, 195
Ruffini, Paclo, 168
Russell, Bertrand
on Euclid, 42
on natural numbers, 12-13, 22
on Peano, 43,47
Russell’s paradox, 25

Russia, 111-13

Russian Childhood, A (Kovalevsky),

115

Schrodinger, Erwin, 67
Second International Congress, 43
segment, 56
semi-groups, 138
semi-lattices, 138
sentential connectives, 34
sets, set theory, 22-3, 174

axioms of, 25

as basis of natural numbers, 13,

22,24-5

empty, 24-5

as fundamental, 22

as inconsistent, 25

paradoxes of, 25, 135

in Peano axioms, 45

recursion theorem proved

in, 88

skepticism of, 10

see also well-ordering principle
Shafarevich, L. R., 139
Sherman, William Tecumseh, 10
sign.s. lal\’\‘ of, 151—5

derivation of, 154
Smith, Henry John Stanley, 91
Socrates, 38
special relativity, 6
square numbers, 50, 51n
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