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Introduction

The greatest mathematicians like Archimedes, Newton
and Gauss have always been able to combine theory and
applications into one.

Feliz Klein (1849-1925)

Mathematics has more than 5000 vears of history. It is the most powerful instrument of
the human mind, able to precisely formulate laws of nature. In this way it is possible to
dwell into the secrets of nature and into the incredible, unimaginable extension of the
universe. Fundamental branches of mathematics are

- algebra,
- geometry, and
- analysis.

Algebra is concerned with, at least in it original form, the solution of equations. Cunei-
form writing from the days of King Hammurapi (eighteenth century BC) document that
the practical mathematical thinking of the Babylonians was strongly algebra-oriented.
On the other hand, the mathematical thought of ancient Greece, whose crowning achieve-
ment was the appearance of Euclid’s The Elements (around 300 BC), was strongly
influenced by geometry. Analytical thinking, based on the notion of limit, was not
systematically developed until the creation of calculus by Newton and Leibniz in the
seventeenth century.

Important branches of applied mathematics are aptly described by the following indica-
tions:

- ordinary and partial differential equations (describing the change in time of systems
of nature, engineering and society),

- the calculus of variations and optimization,

- scientific computing (the approximation and simulation of processes with more
and more powerful computing machines).

Foundations of mathematics are concerned with

- mathematical logic, and

- set theory.

These two branches of mathematics did not exist until the nineteenth century. Math-
ematical logic investigates the possibiiities, but also the limits of mathematical proofs.



2 Introduction

Because of its by nature very formal development, it is well-equipped to describe pro-
cesses in algorithms and on computers, which are free of subjectivity. Set theory is
basically a powerful language for formulating mathematics. Instead of dealing in this
book with the formal aspects of set theory, we put our emphasis on the liveliness and
broad nature of mathematics, something which has fascinated mankind for centuries.

In modern mathematics there are opposing tendencies visible. On the one hand, we
observe an increase in the degree of specialization. On the other hand, there are open
questions coming from the theory of elementary particles, cosmology and modern tech-
nology which have such a high degree of complexity that they can only be approached
through a synthesis of quite diverse areas of mathematics. This leads to a unification
of mathematics and to an increasing elimination of the non-natural split between pure
and applied mathematics.

The history of mathematics is full of the appearance of new ideas and methods. We can
safely assume that this tendency with continue on into the future.



0. Important Formulas, Graphical
Representations and Tables

FEverything should be made as simple as possible, but not simpler.
Albert Einstein (1879-1955)

0.1 Basic formulas of elementary mathematics

0.1.1 Mathematical constants

Table 0.1. Some frequently used mathematical constants.

Symbol | Approzimation | Notation

T 3.14159265 Ludolf number pi

e 2.71828183 Euler! number e

C 0.57721567 Euler constant

In10 2.30258509 natural logarithm of the number 10

A table of the most important scientific constants can be found at the end of this
handbook.

Factorial: Often the symbol

nl=1.2.3-...-n

is used for the shown product; this product is called n-factorial. Moreover, we define
or:=1.

Ezample 1: '=1,21=1-2,31=1-2-3=6,4'=24, 5! =120 and 6! = 720.

In statistical physics, one requires the value of n! for n around 1023, For such astronom-
ical numbers, one has the Stirling formula

n! = (E)R 2mn (0.1)

e

as a good approximation (cf. 0.7.3.2).

1Leonhard Euler (1707-1783) was the most productive mathematician of all times. His collected
works fill 72 volumes and more than 3000 additional letters. His monumental lifetime work has shaped
much of the modern mathematical science. At the end of this handbook there is a table of the history
of mathematics, which should help the reader to orient her- or himself in the history of mathematics
and its greatest contributors.
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Infinite series for m and e: The precise value of 7 is given as the value of the
convergent Leibniz series

s 1 1 1

Z_I—§+5_7+"' (0.2)
Because of the alternating sign of the terms, the error of the truncated series is always
given by the following term. Thus, the terms listed on the right-hand side of (0.2)
give an approximation of = for which the error is at most 1/9. This series, however, is
not used for practical computations of values for m on computers, because it, converges
very slowly. Contemporary approximations of m are accurate up to more than 2 billion
decimal places (cf. the more detailed discussion of the number 7 in 2.7.7). The value of
¢ is the value of the following convergent series

_ 1 1 1
e—2+5!'+§-!+z+.‘.

For large numbers n, for example, one has approximately

o (1+ %) (0.3)

More precisely, the right-hand side of (0.3) approaches for larger and larger values of n
the value of the number e. One also writes for this

1 n
e= lim (1 + —) .
n—00 n

"
In words: the number ¢ is the limit of the sequence of numbers (1 +—] ,asn ap-
n

proaches infinity. With the help of the number e one can define the most important
function in mathematics:

y=e". (0.4)

This is the Euler e-function (exponential function, cf. 0.2.5). The inverse function of
(0.4) is the natural logarithm

r=Iny

(cf. 0.2.6). In particular for powers of 10 one gets

In10® =z -In10 =2 2.3025 8509,

Here z can be an arbitrary real number.

Representations of m and e through continued fractions: For more detailed
investigations of the structure of numbers, one uses representations in terms of continued
fractions instead of decimal numbers (cf. 2.7.5). The representations of = and ¢ in terms
of continued fractions are displayed in Table 2.7.
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The Euler constant C: The precise value of C is given by the formula

o0

C= lim 1+l+l+...+l71n(n+1] =—/e_tlntdt.
n—oe 2 3 n

0

For large natural numbers n, one thus has the approximation formula

1 1 1
~+-+...+==In(n+1)+C.
I+gt+g++o n(n+1)+

The Euler constant C appears in a surprisingly large number of mathematical formulas
(cf. 0.7).

0.1.2 Measuring angles

Degrees: In Figure 0.1, some of the most often used angles, measured in degrees,
are shown. An angle of 90° is also called a right angle. In ancient Sumeria near the
Euphrates and Tigris rivers, more than 4,000 years ago, a number system with the basis
60 (sexagesimal system) was used. One can trace back to this usage the fact that the
numbers 12, 24, 60 and 360 are used in such an important way in our measurement
of time and angles. In addition to the degree, other measures for angles used in, for
example, astronomy are the following smaller measurements:

» .' .' 180°
' . — 1 1
1" (arc minute) = &0 \900 , 45° ) \\GOu m
1° -
1” d) = .
(arc second) 3600
270° |
Ezample 1 (Astronomy): The o
—9Q° —4
face of the sun is about 30’ (half ‘/ %0 5
a degree) in the sky.
Because of the motion of the Figure 0.1. Postive and negative angles.

earth and the sun, the stars in

the sky change their positions. Half the maximal change per year is called a pargliaz.
This is equal to the angle «, which the star would appear to see between the earth and
the sun when they are at maximal distance from each other (cf. Fig 0.2 and Table 0.2).

Table 0.2. Parallax and distance.
I Star Parallax | Distance ] M earth
Proxima Centauri | 0.765” | 4.2 light years @ | sun
(nearest star) fixed star

Sirius 0.371” | 8.8 light years Figure 0.2.
(brightest star)

A parallax of one arc second corresponds to a distance of 3.26 light years (3.1- 10 km).
This distance is also referred to as a parsec.
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Radians: A angle of o degrees (a°) corresponds to

radians. Here a is the length of an arc en the unit circle which is eut out by the angle
o® (Figure 0.3). In Table 0.3 one finds often-used values for this measurement.

Convention: Unless stated otherwise, all angles in this book will be measured in
radians.

Table 0.3. Angles and radians.

a
Degrees || 1° [45°|60°|90°(120°[135°|180°|270° | 360° ‘ﬁ 1
. 7w | 7w | x| 2% | 37w 3
Radians wlzlszlzl3 |71 T 5 27
r_ T _ w_ T _ .

Sum of angles in a triangle: In a triangle, the sum of the angles is always 7, i.e.,

atfty=mw

(cf. Figure 0.4).

v
@ B
Figure 0.4. Angles in Figure 0.5. Angles in a quadran-
a triangle. gle.

Sum of angles in a quadrangle:
Since a rectangle can be decom-
posed into two triangles, the sum of
angles must be 27, ie.,

at+ft+y+d=2r (a) pentagon (b) hexagon

(cf. Figure 0.5). Figure 0.6. Pentagon and hexagon.

Sum of angles in an n-gon: In general one has

Sum of the inside angles of a n-gon = (n — 2)7.

Ezample 2: For a pentagon (5-gon} (resp. hexagon (6-gon)), the sum of the angels is
3n (resp. 4m) (Figure 0.6).
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0.1.3 Area and circumference of plane figures

In Table 0.4 the most important plane figures are illustrated. The meaning of the
appearing trigonometric functions sin« and cos « is explained in detail in (.2.8.

Table 0.4. Surface area end circumference of several polygons.

Figure Diagram. Area A Circumference
C
square A=a? C=4a
a (a length of a side)
a
rectangle A=ab C=2a+2b
b (a, b lengths of the sides)
"
parallelogram C=2a+2b
b v th | (a length of the base,
y a b length of the side
h height)
rhombus A=asin~y C=4a
(equilateral a
parallelogram) U
a
trapezoid b A:E(aer)h C=a+b+c+d
(quadrangle 2
with two par-| € & (a, b length of the parallel
allel sides) - sides, h height)

triangle

1 1
A= Eah = iabsin'y

(a length of the base,
b, ¢ length of the other
sides, h height, s := C/2)

Heronian formula for the area:

|A= Vs(s —a)(s —b)(s — ¢}

C=a+b+ec
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Teoble 0.4 (continued)

right

triangle

&

7

1
A= Eab

relation between
sides and angles:
b= ccosq,

a=csina,

a=btan

(¢ hypotenuse 2,
a opposite leg,
b neighboring leg)

Theorem of Pythagoras® :

FEuclidean relation
for the height:

[P = pg
(h height over the hypotenuse,
P, q segment lengths)

C=a+b+tc

equilateral
triangle

V3,
— @

A=4

circle

A=

(r radius)

C = 2ar

sector of a cir-

cle

B

C=L~+2r
L =ar

annulus

A=7{r?—p?
(r outer radius,
o inner radius)

C=2n(r+p)

2In a right triangle the side which is opposite the right angle is called the hypotenuse. The other
sides are called cathett or simply legs.

3Pythagoras from Samos (at 500 BC) is considered to be the founder of the famous school of the
Pythagoreans in ancient Greece. The theorem of Pythagoras however was know almost 1,000 years
before that, by the Babylonians under the regent King Hammurapi (1728-1686 BC).
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Table 0.4 (continued)

parabola _ 1
sector? A= Szy
z,y)
L
_ 1
il;perbola sec A= 3 (my — ab - arcosh E)

z,y) (b =atana)

ellipse sector A= —;-ab - arcosh z
a

8
o
—

(Ga )

ellipse diagram as A — nab C = 4aE(e)
above, where
B is the (a, b lengths of the axi, (cf. (0.5))
focal point b < a,

€ numerical eccentricity)

The meaning of elliptic integrals for the calculation of the circurnference of
the ellipse: The numerical eccentricity ¢ of an ellipse is given by the formula

— 1= =

a?’

The geometric interpretation of £ is to be found in the fact that the focal point of the
ellipse has a distance from the center of the ellipse of ca. For a circle, one has ¢ = 0.
The larger the numerical eccentricity ¢ is, the flatter the ellipse is.

It was already noticed in the eighteenth century that the circumference of an ellipse can
not be calculated by elementary means. This circumference is given by C = 4aF(z),
where we use the notation

n/2

E(g) = / V1 —e2sin? g do (0.5)
0

for the complete elliptic integral of the second kind of Legendre. There are tabulated
values for this integral (cf. 0.5.4). For an ellipse we always have that 0 < e < 1. As

4Parabola, hyperbola und ellipse will be considered in 0.1.7. The function arcosh will be introduced
in 0.2.12.
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approximations for all these values one has the series
12 1-3\%&t (1-3.5\%¢8
Ble)=1—-{-) - =) ([ —=) — _ ..
(&) (2) ¢ (2-4) 3 (2-4-6) 5

The general theory of elliptic integrals was created in the nineteenth century {cf. 1.14.19).

Regular n-gons: A n-gon is said

o \?/ to be regular, if all the sides and an-
¥ > % gles are equal (Figure 0.7).
T & A The distance from the center to one
a a

of the corners of the n-gon will be
n=4 n=75 n==6 denoted by r. Then the geometry
of a regular n-gon is determined by
the following statements:

Figure (0.7, Regular n-gons.

27
center angle ¢=—,
n

complementary angle o=7x — ¢,

length of sides a=2r sin% ,
circumference C =na,

1
area A= inrz sing.

Theorem of Gauss: A n-gon with n < 20 can be constructed with the help of a ruler
and compass, if and only if

n=3,4,5,6,8,10, 12, 15, 16, 17, 201

In particular, such a construction is not possible for n = 7, 9. 11, 13, 14, 18, 19.
This result is the consequence of Galois theory and will be considered in 2.6.6 in more
detail.

0.1.4 Volume and surface area of solids
In Table 0.5 the most important three-dimensional figures are collected.

Table 0.5. Volume and surface area of some solids.

Solid Diagram Volume V Surface area O
section area M
cube : V=al O = 6a?

{a tength of sides)




Table 0.5 (continued)

0.1. Basic formulas of elementary mathematics 11

parallelepiped V = abc O = 2(ab+bec+ca)
JC {a, b, ¢ lengths of sides)
a b
bal o
3
(r radius}
—
! (G area of the base, h height)
]l
/I\
G
cylinder V =ur?h 0 =M + 27r?,
(r radius, h height) M = 2nrh

solid annulus

V = 7h(r? — ¢%)
(r outer radius,
¢ inner radius,
h height)

pyramid

Q

1
V=_Gh
5C

(G area of the base,
h height)
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Table 0.5 (continued)

circular cone V= 1.”.,.2 h O =M+ nr?,
3 _
(r radius, h height, M = mrs
s length of a meridian)
fr
capped V=3(G+VGy+yg)
pyramid 3
(G surface area of the base,
g area of the top)
capped cone 0 V= Z—h(72+r9+92) O=M+
vl : 2, 2
Y Ih (r, ¢ radii, h height, T+ o),
s length of the side) M =ms(r + o)
obelisk 1
,‘:\.‘\ V= 6(ab+(a+c}(b+d)
+ed)
P (@, b, ¢, d lengths of the sides)
) b
wedge . V = Zbh(2a + ¢)
(the sides are 6
equilateral h (a, b base side lengths,
triangles) ¢ upper edge, h height)
a
section V= th(Sr —h) O = 2nrh
of a ball 3

(bounded by
a meridian)

(r radius of the ball,
h height)

{top part)

slice of a ball
(bounded by

two meridians)

V= 7(6_11(31%2 + 39% + h?)

{r radius of the ball,
h height, R and g radii of the
meridians)

O =2nrh
(middle layer)
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Table 0.5 (continued)

torus V =2mrip O = Ax2rp

(r radius of the torus,
o radius of the section)

| 9@

barrel V =0.0873 h(2D + 2r)?

(Wit_h circular (D diameter, r radius at the

section) top, h height;
the formula is an approxima-

h tion)

ellipsoid _ 4 see the formula
V= §7rarbc of Legendre (L)
(a,b, ¢ lengths of the axi, for O

alec<b<a)

QO

The meaning of elliptic integrals for the calculation of the surface area of the
ellipsoid: The surface of an ellipsoid can not be calculated by elementary means. One
requires again elliptic integrals. For this one has the formula of Legendre

27h

T (CFk @)+ (@ = AEG, ) (L)

with

k a Vb2 — 2 a? — ¢?
—

== @ = aresin
The formulas for the elliptic integrals E(k, ¢) and F(k, ) can be found in 0.5.4

0.1.5 Volumes and surface areas of regular polyhedra

Polyhedra: A polyhedron is a solid which is bounded by elementary parts (plane
figures).

The regular polyhedra (also called Platonic solids) have faces, all of which are congruent,
regular n-gons of side length a, in which at all corners the same number of faces meet.
There are precisely 5 regular polyhedra, which are listed in Table 0.6.
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Table 0.6. The five Platonic solids.®

Regular polyhedron Faces | Volume l Surface area
trah 4 il 2
tetrahedron equi ateral £ e Va2
triangles 12
a
cube 6 squares a® 6a?
i
|
L -4 -
s
a
octahedron 8 equilateral _\/—_2 o3 2\/3 ca?
triangles 3 @
dodecahedron 12 equilateral 7.663-a% | 20.646 . a2
pentagons
icosahedron® 20 equilateral 2.182-6% | 8.660 - a?
triangles

Euler’s polyhedral formula:

polyhedra:”

The following relation is generally true for regular

number of corners ¢ — number of edges e + number of faces f = 2. |

5In this table, the common length of an edge is denated by a. The formulas for the volumes and areas
of the dodecahedron and the icosahedron are approximations.
6The German mathematician Felix Klein wrote an famous book about the symmetries of the icosa-

hedron and its relation to the equations of fifth degree, (cf. [22]).

7This formula is a special case of a general topclogical fact. Since the surfaces of the regular polyhedra
are all homeomorph to the sphere, they have genus 0 and the Euler characteristic 2.
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Table 0.7 verifies this formula.

Table 0.7. The key numbers for the Platonic solids.

Regular polyhedroﬂ c e Ff L ct+e—f
tetrahedron 4 6 4 2
cube 8 12 6 2
octahedron 6 12 8 2
dodecahedron 20 30 12 2
icosahedron i2 30 20 2

0.1.6 Volume and surface area of n-dimensional balls

The following formulas are necessary in statistical physics. In these formulas, n is
roughly of the size 1023, For such large values of n, one uses the Stirling formula for an
approximation to the value of n! (cf. (0.1)).

Characterization of the solid ball by an inequality: The n-dimensional ball
Ky (r) of radius r with center at the origin is defined to be the set of all points (z1,...,7,)
that satisfy the inequality

@+ tal <t

Here x;,...,z, are real numbers with n > 2. The boundary (surface) of this ball is
formed by the set of all (z1,...,2,) which satisfy the inequality

hﬁ+...+mﬁ:r"j

For the volume V,, and the surface area O, of K,(r) one has the following formulas of
Jacobi:

ﬂ.ﬂ./?,,.n
Vo= o
Tz
/2,n—1
O = ‘Z‘TL?_
r(3)

The gamma function I is considered in section 1.14.16. It satisfies the recursion formula

I'z+1)=2al(z) forallz >0

1
with I'1) =1 and I (E) = /7. From this one gets for m = 1, 2, ... the following
formulas:

m.2m m2m+1
wr 2(2m)™"r
Vam = ’ V2’”*‘_1-3-5-...-(2m+1)

m!
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and
2,’,(m1,2m—1 22m+1, Lo 2m
Omm="" | Oppyy=- i T
2m (m — 1)‘ 2m+1 (2m)|
FExample: In the special case n = 3 and m = 1, one gets the well-known formulas

4
Vi = gfr;r"3 , O3 = 4nr?

for the volume V3 and the surface area Oz of the three-dimensional ball of radius r.

0.1.7 Basic formulas for analytic geometry in the plane

Analytic geometry describes geometric objects like lines, planes and conic sections by
means of equations for the coordinates and investigates the geometric properties throngh
manipulations with these inequalities. This process of increased use of arithmetic and
algebra in geometry goes back to the philosopher, scientist and mathematician René

Descartes (1596-1650), after whom the Cartesian coordinates have their name.

0.1.7.1 Lines

Y (
Y1

- - —24—

a0y Y (2.2) All of the following formulas are in terms
- of a Cartesian coordinate system, in which
I the y-axis is perpendicular to the x-axis.
\ , : The coordinates of a point (x1,y;) are
? % given as in Figure 0.8(a). The z coordinate
| of a point left of the y-axis is negative, and

(—2, —2) B (2,’_2) the y coordinate of a point underneath the

(a) (b) z-axis is also negative.

' ) . Fzample 1: The points {2,2), (2,-2),
Figure 0.8. Cartesian coordinates. (-2,-2) and (~2,2) are found in Figure

0.8(b).

The distance d of the two points (x1,¥:1) and (x2,y2):

l;: Vits - 212 + (y2 — y1)2|

(Figure 0.9). This formula corresponds to the theorem of Pythagoras.

Y y Y

” M ﬂ 74%4; lﬂkb

a
S | e
1z ~1 T
5 2z 5> a (a)m>0 (b) m <0
Figure 0.9. The distance Figure 0.10. The equation of a line.

between two points.
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Ezample 2: The distance of the two points (1,1) and (2,2) is

d=+/2-1)2+(2-1)2=V2.

The equation of a line:

086)

Here b is the intersection of the line with the y-axis (y-intersect), and the slope of the
line is m (Figure 0.10). For the slope angle o one has the relation

tana = m.

(i) If one knows a point {z; , 1) of the line and the slope 1, then one gets the missing
value of b as b=y, — may .

(ii) If one knows two points (21, y1) and (z2, y2) on the line with z; # w2, then:

2 — ¥
m:y Y
Tz — )

, b=y —mar. (0.7)

Ezample 3: The equation of the line through
the two points (1,1) and (3,2) is

[ *lzr:-i-l
9—2 2
2-1 1
%by(0.7)wegetm—3ii—§andb_

11,
1- 33 (Figure 0.11).

Figure 0.11. The slope of a line.

Abscissa equation of a line: If one divides the equation a line (0.6) by b and sets

1 m
— = ——  then one gets:
a b

y
-.—:1. .
+b (0.8)

For y = 0 (resp. z = 0) one can
read off from this that the line hits
the z-axis at the point (a, 0} (resp.
the y-axis at the point (0,b)) (Fig-
ure 0.12(a)).

Ezample {: If we divide the line
equation

= R O W

y=-8r+4
by 4, it follows that ¥ = ~2z+1 | ANE: | V1
and consequently (a) (b)

Y
4

z+==1. Figure 0.12. The abscissa of a line.

1
If we set y = 0, then we get a2 = 5 Hence the line intersects the z-axis in the point

z= % (Figure 0.12(b)).
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Equation of the y-axis:
z=0.
This equation is not a special case of (0.6). It corresponds formally to a slope of m = oo

(infinite slope).

General equation of a line: All lines are defined as the set of points satisfying the

equation
Az + By+C =0

with real constants A, B and C, which satisfy the condition A% + B2 £ 0.
Ezxample 5: For A =1, B = C = 0 one gets the equation x = 0 of the y-axis.

Applications to linear algebra: A series of problems in analytic geometry are most
easily solved by using the language of vectors (linear algebra). This will be considered
in section 3.3.

0.1.7.2 Circles

The equation of a circle of radius + with center at the point (¢,d):

[(@— )+ (y—d)? =] (0.9)

(Figure 0.13(a})).

Y ) Yy
(z0,40)

Figure 0.13. Circles in the plane.

Ezample: The equation of a circle of radius + = 1 with center at the origin (0,0) is
(Figure 0.13(b)):

z+yf =1,

Equation of the tangent to a circle:

[z — o)z — )+ (v — d) (o — @) =+

This is the equation of the tangent to the circle (0.9) through the point (zg,yp) (Figure
0.13(c)).
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Parameterization of the circle of radius r with center at the point (c,d):

Lac:c+rcost, y=d+rsint, 0§t<21r]

If one interprets { as the time, then this starting point at ¢ = 0 corresponds to the point
P in Figure 0.13(a). In the time given by parameters t = 0 to ¢t = 27, the circle is
transversed exactly once counter-ciockwise with constant speed (mathematical positive
direction).

Curvature K of a circle of radius R: By definition, one has

1
K*E.

0.1.7.3 Ellipse
The equation of an ellipse with center at the origin:

72 y2

§+§:1. (0.10)

We assume 0 < b < a. Then the ellipse lies symmetrically with respect to the origin.
The length of the long (resp. short) axis of the ellipse is equal to a (resp. &) (Figure
0.14(a)). One also introduces the following quantities:

linear eccentricity e = v/a? — b2,

numerical eccentricity €= —,

half-parameter p =

Ql%@lﬂ:

The two points (+e,0) are called the focal points By of the ellipse (Figure 0.14(a)).

g\ \yl )
5 | BNo C R}A
e/ ax xr
(2) a (b) B
P
(c)

Figure 0.14. The ellipse.
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Equation of a tangent to the ellipse:

o, Yo
a? b2

=1.

This is the equation of the tangent to the ellipse {0.10) through the point (0, ¥0) (Figure
0.14(b)).

Parameterization of an ellipse:

x = acost, y = bsint, 0§t<27r.1

‘When the parameter ¢ runs through the values from 0 to 27, the ellipse in (0.10) is run
through once counter-clockwise. The starting value ¢ = 0 corresponds to the point on
the curve @ (Figure 0.14(a)).

Geometric characterization of an ellipse: An ellipse is by definition the set of
points P, whose sum of distances from two given points B_ and B, is constant, equal
to 2a (cf. Figure 0.14(c)}.

These points are called the focal points.

Construction: To construct an ellipse, one fixes two points B_ and B which are to
serve as focal points. Then one fixes the ends of a piece of string with a thumbtack to
these focal points, and moves the pencil with the help of the string, keeping the string
taut. The pencil then has drawn an ellipse (Fignre 0.14(c)).

Physical property of the focal points: A light ray which is sent from one of the
focal points B_ and reflected on the ellipse, meets the other focal point By (Figure
0.14{c)).

Surface area and circumference of an ellipse: See Table 0.4.

The equation of an ellipse in polar coordinates, directrix property and cur-
vature radii: See section 0.1.7.6

0.1.7.4 Hyperbola

The equation of a hyperbola with center at the origin:

r_¥v . {0.11)

Here a and b are positive constants.

Asymptotes of a hyperbola: A hyperbola intersects the z-axis in the points {+a, 0).
The two lines

b
y==x-z
a.

are called the asymptotes of the hyperbola. These lines approach the branches of the
hyperbola as one moves out from the origin (Figure 0.15(b)).
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Focal points: We define

linear eccentricity e = v/a?+b?,

. .. €
numerical eccentricity ¢ = E s
2

half-parameter p= —.
a

The two points (e, 0) are called the focal points By of the hyperbola (Figure 0.15(a)).

Yy ¥ Y
/(’/J"D;EIO)

x €T

(d)

Figure 0.15. Properties of the hyperbola.

Equation for the tangents to a hyperbola:

ITo  Yyo -

=22

a2 b2

This is the equation of the tangent to the hyperbola (0.11) through the point {zo,yo)
(Figure 0.15(c)).

Parameterization of a hyperbola®:

|;z-——acosht, y = bsinht, —o0 <t < 00.

As the parameter t runs through all real values, the right branch of the hyperbola in
Figure 0.15(a) is run through once in the direction of the arrow in that picture. The
initial point at t = 0 is the point (a,0) on the hyperbola. Similarly, the left hyperbola
branch in Figure 0.15(a) is run through once by the parameterization

z = —acosht, y = bsinh{, —o0 <t < 00,
Geometric characterization of a hyperbola: By definition, a hyperbola consists of

all points P whose difference of distances from two given points B_ and B, is constant,
equal to 2a (cf. Figure 0.15(d)). These points are again called the focal poinis.

8The hyperbolic functions cosht and sinht are treated in detail in 0.2.10 .
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Physical property of the focal points: A light ray emerging from B_ is reflected
on the hyperbola in such a way that its backward extension passes through the other
focal point By (Figure 0.15(e)).

Surface area of a hyperbola section: See Table 0.4.

Equation of hyperbolas in polar coordinates, directrix properties and curva-
ture radii: See section 0.1.7.6

0.1.7.5 Parabola

The equation of a parabola:

(0.12)

Here p is a positive constant (Figure 0.16). We define:
. . P
linear eccentricity e = 5
numerical eccentricity =1.

The point {e,0) is called the focal point of the parabola {Figure 0.16(a)).

Yy y/L
P
)

(e) (d)

(a) (b

Figure 0.16. Properties of the parabola.

The equation of a tangent to a parabola:

yyo = plr +x0) .

This is the equation of the tangent to the parabola (0.12) through the point (zo, yo)
(Figure 0.16(b)).

Geometric characterization of parabolas: By definition, a parabola consists of all
points P, whose distance from a fixed point B (focal point) and a fixed line L (directrix)
is equal (Figure 0.16(c)).

Physical property of the focal point (parabolic mirror): A light ray, which is
parallel to the z-axis and hits the parabola, is reflected in such a way that it passes
through the focal point (Figure 0.16(d)).

Surface area of a parabolic sector: See Table (0.4.
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Equation of a parabola in polar coordinates and the curvature radii: See
section 0.1.7.6

0.1.7.6 Polar coordinates and conic sections

Polar coordinates: Instead of Cartesian coordinates, often polar coordinates are used,
in order to take advantage of the symmetry of the equations in certain problems. The
polar coordinates (r, ¢} of a point P in the plane are given as in Figure 0.17 by the
distance r of the point P from the origin O and the angle ¢ of the line segment OP
with the z-axis. The following relation between the Cartesian coordinates (z,v) and the
polar coordinates (r, ¢) of a point P hold:

|m=rcosgo, y=rsing, 05(;:(271'.! (0.13)

Moreover, one has

r= a2 +y?, tamp:%.
Conic sections: By definition, a conic section is obtained by taking the section of a
double circular cone with a plane (Figure 0.18). In this way, the following figures occur:

(i) Regular conic sections: Circle, ellipse, parabola or hyperbola.

(ii) Degenerate conic sections: two lines, one line or a point.

Equation of regular conic sections in polar coordinates:

=—2F
1—¢ccosy

(cf. Table 0.8). The regular conic sections are characterized
by the geometrical property, that they consists of all points
P for which the relation

r
—- =g

d

is constant, equal to £, where r is the distance from a fixed
point B (focal point) and d is the distance from a fixed line
L (directrix).

Vertical circle and curvature radius: In the apex §
of a regular conic sections, one can inscribe a circle in such
a way, that it touches the conic section (i.e., has the same
tangent as) at the point S. The radius of this vertical circle
is called the curvature radius R at the point S. The same
construction is possible at an arbitrary point P{zo, o) of
the couic section {cf. Table 0.9). The curvature K at the
point P is given by definition by the formula

1 Figure 0.18.
K=—.
Ry
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Table 0.8. Regular conic sections.

Conic Numerical Linear Half-para- | Directriz-prop-
section eccentricity € | eccentri- meter p perty T e
city e d
ep b?
hyperbola® | 2 > 1 = —" =— (
yperbo ¢ (1-2)? =

parabola e=1 e= g
2
ellipse 0<e<l e:—EL p:lL
1—¢? a
circle e=10 e=10 p =radius v
(limiting case r
d = oo) R \
42

8Becanse of the inequalities # > 1, £ = 1 and £ < 1, the Greek mathematician Appolonius of
Perga (roughly 260-130 BC) iniroduced the nomenclature dmepBoAs) (hyperbolé which means excess).
mapaBoli (parabolé which means equality) and £XAseyiC (élleipsis which means deficiency).
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Table 0.9. Inseribed circles.

Conic ( Equation Curvature radius Diagram
. z? 2 z2 2
ellipse { —-5+—Z5=1 Ry = a*? (a_g+%il
62
‘ a
s o (75, )"
hyperbola a—24§=1 Ry = a®b a—4+31) , Vi
2
R= ?—- =p (:EO:yO) RO
a —
21 3/2
parabola | y2 = 2pz Ry = (p + 220) ,
VP
R=p

0.1.8 Basic formulas of analytic geometry of space

Cartesian coordinates in space:

A spatial Cartesian 2

coordinate system is given as shown in Figure 0.19 by three
axi which are perpendicular to one another, which are de-

noted as the z-axis, y-axis and z-axis, and which are oriented  z; ¢

in the same way as the thumb, the pointing finger and the
middle finger of the right hand (right-handed system). The
coordinates (z1,y1,21) of a point are determined by perpen-
dicular projection onto the axi.

(-Tl s ¥, zl)
”y
"
Ty T
Figure 0.19.

Equation of a line through the two points (21,1, 21) and (x2, y2, 22):

|2 =21+ t{wa — 1),

y=uy1 +t{y —u1),

=z +t(22~21)J

The parameter t runs through the real numbers and can be interpreted as the time

(Figure 0.20{a)).
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(3-‘2,.1/2,22)

(Il » Y1, 21)

(a) : (b)

5 Y

Figure 0.20. Egquations for lines and planes in three-space.

Distance d between the two points (1, y1, z1) and (za, y2, 22):

ld= v —mP + - p + (@ o)

Equation of a plane:

|Az+By+Cz=1D.|

The real constants A, B and C must fulfill the condition A% + B? + C? # 0 (Figure
0.20(b)).

Applications of vector algebra to lines and planes in three-space: See 3.3.

0.1.9 Powers, roots and logarithms

Power laws: For all positive real numbers a, b and all real numbers z,y one has:

ata¥ = a:rer’ (az)y — a::y’

axz a” . 1
(ab)z:axb”‘ (E) :-b'_J’, a r:a_:l.'.

It wasn’t until after a long historical course of development that the notion of powers
a® for arbitrary real exponents was realized (cf. 0.2.7).

Important special cases: For n=1,2,... one has:

1.a°=1, alza, a?=a-a, a®=a-a-a
2.a"=a-a-...-a (n factors).

- 1 _ 1 _ 1
3.a7'=2, a?t=—= oaT = —

n*" roots: Let a positive real number a be given. Then « = a'/™ is the unique solution

to the equation

™ =a, :(:20.{

In older literature the term a'/™ is often denoted by @ {n** root). In manipulations
with expressions involving such roots it is better to use the expression a'/", since then
one can nse the general rules for powers and is not restricted to ‘rules for roots’.

™

Fzxample 1: From (a%) =am= the root law 3/ %/a = "¢/a follows.
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Limit relation for general powers: For z = - with m,n = 1,2,... the following
relation holds:

a® = ({‘/&)m .

Moreover a™* = 1/a®. Hence the calculation of a® for arbitrary rational exponents x
can be reduced to the calculation of roots.

Now let an arbitrary real number z be given. We choose a number sequence? (z;) of
real numbers x; with

lim zx =x.
k—oo

Then we have

lim a*c =a*.
k— 00

This is an expression of the continuity of the exponential function (cf. 1.3.1.2). If one
chooses in particular a sequence zx of rational numbers g, then the expressions e™* can
be expressed in terms of powers of roots, and a” is approximated for larger and larger &
more and more accurately.

Ezxample 2: The approximate value of 7 is given by w = 3.14... Therefore we have
a1t = M1 _ ¢ 1%)314

is an approximation to the number o™ . Better and better approximations for ™ can be
obtained by incorporating more and more decimal places in the decimal representation
T=3141592 ...

The logarithm: Let a be a fixed, positive real number a # 1. For each given positive

real number y the equation

has a unique real solution z, which is denoted by

and is called the logarithm of y to base a.'°

Laws for logarithms: For all positive real numbers ¢, d and all real numbers x one
has:

¢
d
log, ¢ = zlog, ¢, log,a=1, log,1=0.

log, (cd) = log, ¢ + log, d, log, ( ) =log,c—log, d,

From the relation log(cd) = logc + logd one sees that the logarithm has the funda-
mental property that multiplication of two numbers corresponds to the addition of the
logarithms of those numbers.

9Limits of sequences of real numbers will be considered in 1.2.
0The word logarithm has a Greek root and means ‘ratio number’.
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Historical remark: In his monograph Arithmetica integra (Collected arithmetic),
Michael Stifel noted in 1544 the the comparison of

1aa®a® at ...

012 3 4

allows the reduction of the multiplication of the numbers in the first row to the addition
of the powers in the second row. This is precisely the basic idea of calculations with
logarithms. Stifel remarks on this: “Omne could write an entire book on the properties
of these wonderful numbers, but | have to be modest and close my eyes to this at this
point.” In the year 1614 the Scotch nobleman John Neper (or Napier) published the first
incomplete tables of logarithms (with a base proportional to 1/¢}. These tables were
improved bit for bit. After discussions with Henry Briggs, Neper agreed to use the basis
10 for all logarithms. In 1617 Briggs published a table of logarithms up to 14 decimal
places (to base ¢ = 10). The appearance of these tables was of great help to Kepler in
the completion of his famous “Rudolfian tables” in 1624 (cf. 0.1.12). He propagated the
advantages of this powerful new method of calculation with ardent zeal.

In our modern times with the widespread use of computers these tables are no longer of
importance and represent a historical episode.

Natural logarithms: Logarithms log, y to base e are referred to as netural logarithms
(logarithmus naturalis) and are denoted Iny. If @ > 0 is an arbitrary base, then one has
the relation

T alna
= @

a

for all real numbers . If one knows the natural logarithm, then one can find the
logarithm to an arbitrary base by means of the formula

In
log, y = na

v
na

FErample 3: For a = 10 one has Inae = 2.302585... and li =0.434294...
na

In 1.12.1 we will give applications of the function y = ¢” with the help of differential
equations to radioactive decay and growth process. These examples show that the Euler
number e = 2.718283 ... is the natural base for the exponential function. The inverse
of y = e* gives x = Iny. This motivates the nomenclature *natural logarithm’.

0.1.10 Elementary algebraic formulas

0.1.10.1 The geometric and arithmetic series

Summation symbol and product symbol: We define

7

Zﬂk =aptatat...+ay,
k=0

and

T
H ap 1= ApQ1az ... A, .
k=0
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The finite geometric series:

_on+l
=7 oy (0.14)

at+ag+eg’ +...+a¢" =a T

This formula is valid for all real or complex numbers a and ¢ with ¢ ¢ 1. The geometric
series (0.14) is characterized by the fact that the quotient of two successive terms is a
constant. With the help of the summation symbol one can write (0.14) in the form

n+1

n 1_
Zaqk:aTq—, g#1l, n=12...
k=0 —4q

1— 3
Ezample 1: 1+q+q2:qu (g#1).

1

The arithmetic series:

n+1
2

at+(at+d)y+(a+2d)+...+(a+nd) = (a+ (a+ dn)). (0.15)

The arithmetic series (0.15) is characterized by the property that the difference of two
successive terms is a constant. In words:

The sum of an arithmetic series is equal to the sum of the first and
the last term multiplied by half the totel number of terms.

With the help of the summation symbol, the formula (0.15) can be written:

[0

Z(de):”;](w(ﬁnd)y
k=0

Arithmetic series can be found in ancient texts of Babylonian and Egyptian times
(around 2000 BC). Geometric series and the formula for the sum are found in Euclid’s
Elements (around 300 BC).

Ezample 2: It is reported that the teacher of the young Gauss (1777-1855) wanted
a relaxing day by giving his students the assignment of adding the numbers 1 to 40.
Just after assigning this, the little boy Gauss (who was to become one of the greatest
mathematicians of all times) came to the teachers desk with his slate and the result of
820. It apparently was immediately clear to the youngster that instead of the original
series 1 + 2 + ... + 40 one should rather consider

1 2 3...40
40 39 38 ... 1.

Here we have 40 pairs of numbers (those in columns above) whose sum is 41. Conse-
quently, the sum of the first series is half of the sum of these pairs, i.e., 2041 = 820.

This is an example for a moment of inspiration in mathematics. A problem who initially
seems to be quite complicated is reduced by some elegant trick to a different, casier
problem which is quickly solved.
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0.1.10.2 Calculations with the summation and product symbols

Summation symbol: The following manipulations are often applied:

n L
1. z ax = Z aj, (change of summation index).
k=0 j=
n nt+ N
2. Z ap = aj-n, (shift of the summation index; j = & + N).
k=0 =N

n n n
3. ax+ ) b= (ak+b),  (rule for addition).
k=0 k=0

k=0
m n m n
4 (3 e (> ) = Z Z ajbr,  (distributive law).
j=1 =1 J=1lk=1
m n n m
5 Z Z aji = Z @k, (commutative law).
i=1k=1 k=1j=1

Product symbol: Analogously to the summations symbol one has the following prop-
erties of the product symbaol:

k=0 i=0
n n+N
2. H ay — aj—N
k=0 =N
n n n
5. T [0 =L
k=0 k=0 k=0
m n m
& [ TLewe = T Lo
j=1 k=1 k=1j=1

0.1.10.3 The binomial formula

Three classical binomial formulas:

(a+b)? = a®+ 2ab + 07, {first binomial formula),
(@ —0)? = a% — 2ab+ %, {second binomial formula),
(a —b)(a + b) = a® — 2, {third binomial formula).

These formulas are valid for all real or complex numbers ¢ and b. The second binomial
formula is actually a consequence of the first, by replacing b by —b.
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The general third binomial formula: One has

n n+l _ bn+1
Za“"‘b‘"‘ —ata" b, rap =2 0
k=0

a—b

for all n = 1,2, ... and all real or complex numbers ¢ and b with a # b.

Binomial coefficients: For all k= 1,2,... and all real numbers o we set

o\ _e (a-1) (a-2) (e -k+1)
(k)"? .-, okl

Furthermore let

3 3.2 5 5-4.3
Ezample 1. (2)_ﬁ_3’ (3)- 1‘2>3_10,

The general first binomial formula (binomial theorem):
(a+b)*=a"+ (’:)a"‘ler (Z) a4+ (n f 1)a;b“‘1 +b. (0.16)

This fundamental formula of elementary mathematics is valid for all n = 1,2, ... and all
real or complex a and b. With the help of the summation symbol, (0.16) can be written:

(a+b)" = i (Z)a"—kbk .

k=0

(0.17)

The general second binomial formula:

n

(a—-b)" = Z (:)(_1)kan—kby

k=0

This formula follows immediately from (0.17) upon replacing b by —b.

Pascal triangle: In Table 0.10 each coefficient is obtained as the sum of the two coef-
ficients lying above the given one. This gives a convenient way to obtain the coefficients
for the general binomial formulas.

Example 2:

(a+b)% =%+ 3a%b + 3ab® + 0%,

(a+b)* = a* + 4a®b + 6ab® + 4ab® + b,

(@ +b)® = a® + 5a*b + 10a3b* 4 10a%b* + 5ad* + b7 .
The Pascal triangle is named after Blaise Pascal (1623-1662), who at the age of 20
built the first addition machine. The modern computer language Pascal is named in his

honor. One can also find the Pascal triangles for n = 1, ..., 8 in the Chinese monograph
The precious mirror of four elements by Chu Shih—-Chieh, written in 1303.
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Table 0.10. Pascal’s triangle.

Coefficients of the binomial formulas
n=>0 1
n=1 1 1
n=2 1 2 1
n=23 1 3 3 1
n=4 1 4 6 4 1
n=>5 1 5 10 10 5 1

Newton’s binomial series for real exponents: The 24-year old Isaac Newton
(1643-1727) found by intuitive reasoning the general formula for the series:

(I42)*=1+ ((;).L'l'- (3)1:2 + (g)f +.o..= :gn (z)f (0.18)

For a = 1,2,.. ., the infinite series (0.18) is actually finite an is nothing but the binomial
formula.

Theorem of Euler (1774): The binomial series converges for all real exponents o
and all complex numbers z with || < 1.

It had been attempted for a long time to prove the convergence of this series. It wasn't
until Euler was 67 that he succeeded, more than one hundred years after Newton's
discovery of the series.

The polynomial theorem: This theorem generalizes the binomial theorem to more
than two summands. Special cases are:

{a+b+c)? =a?+ b + ¢ 4 2ab + 2ac + 2be,
{a+b+c)® =a®+b®+ % +3a% + 3ac + 3b%c
+ babe + 3ab® + 3ac® + 3bc?.

The general form of this theorem for arbitrary real or complex non-vanishing numbers

ay,-..,ay and natural nnmbers n = 1,2,... is:
n __ n! my Mo my
(@1 +az+...+an)"= T 0 Gy Ay
My Mo - -TN.
mi+..+my=n

The summation here is over all N-tuples {m, ms,...,mx) of natural numbers running
from 0 to n and whose sum is n. Moreover n! =1-2-...-n.

Properties of binomial coefficients: For natural numbers n, k with 0 < k£ < n and
real or complex numbers ¢, /7 one has:
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(i} symmetry law

(0)-(") - mear

(Z) " (kil) - (iii) : (0.19)

()= (T (=),
G (G ()-8

Example 3: If we set & = 3 = k = n in the last equation, then from the symmetry law

we get the relation:
n) 2 L[ 2 T n\? B QH)
0 1 i \n) T \n /)

From the binomial theorem for a =b=1and a = —b =1 we get:
(M) +.+ (") =2
0 1) 7 T\ T
n n n af™
0)-()+ () -rer) o

0.1.10.4 Sums of powers and Bernoulli numbers

(il) addition law!

Sums of natural numbers:

_nn+t 1)

k=14+2+...4+n 2 ,

NgE

1

(= 7

2k=2+4+...+2n=n(n+1),

=
f

1

D@k-1)=143+...+(2n-1)=n’.
k=1

Sums of squares:

6

- B2 — 12492 4 +ﬂ2_n(n+1)(2n+1)
E 2 = PR i LA L R
k=1

n 2 _
Nk 1P=1243 4.1 (20 g2 Ut 1)
k=1

1 The Pascal triangle is based on the formula (0.19).
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Sums of third and fourth powers:

iélﬁ:13+23+...+n3:M

k=1 4

1_ nn+1)(2n+1)(3n® + 3n 1)
30 '

n
YMokt=11420 4 4n
k=1

Bernoulli numbers: Jacob Bernoulli (1645-1705) ran across these numbers as he
attempted calculating an empirical formula for the sums of powers

SE=1P42F . 4nf

of natural numbers. He found for n = 1,2,... and for the exponents p = 1.2,... the
general formula:

1 1 By (p _ Bs(p _ B, P
P - _pptly lopy D2 p—1 4 23 e R .
e L LR Y AL S V'Y L Sl VY L

He also noticed that the sum of the coeflicients always turns out to equal 1. i.e, we have

1 1 B> P Bg P Bp P
— y4 2 =8 e =1.
p+l+2+2(1)+3(2 RS P
From this one gets for p = 2,3, ... successively the Bernoulli numbers B, Bs,... One

also sets By := 1 and B; := —1/2 (see Table 0.11). For odd numbers n > 3 one has
B,, = 0. The recursion formula can also be written in the form

i(pzl)ffk:u

k=0

Symbolically, this equation is
(14 B — Bup =0,

if one agrees to replace B™ by B, after multiplying out the expression on the left.

Table 0.11. Bernoulli numbers By, (Bs = B = Br = ... =0).
k B k B k| B k By
0 1 4 —% 10 % 16 —3713611—0’7-
2 % 8 —31—0 14 g 20 —%
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Ezample:

Sh=qnt+gnt 30t

1, 1
gt Loa la 1
T TR g T yn

In addition one has:

Si_ Boln+ 1P Bi{n+ 1) Baln+ )P By(n+1)
P! 0p+1)! 1p! 2(p—1)! o plt

Bernoulli numbers and infinite series: For all complex numbers z with 0 < |z| <
27, one has:

z Bo B1 Bzz _ka
o1 O' r+ a:+ azk

Bernoulli numbers also appear in the power series expansion of the functions

1

sinz ’ sinhz’

tanz, cotz, tanhz, cothz,

In|tanz|, In|sinz|, Incosz

(cf. 0.7.2).

Bernoulli numbers also play an important role in the summation of the inverses of powers
of natural numbers. Euler discovered in 1734 the famous formula

o0

1 1 1w’
1+—+§+ Z?:F

n=1

More generally, Euler discovered for k = 1,2,... the values'?

o

1 1 (2m)*

Even earlier, the brothers Johann and Jakob Bernoulli had tried for a long time to
determine the value of these series.

12For this, Euler used the product formula

sinz = 7x I I (1—;2) ,
m
m=1

which he had discovered and which holds for all complex numbers x; this is in fact a generalization of
the fundamental theorem of algebra (cf. 2.1.6) to the sine function
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0.1.10.5 The Euler numbers

- . . T P .
Defining relations: For all complex numbers z with |z| < 3 the infinite series

o0
Ey
B

coshx 1" Z!T T k!
k=0

converges. The coeflicients Ey which occur in this series are called Fuler numbers (cf.
Table 0.12). One has Ep = 1 and for odd n, E, = 0. The Euler numbers satisfy the
symbolic equation

[(E+1)"+(E-1"=0, n=12...,]

in which one agrees to replace E™ by £, after the multiplication has been carried out.
This gives a convenient recursion formula for the F,,. The relation between the Euler
and the Bernoulli numbers is, again in symbolic form, given by:

42n+1 1 2n+1
By = —— | By, — ~ ) =1,2,...
G ( 4) " '
Table 0.12. The Euler numbers Ex (B =E3s=FE5 =...=0).

|k | B | k| B | & | B

0 1 6 —61 12 2,702,765

2 -1 8 1,385 14 199, 360, 981
4 5 10 -50,521

Euler numbers and infinite series: The Euler numbers occur in the power series
expansion of the functions
1 1
coshz ' cosz
(¢f. 0.7.2). For k= 1,2, ... one has in addition the formula

2k+1

n

1 1 o m
1- 32k+1 t B2EFL T H_Z_U (2n + 1)26+1 = 22642 (2k)!

|Egk;| .

0.1.11 TImportant inequalities

The rules for manipulations with inequalities can be found in section 1.1.5

The triangle inequality'3:

‘|z|—|wll <|z—w| <|2|+|w] forall z,weC.

13The statement ‘for all @ € R’ means that the formula is valid for all real numbers a. The statement
‘for all z € €’ means that the statement is valid for all complex numbers. Note that each real number
is also a complex number. The absolute value |z| of a real or complex number is introduced in 1.1.2.1.
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In addition one has for n complex summands z1,...,, the triangle inequality

n

D

k=1

n
<D Jawl-
k=1

The Bernoulli inequality: For all real numbers z > —1 and n=1,2,... one has

|(1+x)”21+mc.

The binomial inequality:

lab| < % (a® +5%) forallebeR.

The inequality for means: For all positive real numbers ¢ and d one has:

The means which appear here are called, from left to right, harmonic mean, geometric
mean, arithmetic mean and quadratic mean. All these means lie in between the two
values min{c, d} and max{e, d}, which justifies the term mean.'?

Inequality for general means: For positive real numbers 21,. .., 2z, one has:

|min{x1,-v-,wn}5hég£mss < maX{xl,-»-,:vn}.]

In this formula we have used the notations:

L
1 taet.. .tz 1 . .
== TR — Ny, (arithmetic mean or mean value),
n T
k=1

n 1/n
g:=(z1zs.. -xn)U” = (H Z'k) ) (geometric mean),
k=1

h = l—n—-l—, (harmonic mean)
o za
and
n 1/2
5= (% ;x};) , {quadratic mean).

1 The terms min{c,d} (resp. max{c, d}} denote the smallest {resp. the largest) of the two numbers ¢
and d.
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The Young inequality: One has

|ab|<Mf+ﬂI. for all a,b € C (0.20)
— p q il '

and all real exponents p and ¢ which satisfy p,q > 1 and

S4i=1.
P 9
In the special case p = ¢ = 2 the Young inequality is nothing but the binomial inequality.
If n=2,3,..., then the general Young inequality is valid:

n
[] e
k=1

n P
52@ for all 2 € C (0.21)
1 Pe

n

and all real exponents py > 1 with Z 1 =1.
k=1 P¥

The Schwarz inequality:

n n /2 ;. 1/2
Zxkyk < (Z ‘I‘klz) (Z lykIE) for all =,y € C.
k=1 k=1

k=1

The Hélder inequality’®: One has

[[ak)] < lallpllgll, for all 2,y € ¥ |

1
and all real exponents p,q > 1 with =+ — =1. The notations used are defined as
P q

follows:

N N 1/p
(zly) =) Zxgr  and |zl = (Z ifk|p)
k=1 k=1

as well as

l]|eo = Ig}caéxN k| -

The notation T denotes the complex conjugate number to x; (cf. 1.1.2).

The Minkowski inequality:

[z + wllp < lally + llwll, Forallz,y e, 1<p<oo |

Jensen’s inequality:

[lzlp < [=ll, Forallz e €Y, 0<r<p<oo.|

15The statement ‘for all z € CV ' means ‘for all N-tuples (#1,...,&n) of complex numbers zy’.
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Integral inequalities: The following inequalities hold, provided the integral on the
right hand side exists (and is therefore finite)*. In addition, the real coefficients p,q > 1

1
should satisfy the condition 1 + — = 1. Then:
P 9

(i) triangle inequality

‘ G] Fda < G[ () lde

(ii) Holder inequality

‘ / fl@)g(z)dz
G

1/p 1/q
< ( G/ Ff(w)\”dx) ( ! slofias)

In the special case p = g = 2 this reduces to the Schwarz inequality.

(iil) Minkowsk: inequality (1 < v < o0)

[lf(:c>+g(zndz f|f ) az)’ T(/wmdz )

(iv) Jensen’s inequality (0 < p < r < 00)

(fur@pa)” [ @) "az)
G

The Jensen convexity inequality: Let m = 1,2,... If the real valued function
F: RY - R is convex, then

F (i/\kzk) < i/\kF(xk)
k=1 k=1

"
for all 23, € BY and all non-negative real coefficients A, with Z A =1 (cf. 1.4.5.5).
k=1

The Jensen convexity inequality for integrals:

[glainy o) Flale)ir
F @ = @i 0.22)

Here it is assumed that:

16These formulas hold under very general assumptions. One can use the classical one-dimensional
b
integral (Riemann integral) [ fdz = / fdx, the several variable classical integral or the modern

G a
Lebesgue integral. The values of the function f{x) may be real or complex.
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(i) The real valued function £: R — R is convex.

(i) The function p: G — R is non-negative and is integrable on the open set G in RY
with [, opdz > 0.

(iii) The function g: G — R has the property that all integrals in (0.22) exist!7.

For example, one may choose p(z) = 1.

The fundamental convexity inequality: Let n =1,2,... For all non-negative real
numbers @z and A with Ay + Ao +... + A, = 1 one has

! (Z )Ucf(ﬂfk)) <g”! (Z Akg(itk)) : {0.23)
k=1 k=1

provided the following assumptions are fulfilled:

(1) The functions f,g : [0,c0[— [0, 0o are increasing and surjective. We denote by
fLg ' [0,00[— [0, 0] the inverse functions to f and g.

(ii) The composition y = g (f~1(x)) of functions is convez on the interval [0, 5c[.

Except for the triangle inequality one gets all the inequalities above from (0.23). The
idea behind all of these is the fruitful notion of convexity.

Ezample 1: If we choose f(z) := Inz and g(z) := x, then we have f !(x) = e* and
g (z) = z. From (0.23) we get the inequality for the weighted mean

n n
JIEAED IR (0.24)
k=1

k=1

n
which is valid for all non-negative real numbers & and A which satisfy Z A = 1. This
k=1
inequality is equivalent to the Young inequality {0.21).
In the special case Ay = 1/n for all k, the inequality (0.24) is just the inequality g < m
between the geometric mean g and the arithmetic mean m.

The duality inequality:

|(zly) < F(x) + F*(y) forallz,ycRY | (0.25)

Here, the function £ : RY — R is given, and the dual function F*: R¥ — R is given
by the relation

F*(y) == sup (zy) — F(z).
reRN

17If G :=|a, b] is an open bounded interval, then is it sufficient for example that p and g are continuous
on [a, b} {or more generally, almost everywhere continuous and bounded). In this case we have

b
f_._dx_/...da:,
a

a

If G is a bounded, open (non-empty} set in RY, then it is sufficient that p and g are continuous on the
closure G (or more generally almost everywhere continuous and bounded).
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p
Ezample 2: Let N =1,p > 1 and F(z) := l=l? for all z € R. Then one has
Y4

iy 91
F (y)ﬁ—? forally e R,

11
where ¢ is determined from the equation —+— = 1. In this special case, (0.25) is nothing
q

p
. , Pyl
but the Young inequality oy < —/— + =—.

P q

Standard literature: A large collection of further inequalities can be found in the
standard references [19] and [15].

0.1.12 Application to the motion of the planets — a triumph of
mathematics in space

One can not have a pure understanding of what one has until one
has a cormplete understanding of what others had before oneself.

Johann Wolfgang von Goethe (1749-1832}

The results of the previous sections are correctly considered today to belong to elemen-
tary mathematics. Actually it was the result of centuries of toil and thought — always
in interaction with the resolution of important questions put to man by nature — before
these realizations, today considered to be elementary, could be attained. As an example
of this we consider here in more detail planetary motion.

Conic sections were already investigated intensively in ancient times. To describe the
location of the planets in the heavens, the ancient astronomers used the idea of Appolo-
nius von Perga (roughly 260-190 BC) of epicycles. According to this theory, the planets
move along a small circular orbit, which in turn moves along a larger circular orbit (cf.
Figure 0.21(a)).

aphelion perihelion

(a) epicycle (b) Kepler’s laws

planet F

(c) Newton’s law of motion

Figure 0.21. Historical occurrences of conic seclions.

This theory gave a relatively accurate description of the apparent complicated annual
motion of the planets in the sky. The theory of epicycles is a very vivid example for how
the attempt to fit theory with observation can lead to a totally wrong model.
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Copernicus’ view of the world: In 1543, the year of death of Nicolaus Copernicus
(born in 1473 in the old Polish Hansa city Torun), his epochal work De revolutionibus
orbium coelestiumn (On the motion of the heavenly orbits) appeared. In this work he
broke with the tradition of the view of the world of the ancients, shaped by Ptolemy,
according to which the earth was the center of the universe. On the contrary, Copernicus
created the idea that the earth orbits the sun, while keeping the idea of circular orbits.

The three Kepler laws: Based on extensive observations of the Danish astronomer
Tycho Brahe (1564-1601), Johannes Kepler (15711630, born in the city of Weil in
Germany) found after extensive calculation the following three laws for planetary motion
(Figure 0.21(b)):

1. The plonets move in elliptical orbits, with the sun at one of the focal points of the
ellipse.

2. The motion sweeps oul equal areas in equal times (denoted A in Figure 0.21{b)).

3. The ratio of the square of the orbital period T' and the third power of the long azxts
a of the ellipse is a constant for all planets:

TZ
- = const .
o

The first two of the laws were published by Kepler in 1609 in his monograph Astronomia
nove (New Astronomy). Ten years later the third law appeared in his thesis Harmonices
mundi (World Harmonies)!8.

In 1624, Kepler finished the enormous work involved in completing the “Rudolfian ta-
bles”, which the German Emperor Rudolf IT had commissioned him with in 1601. These
tables were used by astronomers for the next 200 years. With the help of these ta-
bles it was possible to precisely predict the motion of the planets and solar and lunar
eclipses for all times past and future. In these days of computer computational power
it is impossible to imagine what an achievement this was, particularly since for use in
astronomy one needs very precise results, not just rough approximations. Kepler even
had to work without tables for logarithms. The first table of logarithms was published
by the Scotch nobleman Neper in 1614. Kepler immediately realized the computational
power afforded by these mathematical tool, reducing multiplications to additions. In
fact, Kepler’s paper on this was of great help in spreading the popularity of logarithms.

Newtonian mechanics: Exactly one hundred years after the death of Copernicus,
Isaac Newton — one of the true geniuses of human kind — was born in 1643 as the son
of a leaseholder in a small village on the east coast of England. Lagrange wrote about
him: “He is the luckiest of all; the system of the universe can only be discovered once’.
At the age of 26, Newton became Professor at the famous Trinity College in Cambridge
(England). Already at the age of 23 he used the third of Kepler’s laws to estimate the
power of gravitational attraction and found that this must be proportional to the inverse
of the square of the distance. In 1687 his famous book Philosophiae naturalis princtpia
mathematice {Mathematical Principles of Science) appeared. In this book, he founded
classical mechanics and derived and applied his famous law of motion

force = mass x acceleration.

18Kepler discovered the third law on May 18, 1618, five days before the window incident in Prague,
which began the thirty years’ war.
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At the same time he created the theory of differential and integral calculus. Newton’s
law written in modern notion is the differential equation for the motion of the planets

[mx"(t) = F(x(t)).| (0.26)

The vector x(t) describes the position of the planets'® at the time ¢ (Figure 0.21(c}). The
second derivative with respect to time, x”(¢), corresponds to the vector of acceleration
of the planet at time ¢, and the positive constant m is the mass of the planet. The
gravitational attraction of the sun according to Newton has the form

F(x) = —%A-J-e

with the unit vector
X
x|
The negative sign of F corresponds to the fact that gravitational force points in the
direction —x(t), that is, from the planet toward the sun. Furthermore, M denotes the
mass of the sun, G is a universal constant of natural, called the gravitational constant:

G =6.6726- 10" L m®kg~1s72.
Newton found solutions of (0.26) which are ellipses

r
r= ——
1 —ccosyp

(in polar coordinates) with the numerical eccentricity ¢ and the half-parameter p deter-
mined according to the following equations:

2ED? D?
=Vt Gz P Ghmeare

The energy E and the angular momentum I} are determined from the position and the
velocity of the planet at some fixed time. The orbital motion ¢ = ¢(t) is obtained by
solving the equation

?
t= % /rz{(p)dgo
a
for the angle .

Gauss rediscovers Ceres: In the new years night of 1801 a tiny star of the magnitude
8 was discovered at the observatory in Palermo, which moved relatively quickly and
then vanished again. This amounted to an incredible challenge for the astronomers of
the day. Only 9 degrees of the orbit were known. The methods used up until then for
celestial calculations failed. The 24-year old Gauss however succeeded in surmounting
the difficulties of mastering an equation of the eighth degree, by developing totally new
methods, which he published in 1809 in his work Theorie motus corporum coelesttum in
sectionibus conicis Solem ambientium?°.

19Vector calculus will be described in detail in 1.8.
20 A translation of this title is The theory of the motion of the planels, which move in conic sections
around the sun.
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According to Gauss’ calculations, Ceres could be observed again in the new years night
1802. Ceres was the first of the asteroids to be observed. It is estimated that there are
approximately 50,000 such asteroids moving in a belt between Mars and Jupiter, whose
total mass is just a few thousandths that of the earth. The diameter of Ceres is 768 km.
It is the largest known asteroid.

The discovery of Neptune: During a night in March, 1781, Wilhelm Herschel dis-
covered a new planet, which was later named Uranus and whose orbital period around
the sun is 84 years (cf. Table (.13). Two young astronomers, John Adams (1819-1892)
in Cambridge and Jean Leverrier (1811-1877) in Paris, determined independently of cach
other the orbit of Uranus and concluded from the observed perturbation in Uranus’ orbit
the existence of a new planet, which according to Leverrier had been observed by Got-
tfried Galle in 1846 at the Berlin Observatory and received the name Neptune. This was
a triumph of Newtonian mechanics and at the same time one of practical calculations
in the theory of celestial motions.

From the observed perturbations in the motion of Neptune one later concluded the
existence of a further, tiny planet very far from the sun, which was discovered in 1930
and was named Pluto after the Roman God of the underworld (cf. Table 0.13).

Table 0.15. A model of the solar system scaled to 1m = 108 km.

Planet | Distance | Orbital period | Numerical Planet’s Compara-
from orbital diameter | tive size
the sun eccentricity

Sen | -] - = Tim [

Mercury 58 m 88 days 0.206 5mm pea

Venus 108 m 255 days 0.007 12mm cherry

Earth 149 m 1 year 0.017 13mm cherry

Mars 229m 2 years J %3 | TT pea

Jupiter 778 m 12 years 0.048 143 mm coconut

Saturn 1400 m 30 years 0.056 121 mm coconut

Uranus 2900 m 84 years 0.047 50 mm apple

Neptune 4500 m 165 years 0.009 53 mm apple

Pluto 5900 m 249 years 0.249 10mm cherry

The perihelion motion of Mercury: The calculation of the orbits of the planets
is quite complicated by virtue of the fact that not only the gravitational force of the
sun, but also of the other planets must be accounted for. This in done in the context of
mathematical perturbation theory, which in general considers the behavior of solutions
under small perturbations of the (coefficients of the) equations. In spite of incredibly
precise ealculations, the orbit of the planet nearest to the sun, Mercury, had a rotation
of the long axi of the ellipse describing its motion by 43 arc seconds a century, which was
inexplicable. This discrepancy wasn’t explained until the advent of Einstein’s general
theory of relativity in 1916.
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The background microwave radiation of the big bang: There is a solution to
the equations of the general theory of relativity which describes an expanding universe.
The starting point of this expansion is referred to as the big bang. In 1965 the Ameri-
can physicists Penzias and Wilson at the Bell Laboratory in New Jersey discovered an
extremely weak (microwave), completely isotropic (the same in all directions) radiation,
which is now viewed to be a relict of and experimental evidence for the big bang from
15 billion years ago. This was a scientific sensation. Both scientist were awarded the
Nobel prize for this discovery. Since the radiation can be viewed as a photon gas at
the temperature of 3 degrees Kelvin (above absolute zero), one also speaks of the 3K
radiation. The complete isotropy of this radiation on the other hand was for some time
quite difficult to explain; it is an apparent contradiction to the formation of galaxies in
the universe. In 1992, the satellite COBE., designed by George Smoot, after extensive
preparations over several years, finally observed a detailed anisotropy in the background
microwave radiation. This gives us a view back in time at the distribution of matter in
the universe at the very young age of 300,000 years after the big bang and makes the
formation of galaxies at about 10 billion years ago understandable.?!.

Astrophysics, differential equations, numerics, fast computers and the death
of the sun: Our source of life, the sun, formed together with the planets about 5
billion years ago by attraction and compression of dark matter. Modern mathematics
is in a position to describe the life and death of the sun. One uses a model for the
sun which consists of a complicated system of differential equations, the derivation of
which was the work of decades of astronomers. It is impossible to give exact solutions to
this complicated system of differential equations. However, modern methods in numerics
provides effective ways of calculating approximations to solutions with the computational
power of supercomputers. The chair of Roland Bulirsch at the Technical University in
Munich has carried through these calculations. This has been made vividly imaginable
by motion pictures describing the solutions found in this way; these show how the sun
at an age of about 11 billion years will start to expand to the orbit of Venus, at which
time all life on the planet Earth will long have ceased to exist from the incredible heat
caused by this expansion. Somewhat later the sun will start to collapse and will become
a brown dwarf from which no more light can escape.

0.2 Elementary functions and their graphical repre-
sentation

Basic idea: A real-valued function??
y=f(z)

assigns, in a unique fashion, a real number y to the real number z. One must differentiate
in thought between the function f as an assignment and the value f(z) of the function
at the number z.

(i) The set of all « for which the assignment is defined is called the domain D(f) of the
function f.

(i) The set of image points ¥ for all z € D(f)*® is called the range R(f) of the function

21The fascinating story of modern cosmology and of the COBE-project is described in the book [28].

22Real-valued functions are special maps. The definition and properties of general maps are discussed
in 4.3.3. For simplicity, real-valued functions are also briefly referred to as real functions.

23The symbol x € D(f) indicates that z is an element of the set D(f).
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f.
(iii) The set of all point pairs (z, f(z)} is called the graph G{f) of the function f.

Functions can be defined by a table of values or by a graphical representation.

FErample: For the function y = 2z + 1, the table of values is

)
| 2]o]1]2]3]4
l yl1|3!5|7]0
27 The graphical representation of ¥ = 2z + 1, the graph of f is the
1 plane of points (z,y), is the line through the two points (0, 1) and
(1,3).
1 2 =z Increasing and decreasing functions: A function f is said to
be (strictly) increasing if
Figure 0.22. |:r < u implies f(x) < f(u)J (0.27)

A function f is said to be non-decreasing, decreasing or non-
increasing, if in {0.27) the symbol ‘f(z) < f(u)’ is replaced by, in order

fl@) < flw),  fl@)>f), fl@)=f(w
(see Table 0.14).
Table 0.14. Pmpertées of functions.

| Incrcasing | Non-decreasing| Decreasing | Non-increasing |
VAEVARS
T 7 z ] \ E;

| Buven 0dd [ Periodic \

N ’ ’
N TL_; \/]L\f\/x

Basic idea of the inverse function: We consider the function

[1=22. 2>0] (0.28)

The equation (0.28) has for each y > 0 exactly one solution x > 0. which one denotes

by\/ﬂ:
r=./y.
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Exchanging formally = with y, we get the square root function

y=va. (0.29)

The graph of the inverse function (0.29) is ob-
tained from the graph of the original function
(0.28) by reflecting the graph on the diagonal
(Figure 0.23).

This construction can be carried out for ar-
bitrary continuous, increasing functions (cf.
1.4.4). As we will see in the next sections,
one get in this manner many important func- (a) y = 2° (b) y =+
tions (for example y = lnz, y = arcsinz,
y = arccosz etc.).

Figure 0.23. Power functions.
Graphical representation of functions

with Mathematica: The software package
Mathematica contains a built-in series of important mathematical functions. These can
be displayed by tables of values or by plotting the graphs.

0.2.1 Transformation of functions

It suffices to know certain standard forms of functions. From these one can get graphical
representations of other interesting functions by the processes of translation, dilation and
reflection.

Translation: The graph of the function
y=flz-a)t+bd

is obtained from the graph of y = f(z) by the translation in which each point (z,y) is
shifted to (z + a, y+ b).

FEzample 1: The graph of

y=(x—12+1is ob Y Y y
tained from the graph of
vy = z? by the translation
in which the point (0,0) 2
is translated to the point 1
(1,1) (Figure 0.24). , —
| T | 1 T I T

Dilation along axi: The (a) y = a? (y=(@-12+1 (b)y=2s>
graph of the function
T Figure 0.24. Translation and dilation of a graph.
v=24(3)

with fixed @ > 0 and & > 0 is obtained from the graph of y = f(z) by stretching the
z-axis by a factor of ¢ and stretching the y-axis by a factor of b.

Ezample 2: From y = x2 one gets ¥ = 2z by stretching the y-axis by a factor of 2
(Figure 0.24).
Frample 3: From y = sinx one gets y = sin 2z by dilating the x-axis by a factor of %
(Figure 0.25).
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Iy

(a) y =sinz (b) y =sin2zx

Figure 0.25. Sinusoidal waves.

Y y* Reflection: The graphs of
‘ y = f(—x)| resp. |y=--f(3$)|
1 1 are obtained from the graph of
| - | - Y= f(z) by reflection on the y-

(a) y = e* (b) y = o2 axis (resp. on the z-axis).

Ezample 4: The graph of y =
e”® results by reflecting the
graph of ¥y = e” on the y-axis
(Figure 0.26).

Even and odd functions: A function y = f(z) is said to be even (resp. odd), if
fl-x)=f(z)  (resp. f(—z) = —f(z))

for all 2 € D(f) (Table 0.14).

The graph of an even ({resp. odd) function is invariant under reflection of the r-axis
(resp. reflection of both axi) on the origin.

Figure 0.26. FEzponential functions.

Ezample 5: The function y = z? is even, while y = 2% is odd.

Periodic functions: The function f has by definition a period p, il

Lf(r+p) = f(z) forallze R;!

i.e., if the relation is satisfied for all real numbers x. The graph of a periodic function is
invariant under translations of the z-axis by p.

Ezample 6: The function ¥ = sinx has a period of 2 (Figure 0.25).

0.2.2 Linear functions
The linear function

has a graph which is a line with slope m and which has y-intercept b (see Figure 0.10 in
0.1.7.1).
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0.2.3 Quadratic functions

The simplest quadratic function Y Yy
(0:30)
y = az? y = ax’

for & # 0 has a graph which is a parabola
(Figure 0.27). A general quadratic function - ~

L?; = az® + 2bx + cl (0.31)
can be put in the form

(a)a>0 (b a<0

2
y=a (cc + E) _b (0.32)
a a

with the discriminant D := % —ac by means
of quadratic completion. Thus (0.31) results
from (0.30) by a translation which moves the

apex (0,0) to (—%, —2)

a
Quadratic equations: The equation

|a1‘2+2b:c+c=(]

has for real coefficients a, b and ¢ with a > 0 y
the solutions

- btVD b+ VB ac

Tt
a a
Case 1: D > 0. There are two differ- .
. T T
ent real zeros z; and z_, which corre- +

spond to two different points of intersection (@) D >0 (b)) D=0 (c) D <0
of the parabola (0.31) with the z-axis (Fig-
ure 0.28(a)). Figure 0.28.
Case 2: D = 0. There is one real zero 4+ = z_ . The parabola (0.31) is tangent to the
a-axis (Figure 0.28(b)).
Case 8: D < 0. There are two compler zeros

—b+iv— —b+ivac— b

Ty = = ,
a a

where i is the imaginary unit with i2 = —1 (cf. 1.1.2). In this case the z-axis is not
intersected by the (real) parabola (0.31) (Figure 0.28(c)).

Ezample 1: The equation 2? — 6z + 8 = 0 has the two zeros
Ty =3+£+/32-8=311,

that is z,. =4 and x_ = 2.

Ezample 2: The equation z2 — 2z + 1 = 0 has the zero

py=121-1=1.

Ezample 3: Yor 22+ 22 42=0we get the zeros

zr=-1xV1-2=-1+i.
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0.2.4 The power function
Table 0.15. The power function y = az™.
n>2: FEven Odd

.

J

Y

o y
-
v |

I

a<0

Let n = 2,3,... The function
Yy =ac

for even n is shaped similarly as ¥ = az® and for odd n similarly as y = az® (Table
0.15).

0.2.5 The Euler e-function

The shortest path between two real points is through the complex
domain. Jacques Hademard (1865-1963)

In order to recognize deep connections among different parts of mathematics, it is im-
portant to consider the functions ¢*, sinz and cosx also for complex arguments x.
Complex numbers of the form z = a + bi
with real numbers a and b are discussed in
detail in 1.1.2. One just has to note that
the imaginary unit i satisfies the relation

(@) y=e (b) y=Inz Every real number is at the same time a
) complex number.
Figure 0.29. Definition: For all complex numbers z,
the infinite series??
" z  al >, 2k at
e :=~1+I+E+§+.-.—ZE (0.33)
k=0

converges.

In this way the exponential function y = e is defined for all complex arguments x,

2Infinite series are considered in detail in section 1.10.
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which turns out to be the most important single function in all of mathematics. For real
2 this function was introduced by Newton at the age of 33 in 1676 (Figure 0.29(a)).

Addition theorem: For all complex numbers z and z one has the fundamental formula:

Ttz __ TaF

ee .

Euler made the very surprising discovery about 75 years after Newton that the e-function
and the trigonometric functions (for complex arguments) are closely related (see the
Euler formula (0.35) in 0.2.8.). Therefore one refers to the exponential function y = &*
as the Euler e-function. For z = 1 we get

1 1

In addition the Euler limit formula holds?®

e = lim (1+§)n

n—oo

for all real numbers x. One has e = 2.71828183.

Increasing property: The function y = €® is strictly increasing and continuous for all
real arguments.

Behavior at infinity?6:

lim e® = +o0, lim & =0.
=400 = -0

For negative arguments of large absolute value the graph of y = e® approaches the z-axis
asymptotically (Figure 0.29(a)). The limiting relation

eI
lim — = +o00, n=12...,
e—+o00 g

states that the exponential function for large arguments grows faster than every power
function.

The complexity of computer algorithms: If a computer algorithm depends on
a natural number N (if, for example, N is the number of equations) and the needed
computation time behaves like e™, then the computation time explodes for large N,
making the algorithm practically useless for large N. Investigations of this kind are
done in the context of the modern complexity theory. Especially many algorithms used
in computer algebra have a high complexity.

Derivative: The function y = €” is infinitely often differentiable for all real or complex
number z, and the derivative is%7

z
ar

i

Periodicity in the complex domain: The Euler e-function has the complex period
of 2xi, that is, for all complex numbers x one has:

ez‘+2m - eg: .

25Limits of sequences of numbers are introduced in 1.2.

28Limits of functions are investigated in 1.3.

2TThe notion of derivative of real or complex functions, one of the most fundamental notions of
analysis, is found in 1.4.1 (resp. 1.14.3).
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If one restricts oneself to real arguments x, then this periodicity is invisible (see Figure
0.29(a)).

Non-vanishing of the e-function: For all complex numbers z, we have e® # 0.28

0.2.6 The logarithm

The inverse of the e-function: Since the e-function is strictly increasing and contin-
uous for all real arguments, the equation

has a unique real number z as solution for all y > 0, which is denoted

and is called the natural logarithm (logarithmus naturalis). Formally exchanging x and

y, we get the function

which is the inverse function of the function y = e*. The graph of y = Inx is obtained
from the graph of y = e® by reflection on the diagonal (Figure 0.29(b)).

U4V

From the addition theorem e

follows:29

= ¢"e” the fundamental property of the logarithm

|1i(my) = lna:+lny|

for all positive real numbers z and y.

Logarithm laws: See section 0.1.9.

Limit relations:

lim lnz = —o0, lim Inz = +o00.
x—+0 z—+o0

For every real number & > 0 one has

Iim z%lnz =0.

®—+0

It follows that the function y = Inz approaches minus infinity extremely slowly near
r=0.

Derivative: For all real numbers x > 0 one has

dlnz 1

dz z

28 More precisely, the map x —— €7 is a surjective map from the complex plane C onto € \ {0}.
291f we set z := e and y := e¥, then we get zy = e*t?. This yields ©u = Inz, v = lny and
u+v=In(zy).
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0.2.7 The general exponential function

Definition: For every positive real numbers o
and every real number z we set

In this way the general exponential function a®
is reduced to the e-function (Figure 0.30).

Power laws: See section 0.1.9.

(a) a>1

(b)0<a<1
General logarithm: Let o be a fixed posi-
tive real number a # 1. For every positive real
number y, the equation

Figure 0.30. The general exponential.

y=a*

has a unique real solution z, which we denote by z = log, y. Formally exchanging = and
y, we get the inverse function to y = a*:

y = log, x.

For this one has the relation

Iny
loga, ¥y = m

(cf.0.1.9). Onehaslna>0fora>1landlna<0for0<a<1.
Two important functional equations: Let a > 0.
(i) The only continuous function®® f: R — R, which satisfies the relation

lf(w+y) = f(z)f(y) forall z,y € RJ

together with the normalization f(1) = a, is the exponential function f{z) =a".

(ii) The only continuous function g : |0, co[ — R, which satisfies the condition

[9(zy) = g(z) + 9(y) for all =,y € ]0, 00 |

together with the normalization g(a) = 1, is the logarithm g(z) = log, = .

Both of these statements show that the exponpential and logarithm are very naturally
and useful functions and that the mathematicians of the past certainly would have had
to run across these functions sooner or later.

0.2.8 Sine and cosine

Analytical definition: From a modern perspective it is convenient to define the two
functions y = sinz and y = cosx by means of their infinite series expansions

30The notion of continuity will be introduced in 1.3.1.2.

1:3 1.5 s 5 w2k+1
i =r — — —_ = 1) —— ,
S T ;ﬁ( V2R
L = o {0.34)
1 T _ 1k T
cosz =1 E—FI—.‘.—E( 1) -__(Qk)!'
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These two series converge for all complex numbers®! .

The Euler formula (1749): For all complex numbers = the following fundamental
formula is valid:

l;ii”’ =cosz + isinzl.) (0.35)

This formula dominates the entire theory of trigonometric functions. The realtion (0.35)
follows immediately from the power series expansions (0.33) and (0.34) for el® | cosx
and sinz, when one takes note of the fact that i¥ = —1. In 1.3.3 one can find important
applications of this formula to the theory of vibrations. From (0.35) we get

iz _ ,—ix iz —iz
sing = & , cosz = % . (0.36)

These formulas, together with the addition theorem e*™ = e“eV, easily vield the fol-
lowing fundamental addition theorems for sine and cosine.

Addition theorems: For all complex numbers & and y one has:

sin(x &) = sinwcosy + coszsiny, (0.37)

cos{z +y) = coszcosy Fsinzsiny.

Evenness and oddness: For all complex numbers x one has:

| sin{—z) = —sinz, cos(—x) = cos zJ

Geometric interpretation on a right triangle: We consider a right triangle with
an angle x measured in radians (cf. 0.1.2). Then sinz and cosx are given as the ratios
of the sides as shown in Table 0.16.

Table 0.16. Interpretation of trigonometric functions in terms of a right triangle.

l Right triangle ! Sine Cosine J

¢

A“ sinz = 2 coszzé

c c
b

0 T (length of opposite side a (length of adjacent side b
<r<
divided by the hypotenuse ¢) | divided by the hypotenuse ¢)

31Compare the remarks made at the beginning of 0.2.5 about complex pumbers.
The symbol ‘sinz’ is read ‘sine of ' and the symbol ‘cosz’ is read ‘cosine of x'. The latin word
sinus means bulge. In older literature one also uses the functions
1 1

, cosecant: cosec ¥ = —
COS T sinx

secant: secx =
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Geometric interpretation on the unit circle: Using the unit circle, the quantities
sing and cosz are just the lengths of the segments shown in Figure 0.31(a)-(d). From
this one see immediately that sinz and cosz have the same values after a rotation of
27. This is the geometric interpretation of the 2#-periodicity of the sinz and cos z:

‘sin(x + 27) =sinz, cos(z + 27) = cosz . I (0.38)
sinz sinx
coST
cosT

() (b)

cos T
cosx
sinx sinx
(c)

(e) y=sinz

Figure 0.31. Trigonometric functions and the unit circle.

These relations hold for all complex arguments z. Looking at the unit circle again, one
sees the following symmetries

rsin(n —2)=sinzx, cos(m —x) = — cosﬂ (0.39)

for 0 < £ < m/2. In fact these relations hold for all complex numbers z. Finally one
gets from Figure 0.31(a) and the theorem of Pythagoras the relation

|c052 c+sinfz=1, [ (0.40)

which holds not only for real angles z, but also for all complex arguments z. In the
same way we get from the theorem of Pythogoras the values for sinz and cos z listed in

Table 0.17 (cf. 3.2.1.2).

The validity of (0.38), (0.39) and (0.40) for all complex numbers follows easily from the
addition theorem (0.37) and the relations sin 0 = sin 27 = 0 and cos0 = cos 27 = 1.
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Table 0.17. Ezxact values of the sine and cosine functions for important angles.

T n T " 27 N 3 5w
0 — - - = — — — di
x 6 Z 3 3 3 | 1 6 77771' jm j{msi
0| 30° | 45° | 60° | 90° | 120° & 135° 150° | 180° || (degrees)
. 1| V2] V3 V3| V2 1
sinz 0] = - | = 1 - - = 0
2 2 2 2 2 2
V3| vE| ol Ll v2 | V3
cosz 1 — | &+ = 0 —— |- | = | -1
2 2 2 2 2 2
Negative angles: Applying the geomet-
ric interpretation of the unit circle one gets
the graphical representation of the functions
y = sinz and y = cosz as shown in Fig-
ure 0.31(e),{f). Here negative angles * < 0
were introduced as in Figure 0.32, by mea-
— = suring positive angles in counter-clockwise di-
(@) x=—3 (o) z =~ rection (positive maethematical direction) and
) ' negative angles in clockwise direction {nega-
Figure 0.32. Negative angles. tive mathematical direction).
Zeros: From Figure 0.31(e),(f) it follows that:
(i) The function ¥ = sinz has zeros at the points ¢ = kn, where k is an arbitrary

integer; in other words the set of zeros is given by z = 0, 2w, £2x, ...

™
(ii) The function y = cosz has zeros at the points z = knx + 5+ Where k is an arbitrary

o

integer.

(iii) Both functions y¥ = sinz and y = cosz have only real zeros in the complex plane.
These zeros are those described in (i) and (ii}.

The law of translation: It is suffient to know the values of sinz for all angles z with

0 <z < 5. All other values can be obtained by the following formulas, which in turn

are consequences of the addition theorems:

(T . . . I
s1n(§+m)=cosm, sin{w + 1) = —sinz, sin —2~+m = —cosz,

T i ) 3 .
cos(§+m):—smz, cos (7w +x) = —cosx, cOs ?—ﬁ—:r =sinz,

De Moivre’s formula for multiples of a given angle®?: Let n = 2,3,... Then for

32This formula, found by de Moivre (1667-1754), inspired Euler to the discovery of his famous formula
el = cose +isinx.

Today it is more convenient to work the other way around: de Moivre’s formula (0.41) is a consequence
of the Euler formula, using

N T
cosna + isinnx = ¥ = (e") = (cosz + isinx)™

and the binomial formula (cf. 0.1.10.3).
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all complex numbers x, one has

" n
cos nx +isinns = Z ik( ) cos" ¥ psinfx. (0.41)
i \F

Seperating here the real and imaginary part of the complex numbers, one gets

n g n h
cosnz = cos" x — (2) cos" 2 zsin®x + (4) cos™* zsintx — ... (0.42)

. Ti - . n _ . n _ .
Sihna = (1) cos™ 1.’L‘Sln.'l’—- (3) cos™ 31311’131‘+ (5) cos™ 5.TESIII'.IE:I'*...

For n = 2,3,4 we get the following special cases:

sin2r = 2sinxcosz, cos2z = cos? x — sin?z N
sin3z = 3sinx — 4sin®z, cos3z = 4cos®z — 3cosz,
sindz = 8cos® wsinz — 4coszsinx, cosdz = 8costa — 8cos?x + 1.

The formula for half-angles: For all complex numbers x one has:

1 1
sin23=ﬁ(lfr:osm), cosgg= E(lJrcosa:),

\/—(I—cosa: 0<z<m,
smf
1’—(‘1-—(3081), 'n‘<(l:<2ﬂ'
\/—(1+rosr) —r<e<r,
1}-(1+cosa¢) T<r<3n.

Formulas for sums: For all complex numbers 2 and y one has:

+ x
sinxisiny-——%in:c id cos ;l-y,
T T —
cosT + cosy = 2cos —;—y cos zy’
L xt+y . y—=zx
COST — cosy = 2sin sin 5

cosz tsinz = v2sin (% :i::v) .

Formulas for products of two factors:

1

sinesiny = 3 {cos(z — y) — cos(z + y)) ,
1

cosTCosy = 3 (cos(x —y) +cos(z + 1)) ,

sinzcosy = % (sin{z — y) +sin(z + 7)) .
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Formulas for products of three factors:
C 1. . .
sinzsinysinz = - (sin{z +y — z) + sinf{y + 2 ~ )
+sin(z +z —y) —sin(z+y+2)) ,
1 .
sinzcosycosz = 1 (sin{z +y — z) — sin(y + = — @)
+sin(z +z —y) +sin(lz +y + 2)) ,
. . 1
sinzsinycosz = - (—cos{z +y — 2) 4+ cos(y + z — )
+ceos(z+2—y) —cos(z+y+z)),
1
COSTEOSYCOSZ = ¢ (cos(zr +y — z) +cos(y + 2z — x)
teos(z+2—y)+cos(z+y+2)) .

Formulas for powers:

1 1
sinz;r=§(1 — cos 2z}, cos’z = 5{1—}—00523;),
.3 1 . . 3 1
sin :1:=Z(351n:c—sm3x), cOoSs :,r:Z(Sc«::tsa:+cos?::1:)7
1 1
sin? ¢ = g(cosflac —4cos2r +3), cos? z = Zﬂcos dx +4cos2z +3).

More general formulas for sin” 2 and cos™ z follow from de Moivre’s formula (0.42).
Addition theorems for three summands:
sin(x +y + z) =sinzcosycos z + cosz sin y cos 2
+ cosxcosysinz —sinwsinysinz,
cos(x 4y + z) = cosTcosy cos z — sinz siny cos z
—sinxcosysinz — cosxsinysinz.
All of these formulas are verified by expressing cosz and sinzx as linear combinations

of e*i® according to (0.36). Then it only remains to verify some elerentary algebraic
identities. One can also apply the addition theorem (0.37).

The Euler product formula®: For all complex numbers one has:

sinwa =m:H (I - E—) .
k=1

One can read off of this formula immediately exactly where the sine has zeros: sinmx
has zeros at x = 0,+1, +2,... These zeros are in addition simple (see 1.14.6.3).

Partial fraction decomposition: For all complex numbers x different from 0, =1, +2,
... one has

cosmr 1 < 1 1
sinmr 5+;(r—k+x—k) '

33Infinite products are considered in 1.10.6.
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Derivatives: For all complex numbers z one has:

dsinx dceosz N
=cosz, = —ginz.
dz ' dx

Parametrization of the unit circle with the aid of trigonometric functions:
See section 0.1.7.2.

Applications of trigonometric functions in plane trigonometry (land survey-
ing) and spherical trigonometry (navigation and air traffic): See section 3.2,

Historical remarks: Ever since ancient times, the developement of trigonometry has
been inseparably connected with technological developments in surveying and naviga-
tion, construction and use of calenders and the science of astronomy. Trigonometry
had a heyday in the hands of the arabians in the 8th century. In 1260 the book Trea-
tise on the complete quadrilateriel was written by at-Tusi, the most important islamic
mathematician in the area of trigonometry. This book was the starting point of an
independent branch of mathematics concerned with trigonometry. The most impor-
tant European mathematician of the fifteenth century was Regiomontanus (1436-1476),
whose name was in reality Johannes Miiller. His most important work®* De triangulis
omnimodis libri gquingue didn’t appear until 1533, long after his death. This treatise
contains a complete presentation of plane and spherical trigonometry, and founded the
modern branch of mathematics referred to as trigonometry. Unfortunately all formulas
in that book were expressed awkwardly in words.?® Since Regiomontanus didn’t have
decimal numbers at his disposal®®, he used in the sense of Table 0.16 the formula

a=csinzt with ¢ =10, 000,000.

His values for a correspond to an accuracy of 7 decimal places for sinx. BEuler (1707-
1783) was the first to use ¢ = 1.

At the end of the sixteenth century, Vieta (1540-1603) calculated, in his monograph
Canon, atable of trigonometric functions, which proceeds from arc minute to arc minute.

Just like tables for logarithms, tables for values of trigonometric functions are obsolete
in the day of computers.

0.2.9 Tangent and cotangent

Analytic definition: For all complex numbers z not equal to one of the values § + k7
with k € Z, we set®?

sinx
tanz 1=

cosz

We further define for all complex numbers x not equal to one of the values kx with k € Z
the function

Cos T

oLz 1= — .
Sin T

34Translated into English the title means “Five books about all kinds of triangles”.

35The use of formulas goes back to Vieta In artem analylicam isagoge, which appeared in 1591.

36Decimal numbers were introduced in 1585 by Stevin in his book La disme (The decimal system).
This lead to the unification of measurements in continental Europe, based on the decimal system.

37We denote by the symbol Z the set of all integers k = 0, £1,+2,...
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Translation property: For all complex numbers x with z # kwn . k € Z, one has:

t T tan(ﬂ- )
cotr = - — .
3 T

Because of this, all properties of the function cotangent follow directly from those of
tangent.

Geometric interpretation in a right triangle: We consider a right triangle with
the angle z measured in radians (cf. 0.1.2). Then the values of tana and cot = are given
by the ratios of sides as shown in Table 0.18.

Table 0.18. Interpretation of trigonometric functions in terms of a right triangle.

L Right triangle Tangent Cotangent
b a
b
(length of opposite side a (length of adjacent side b
T
0<x< 3 divided by length of divided by length of

adjacent side b) opposite side a)

cotx cotxr

Qv/;;j j‘_/‘tanI tanx
T
(a) z < g (b) z > 5

Y

{c) y = tanz (period ) (d) y = cot x (period )

Figure 0.33. Geometrical interpretation of the tangent and cotangent functions.

Geometric interpretation on the unit circle: Using the unit circle, the values of
tanz and cotz are the lengths of the segments shown in Figure 0.33(a),(b). One gets
from this the special values listed in Table 0.19.
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Table 0.19. Erxact values of tan and cot for important angles.

iy m s T 2w 3 5w .
r 0 E Z E 5 Tj T '6— m (radta'n.s)
0| 30° | 45° | 60° | 90° 120° 135° 150° 180° || (degrees)
tanx 0 ig-g 1 V3 - —V3 -1 - —? 0
cotx ~ 1 V3 1 \/?ﬁ 0 - ? -1 —V3 -

Zeros and poles: The function y = tanz has for complex arguments x exactly the
zeros kw with k € Z and precisely the poles kw + 7 with k € Z. All of these zeros and
poles are simple (Figure 0.33(c)).

The function cotz has for complex arguments z exactly the poles kn with & € Z and
exactly the zeros km + T withkeZ. Again, all of these zeros and poles are simple38
(Figure 0.33(d}).

Partial fraction decomposition: For all complex numbers ¢ with @ € Z one has:

oo

1 1 1
cotwm4;+2(mﬂk+z+k).

k=1

Derivative: For all complex numbers ¢ with z % £ + k7 and k € Z one has:

dtanz 1

dz cos?x

For all complex numbers z with x # km and k € Z one has:

deotx 1
=773

dx sin® z

Power series: For all complex numbers z with |z| < Z one has:
P ]

g3 2% 1727 = ) | Bog w21
aNT = T+ o b o e =y g - )P
ang =z + 3 + 5 + 35 + ; ( ) k)

For all complex numbers z with 0 < |z| < 7 one has:

T
1 i 4k|BZk1x2k_1
r =~ (2k)!
Here B, denote the Bernoulli numbers.

Convention: The following formulas hold for all complex arguments z and y with the
exception of those arguments for which the function has a pole.

38The notion of simple zero or pole is defined in 1.14.6.3
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Periodicity:

[tan(m +w) =tane, cot{z + 7) = cotz ]

Oddness:

|tan(—z) = —tanzr, cot(—x) = —cotx.'

Addition theorems:

t +t
tan{z +y) = any L iany. cot{r+y) =

I cotzeoty ¥+ 1
1Ftanztany '’

coty +cotx

3
can(glx) = Fcotz, tan(m £ z) = Ltanz, tan(—glz) = Fcotx,

3
cot (g :I::n) = Ftanz, cot(m +z) = Leotx, cot (?ﬂ :I:r) = Ttanzx.

Multiples of arguments:

2tanz 2 cot?z —1 cotx —tancx
tan 2z = T = s cot2z = =
1—tan“z cotr —tanzx 2cotx 2
3tanz — tan® cot® z — 3cotx
tandr = ——————, cotdr = —5—,
1-3tan“zx Jeot“xr—1
dtanzs — 4tand z cot?z — Geot2z 4 1
tandx = 5 T cot 4z = 3
1 — 6tan®x + tan®* x dcot’a — 4cotz

Half-arguments:

sina 1 —cosz
tan — = = - .
14+ cosz sinx
sin @ 1+cosz
cot — = = - .
2 1—cosx sin &
Sums:
sin(x + sin(r +
tana::ttanyz—(—y—), cot:r:l:coty:ﬂ:—,—(_—y),
COST COSY sinzsiny
cos(z — cos(r +
tanz-i—coty:"-(—_—y—)-, cotxqtany:,—(—-—y).
cosxsiny sin T cosy
Products:
tanx + tany tanzx — tany
tanztany = = - .
cotx + coty cotxr —coty
cotz + coty cotxr — coty
cotxcoty = = - R
tanz + tany tanz ~ tany
tanx + cot1 tanx — cot
tanzcoty = LA ki

cot.x + tany N _('ot.z‘ftany-
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Squares:
2
"y 9 tan“ xr 1
sin® x - 1—cos™ 2 5 5
1+ tan“zx 1+cot“r
3 . 1 cot?z
cos* & 1—sin“z - 3 5
1+tan“x 1+4+cot“z
2 sin® z 1—cos’z 1
tan”z 1 en?as Teostr - ol z
1—sin“z cos® & cot“r
2 1—sin?z cos® x 1
cot™x Tz T — o2 - p) -
sin” 1—cos*zx tan®

0.2.10 The hyperbolic functions sinh # and cosh «

Sinus hyperbolicus and cosinus hyperbolicus (hyperbolic sine and cosine):
For all complex numbers z we define the functions

. et —e ¥ e 4e "
sinhy ;== ——, coshz (= ————
2 2

The function ‘sinh’ is read ‘sinch’,

‘cosh’ is read ‘cosh’. For real argu- Y Y
ments z the graph is drawn in Figure .
0.34. ,

Relation to the trigonometric 4 1
functions: For all complex numbers
x one has:

sinhiz =isinz, coshir=cosx.

Because of this relation every for- ’
mula about the trigonometric func-
tions sine and cosine gives rise to a
formula about the hyperbolic func-
tions cosh and sinh. For example
cos?iz + sin?iz = 1 for all complex
numbers z implies the following for-
mula:

(a) y = sinhz (b) y = coshz

Figure 0.54. Hyperbolic functions.

cosh®z — sinh?z =1 J

The terminology hyperbolic function arises from the fact that these functions & =
acosht, y = bsinht, t € R are the parameterization of a hyperbola (cf. 0.1.7.4).

The following formulas hold for all complex numbers z and y.

Evenness and oddness:

sinh(—z) = —sinhz, cosh(—z) = coshz.
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Periodicity in the complex domain:

sinh(x + 27i) = sinhx, cosh(z + 27i) = coshz .
Power series:
o 2 o oz he o1 2 gt 2t
sin x—r+§+-5!—+ﬁ+..., coshx = +§+I+E+'“
Derivative:
dsinhz deoshx .
=coshzx, =sinhz.
dx

Addition theorems:

sinh(z + y) = sinh coshy &+ coshzsinh y,

cosh(z + y) = coshz coshy + sinhzsinhy.

Doubled arguments:

sinh 2z = 2sinh z coshz ,

cosh 2z = sinh? z + cosh? .

1,
sinhT:‘Ii(coshm—l) for >0,

Half-arguments:

2

L 1

Smh2: §(coshw 1) for <0,
@ 1

cosh;:“a(coshz+l) for zeR.

Formula of de Moivre:

|(cosh:nj:sinh:c)”:coshn:c:tsinhna:, n=12...

Sums:
. . .1 1
sinhz + sinhy = 2sinh 5(:5 + y) cosh 5(:5 Ty,
1 1
coshz + coshy = 2cosh > (z + y) cosh 5 (z—wu),

1 1
coshz — coshy = 2sinh §($+ y) sinh 5(3? —y).

0.2.11 The hyperbolic functions tanh z and coth z

Tangens hyperbolicus and cotangens hyperbolicus (hyperbolic tangent and
cotangent): For all complex numbers
2 # (kr + Z)iwith k € Z we define a function

sinh
tanhz =

coshz




For all complex numbers = # kni with & €
Z we define the function

coshx

cothz :

sinhz

The graphical representation of these two

functions for real arguments x is given in

Figure 0.35.

The following formulas hold for all com-
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y Yi
1 * -4-1 7
N
(a) y=tanhz (b) y = cothzr

plex arguments x and y for which the func-
tions do not have poles®®

Figure 0.35. Hyperbolic functions.

Relationship with the trigonometric

functions:

|tanhaf: = —itanix,

cothx = icot ix—.l

Table 0.20. Zeros and poles of the hyperbolic functions and trigonometric functions (all
zeros and poles are simple).

Function Period Zeros (k € Z) Poles (k € Z) Parity
sinh x 27i wki - odd
. T,
coshzr 27 (‘R’k + —2~) i — even
tanhzx 7 ki (e + g) i odd
. . .
cothzx i (ﬂ'k -+ 3 i wki odd
sinzx 27 nk - odd
T
CcOS T 2T wk + 0 - even
tanz ™ 7wk wk + % odd
T
cot T wk + 3 wk odd
Derivative:
dtanhx _ 1 dcothx _ 1
dr cosh?z’ dzx sinh®z

391n older liturature also the following functions are used (hyperbolic secant and cosecant):

cosechz, (=

sechz, (=

1
sinh @

i
cosh

(cosecans hyperbolicus) ,

(secans hyperbolicus) .
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Addition theorems:
tanh x &+ tanhy

1+ cothzcothy

tanh(z +4y)= ——MM— > coth{z +y) = .
nh(z £ y) 1+ tanhztanhy ’ (e xy) cothz £ cothy
Doubled arguments:
2tanh 1+ coth?
tanh 2z = Lﬁg , coth 2z — ~— O T
1+ tanh” z 2cothzx
Half-arguments:
tanh xz coshz—-1  sinhz
an 2 sinhz  coshz+1°
coth x  sinhz  coshz+1
2 coshz—1  sinhz
Sums:
sinh(z &
tanhx + tanhy = j—l—n—(m—y)- .
coshx coshy
Squares:
. tanh?: 1
sinh? z - cosh?z — 1 an 2 5
1 —tanh 2z coth®xz —1
1 oth® z
cosh® z sinh®z + 1 - 5 CDZ i
1 - tanh®z coth”x — 1
2 sinh? cosh?z —1 1
tanh® x = —_— - — 5
sinh”z + 1 cosh” x coth” r
inh?x + 1 h? 1
coth? 2 sm. 1;-4— coz T ; _
sinh” z cosh“z —1 tanh” z

Power series expansion: See section 0.7.2.

0.2.12 The inverse trigonometric functions

The function arcsine: The equation

y=-¢sinz, —

L

T
<zr< —
_ _29

has for every real number y with —1 <y < 1 exactly one solution, which we denote by
z = arcsiny. Formally exchanging z and y, we get the function

y = arcsinz -1<z<1.

The graph of this function is obtained from that of ¥y = sinz by reflection on the
diagonal*® {see Table 0.21).

4015 older literature the principal branch and other branches of the function y = arcsinz are used.
This distinction can however lead to erroneous interpretation of (many-valued) formulas. In order to
avoid that, we will use in this book only the one-to-one inverse function, which corresponds to the older
principal branch (see Tables 0.21 and 0.22). The notation y = arcsinz means: y is the size of the
angle y (measured in radians), whose sine has the value x (latin: arcus cuius sinus est z). Instead of
arcsinx, arccosz, arctan r and arccot » one speaks of the functions arcsine, arccosine, arctangent and
arccotangent (of x).
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Table 0.21. Inverse trigonometric functions — graphs.

Original function

Inverse function |

y = arcsinx

Y
1 2
T T S ! z
-1
y=cosxr Y = arccos T
Y )
o i
/. =t -
s x e x
2,4 2 ; x
P s 2
y=tang y = arctanz

Yy = arccotT

Table 0.22. Inverse trigonometric functions - formulas.

Equation Bounds ony | Solutions x (k € Z)

Yy =sinz -1<y<1 ¢ = arcsiny + 2kw, « =m — arcsiny + 27k,
Y = COSXT -1<y<1 z = tarccosy + 2kw,

y =tanz —oo <y <00 r = arctany + km,

y=cotx —00 <y < 00 T = arccoty + k.

Transformation formulas: For all real numbers  with —1 < z < 1 one has:

. . T z
arcsinzx = — arcsin(—z) = — — arccosz = arctan ——.
2 Vi—a?
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For all real numbers z one has:

s . x
arctanz = — arctan(—z) = 3 arccotz = arcsin ——=

w’l—i—:cg.'

Derivative: For all real numbers x with —1 < z < 1 one has:

darcsinz 1 darccoszx 1

dx \/]_—1'2, dz 1/1_352.

‘or all real numbers x one has:

darctanz 1 d arccot x 1

dx T l+a?’ dz T l+a?’

Power series: See section 0.7.2.

0.2.13 The inverse hyperbolic functions

Arcsinh: The equation
y = sinhx, -0 < T <00,

has, for every real number ¥, exactly one solution, which is denoted by 2 = arsinhy.
Formally exchanging = and y, we get the function

y = arsinhax, -0 < r < o0.

The graph of this function is obtained from the graph of the function y = sinhz by a
reflection on the diagonal*!' (see Table 0.23).

Derivative:

darsinhz 1 oz <
dz Vit ot
darcoshz 1 -1
dz T V122’ *
dartanh 1
dz 1 -—a2’ ol > 1.
darcoths 1 ) L
dz 122 ol <1

Power series: See section 0.7.2.

41The Latin names for the inverse hyperbolic functions are area sinus hyperbolicus, area cosinus
hyperbolicus, area tangens hyperbolicus and area cotangens hyperbolicus (of ). The nctation used here
is from the fact that these functions give values which are the argumenis of the hyperbeolic functions.
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Table 0.23. Inverse hyperbolic functions — graphs.

69

Original function

Inverse function

l

/} “’ I
y =sinhz y = arsinhz
’ T 1 T
y = coshz y = arcoshz
y ]
1y 2
) T 1 /i 1 z
a8
y = tanhzx y = artanhz
y k’ ¥ ]
I N
-1 ;
P M

y = arcothzx

Table 0.24. Inverse hyperbolic functions — formulas.

Equation ‘7 Bounds ony Solution =

y =sinhw —o0 <y < r = arsinhy = In ('y+ ViE + 1) ,

y = coshzx y>1 z:iarcoshy:iln(y-ky/yzfl) ,
1. 14y

y = tanhx —-l<y<l1 z =artanhy = ~ln ——,
2 1-y
1 1

y = cothx yp>1l,y< -1 x:arcothy:iln?;fl,
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Transformation formulas:

z
arsinh z = (sgn x)arcosh v/ 1 + @2 = artanh—— , —o < <oe,
V14 22
arcosh — arsinh V22 — 1, z>1,
1
arcothr = artanh — , —l<z<l.
T

0.2.14 Polynomials

A (real) polynomial of degree n is a function of the form

Y=ant" +an_12" '+.. .+ a1z +ap. (0.43)

Here n can take any of the values n = 0,1, 2, ..., and all coefficients e, are real numbers
with @, #0.

Smoothness: The function y = f(x) in (0.43) is continuous and infinitely often differ-
entiable in every point z € R. The first derivative is:

Fi(@) =napz" ' + (n— Dan_ 12" 2 +... +a;.

Behavior at infinity: The function y = f(x) in (0.43) behaves for x — +00 in the
same way as the function y = ax™, i.e., for n > 1 one has*?:

. +00 for ap, >0,
1 =
z=rtoo fi@) {oo for a, <0,

+o0 for a, >0 andneven
or for a, < 0 and n odd,
lim fla) =

-0 for an, >0 and n odd
or for a, < 0 and n even.

Zeros: If n is odd, then the

v f graph of y = f(z) intersects
: the z-axis at least once (Figure
\ ) 0.36(a)). This point of intersec-

tion corresponds to a solution of
the equation f(x) =0.

(a) zeros and (b} global minimum Global minimum: If n is even
lo;:Jal extrema and a, > 0, then ¥y = f(z) has

a global minimum, i.e., there is
z a point a with f({a) < f(z) for
K all z € R (Figure 0.36(b)).

\/J/ E If n is even and a,, < 0, then
’ y = f(r) has a global maxi-

(c) inflection point mum.

\; op . . Local extrema: Let n > 2.
Figure .36. Local properties of polynomsials. Then the function y = f(z) has

42The meaning of the limit symbol ‘lim’ will be explained in 1.3.1.1 .
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at most n — 1 local extrema, which are alternately local minima and local maxima.

Inflection points: Let n > 3. Then the graph of y = f(z) has at most n — 2 inflection
points (Figure 0.36(c)).

0.2.15 Rational functions
0.2.15.1 Special rational functions

Let & > 0 be a fixed real number. The function

b
y:;7 IERw _'z;?éo‘

represents a cquilateral hyperboloid, which has the z- and the y-axis as asymptotes.

The vertices are S = (i\@, j:\/a) (Figure 0.37).

b
Behavior at infinity: lilil —=0.
z—toc T

. . b
Pole at the point & = 0: lim — = +co.

x0T

Uy : Yy Y :

| } }

| |

S+ P: k // :P

= o P TTE o
S T - [ -
' Z ' T

= E b>0 \ ' |

3 | |

1 I

(a) A<O (b) A>0
Figure 0.37. Figure 0.38.

0.2.15.2 Rational function with linear numerators and denominators

Let the real numbers a,b,c and d be given with ¢ # 0 and A := ad — be # 0. The
function

ar+b d )
Y= R re R, —— 0.44
4 cr+d’ TER, o7 c ( )

. . d a .
is transformed by the change of coordinates t = u — —, y = w + — to the simpler form
¢ ¢

we
T’
. . A .
Thus, the general equation (0.44) resuits for the normalized form y = ——— by a simple
c=x

d

change of coordinates, which maps the point (0,0) to the point P = (——, E) (Figure
¢ e

0.38).
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0.2.15.3 Special rational function with a denominator of nth degree

Let & > 0 be given and n =

Yi Y 1,2,... The function
b
y=—, reR, 2#£0,
I-TL
= % is displayed in Figure 0.39.

0.2.15.4 Rational functions
with quadratic denominator

b b
(a)y= g 1even (b)y= s n odd Special case 1: Let d > 0 be
Figure 0.39. given. The functions
1
1 YT T 2cR,
Y d? ]
and
T
=, R
/ y ) y=— " rzeR,
; ' ‘ x  are pictured in Figure 0.40.
Special case 2: Let two real
numbers x4 be given with x_ <
2. . The function y = f(z) given
1 T by
= b)y— — ¥
(@) y x? + d? (b) y x? 4+ d?
Figure 0.40. _ I
y=— 1 (045)
(@ —¢)(z—2.)

can be put in the form

1 1 1
yi.:u,f:rﬁ T-Ty T—T-)

This is a special case of the so-call partial fraction decomposition (ef. 2.1.7). One has:

- = “ (z) = i =
r-—lreriUf(I) too, lim  f(z) =Foo. lim f(z)=0.

Thus the poles of the function are at the
| points z; and z_ (see Figure 0.41).

Special case 3: The function

r—1
== A4
¥y= 37 (0.46)

T+ T .
is initially not defined at the point z = 1.

However, if one uses the decomposition
22 —1=(z—1){z+1), then we get

e e . e = = =

I
I
1
|
|
|
{
&
|
|
|
|
|
1
t
i

reR, x#-1.
Figure 0.41.
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One says that the function (0.46) has a apperent singularity at the point = 1.

General case: Let real numbers ¢, b, ¢ and d be given with a® + % # 0. The behavior
of the function y = f(r) defined by

axr+b

—_ 0.47
y 72 +2cx+d ( )

depends in an essential way on the sign of the discriminant D = ¢® — d. Independently
of this, one always has

lim f(z)=0.

r—xoe

Case 1: D > 0. Then one has
?+2z+d=(z—z){z—x-)
with £4 = —c¢+ +/D. This yields the partial fraction decomposition
A B

rT—x4 T—T.

flo) =

The constants A and B are determined by calculating the limits:

ary + b

ar— +b
Ty 2o ’

A:mlr;1+(w—w+)f($) = T_ —x.

B= lim (z—=_)f(x) =

There are poles at the points r..
Case 2: D = 0. In this case one has . = x_ . We thus get
ar +b
o)==y
This yields

. +oo, if arp+b6>0,
lim flx)= )
z—x4+0 —00, if ar. —+ b<0 y

i.e., the point z is a pole.

Case 3: D < 0. In this case we have z? + 2cz + d > 0 for all z € R. Consequently the
function y = f(z) in (0.47) is continuous and infinitely often differentiable for all points
z € R, in-other words, f is smooth.

0.2.15.5 The general rational function

A (real) rational function is a function y = f(z) of the form

2T+ ...t aiT+ag
Y ppzm - T bhix+ by’

where there are polynomials in both the nurnerator and the denominator (cf. 0.2.14).

Behavior at infinity: We set ¢ := a,/b,,. Then we have:

li 7)) = lim ex™ ™.
R
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From this we can discuss all possible cases.

Case 1: ¢> 0.
c forn=m,
lim f(r)=4{+o0 forn>m,
T+t
0 forn <m.
¢ for n =m,
i +oc  for n > m and n — m even,
lim f(z) =
T——00 —o¢ for n>mand n - m odd,

0 forn <m.

Case 2: ¢ < 0. Here one must replace 00 by Foc.

Partial fraction decomposition: The precise structure of rational functions is given
by the partial fraction decomposition (cf. 2.1.7).

0.3 Mathematics and computers — a revolution in
mathematics

One can say that we live in the age of mathematics, and that our
culture has been ‘mathematized’. This is proved beyond a doubt by the
widespread use of computers.

Arthur Jaffe

{(Harvard University, Cambridge, USA)

In solving mathematical problems one utilizes (at least) four important techniques:

(i) the use of numerical algorithms;

(ii) the algorithmic treatment of analytical, algebraic and geometric problems;

(iii) reference to tables and collections of formulas;

(iv) the graphical representation of situations.

Modern software programs can carry out all four of these effectively on computers:

(a) For the solution of standard problems of mathematics we suggest the system Math-
ematica.

(b) For more complicated problems of scientific calculations a combination of Maple and
Matlab often leads to success.

(c) Many software packages also contain the program library Imsl math/stat/sfun library
(International Mathematical and Statistical Library).

To solve a given mathematical problem, one should first check whether the problem is
amenable to the procedures available in Mathamatica. This is the case for example for
many of the problems considered in this book. Only after this has been checked with
negative result should one resort to (b) or (c).

There is a long list of literature on this topic at the beginning of the bibliography. The
handbooks listed there for using Mathematica are skillfully written and didacticly apt,
addressed to a large audience. Experience shows that one requires a certain amount of
time to get used to such programs, before they can be applied efficiently. It is worthwhile
to invest this time; the gains are potentially great.
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Modern software systems, which are continually being refined, are already able to do a
great amount of the routine work for the user, freeing him for other activities. However,
this can not replace a thorough occupation with the basics of mathematics. In this
connection the following picture is helpful. At a construction site one sees today huge
cranes, which do an enormous amount of work for humans. But still it is the humans
which decide what is to be built and how the building should be designed. For this human
qualities like phantasy and originality are required, something one can not expect {or
want!) a machine to possess.

0.4 Tables of mathematical statistics and standard
procedures for practitioners

The goal of this section is to give a large audience of potential readers an acquaintance
with the basics and practical application of mathematical statistics. To meet this goal,
we assume on the part of the reader almost nothing in the way of mathematical back-
ground. A discussion of the fundamentals of mathematical statistics can be found in
6.3.

Mathematical statistics on the computer: Elementary standard procedures can
be done with Mathematica. More specialized statistical packages which are wide spread
are SPSS and SAS.

0.4.1 The most important empirical data for sequences of mea-
surements {trials)

Many measurements in technology, science or medicine have the characteristic property
that the results of measurements vary from trial to trial. One says, that the measure-
ments have a component of randomness. The quantity one wishes to measure, X, is
called a random variable.

Example 1: The height X of a person is random, i.e., X is a random variabile.

Sequence of measurements: If we measure a random quantity X, then we get mea-
surements

T1y «oey Tp-

Ezxample 2: The Tables 0.25 and 0.26 show the result of measuring the height of & men
in cm.

Table 0.25

T 9 Z3 T4 T5 Tg 7 Ty T Az
168 170 172 175 176 177 180 182 175 4,8

Teble 0.26
1 T2 I3 T4 Ty } Zg x7 or z | Ax
174 174 174 174 176 i 176 176 176 175_[ 1,07

Empirical mean and empirical standard deviation: Two basic characteristics of
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a sequence of measurements zi,...,r, are the empirical mean

_ 1
T = H($1+w2+‘--+5’5n)

and the empirical standard deviation Az . The square of this quantity is given by the
formula?3

(Ax)? = ﬁ [(:n )+ (- ..+ (zn— 1)2] .

Ezample 3: For the values in Table 0.25 one gets

(168 + 170+ 172+ 175+ 176 + 177 + 180 + 182) =175.

oo | -

7=

One says that the average height of the men is 175 em. The same average is obtained
from the values in Table 0.26. A glance at the tables however shows that the variation
in the values of Table 0.25 is much higher than that of Table 0.26. For Table 0.26 we
get

1

(Aa)? = [(174_175}2+(174— 175)° + ... + (176 — 175)2}
1 8
:?[1+1+1+1+1+1+1+1]:?,

in other words, Ax = 1.07. On the other hand, the values for Table 0.25 yield for the
standard deviation from the equation

1 .
(Az)? = = [(168 —175)% + (170 — 175)* + ... + (182 — 175)°
= %[49+25+9+1+4+25+49] =23

the value Ax = 4.8.
Rule of thumb:

The smaller the empirical standard deviation is, the smaller
is the variation of the measurements from the mean T.

In the limiting case Az = 0, all the measurements coincide with the mean 7.

The distribution of the measurements — the histogram: To get a general idea
of the distribution of the measurements, one uses, especially for larger sets of measure-
ments, a graphical representation called the histogram.

(i) One divides the measurements into several classes K1, K»,..., Ks. These are neigh-
boring intervals.
(ii) Let m,. denote the number of measurements which belong to the class K.
m
(iii) If n measurements have been made z1, ..., Z,, then the quantity =T i3 called the
Tt
relative frequency of the measurements with respect to the class K, .

43 The appearance of the denominator n—1 instead of that probably expected by many readers, namely
n, can be justified by estimation theory. In fact the quantity Az is a expectation faithful estimation for
the theoretical standard deviation AX of the random variable X (cf. 6.3.2). For large n the difference
between n and n — 1 is negligible.

The quantity (Az)? is called the variance.
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(iv) One graphs the classes K, with a column of height M over each K.
n

Ezample 4: In Table 0.27 the measurements for the heights of 100 men in centimeters
are listed. The histogram constructed from these data is displayed in Figure 0.42.

Table 0.27
Class| Measure- | Frequency Relative
Jrequency

K, ments My T

100
K; | 150 <x < 165 2 0,02 Og
K, [165<z <170 18 0,18
Ky 1170 <z <175 30 0,30
Ky (1552 <180 52 0,32 l150 165 175 185 200
Ks [180<x <185 16 0,16
Ke |185 <z < 200 2 0,02 Figure 0.42

0.4.2 The theoretical distribution function

The sequences of trials of a random variable X generally vary from trial to trial. For
example, the measurements of heights of persons leads to different results if one measures
all men in a house, a city or a state. The notion of theoretical distribution function is
necessary in order to build up a theory of random variables.

Definition: The theoretical distribution function @ of a random variable X is defined
by the following prescription:

[!D(z) = P(X < 1) |

This means that the value &(x) is equal to the probability that the random variable is
less than the given number .

The normal distribution: Many measured quantities follow a normal distribution.
To explain this, we consider a Gauss bell curve

1 25 2

— —(z-—u)* /20
e(x) = e . 0.48
(z) aVv2r ( )

Such a curve has a maximum at the point £ = p. The smaller the positive value ¢ is,
the more it is more concentrated at the point z = u. One calls u the mean and o the
standard deviation of the normal distribution (Figure 0.43(a)).

The area of the hatched surface in Figure 0.43(b) is equal to the
probability that the random variable lies in the interval [a, b].

The distribution function @ of the normal distribution (0.48) is displayed in Figure
0.43(d). The value $(a) in Figure (.43(d) is equal to the area of the surface under the
bell curve, which lies to the left of a. The difference

®(b) — B(a)

is equal to the area of the hatched surface in Figure 0.43(b).
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Y Yy

: N

p-—opp+o T a b x
(a) probability density (b) probability as area
Y Y

P
1-a
14 2(a)

P R § :

(¢) confidence interval (d) distribution function

FPigure 0.43. Properties of the Gaussian normal distribution.

Confidence interval: This notion is of central importance for mathematical statistics.
The a-confidence interval [z ,z}] of the random variable X is defined in such a way
that the probability that all measurements of X lie in the interval is 1 — @, i.e., the
probability that z satisfies the inequality

- +
T, Sx Lz

is 1 — . In Figure 0.43(c) the endpoints of the interval z} and z; are chosen in such a
way that they are symmetric around the mean p and the area of the hatched surface is
equal to 1 — . One has

+ -
To =M+ 02, Ty =P —0Zg-

The value of z, for the important cases for many applica-
Table 0.28 tions, namely o = 0.01, 0.05, 0.1, are listed in Table 0.28.

a |0.01]0.05)0.1
2o | 26 | 20 | 1.6

The random variable X lies with the probability
1 — a in the a-confidence interval.

Ezample: Let p =10 and ¢ = 2. For o = 0.01 we get

zr =10+2-26=15.2, r, =10-2-2.6=48.
[+ (a3

It follows that with a probability of 1 — & = 0.99, the measured value = lies between 4.8
and 15.2. Intuitively this means the following.

(a) If n is a large number and we take a total of n measurements of X, then there are
approximately (1 — o)n = 0.99n measured values in between 4.8 and 15.2.

(b) If we measure X for example 1000 times, then approximately 990 of the values lie
between 4.8 and 15.2.
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0.4.3 Checking for a normal distribution

Many test procedures in applications are based on the assumption that a random variable
X follows a normal distribution. We describe here a simple graphical procedure to test
whether X is normally distributed.

(i) We draw a line in the (z,y)-coordinate plane, which contains the pairs of points
(2,9(z)), which we take from Table 0.29 (Figure 0.44). Note that the value on the
y-axis in the present case has an irregular scale.

(ii) For given measured values 4, ...,Z, of X we form the quantities
T; =T .
Zj:=jA_:L., j=1,...,n.

(iil) We calculate the numbers
1 .
@.(z;) = = (number of measured values zj , which are smaller than z; )
n

and plot the points (z;,®.(z;)) in Figure 0.44.

If these points lie approximately on the line drawn in (i), then X is approximately
normally distributed.

Ezample: The open circles in Figure 0.44 represent measurements which are approxi-
mately normally distributed.

Table 0.29. Sample values of the normal distribution function.
z =25 -2 | —-L&8| 1! —05| O 0.5 1 1.5 2 2.5
P(z)] 001 0.02| 0.07| 0.16| 031] 05| 0.69] 0.84| 0.93| 0.98( 0.99

A more precise table of the values of @ is given in Table 0.29. The diagram of Figure
0.44 can also be obtained as so-called probability paper.

0.31
0.16
0.07
0.02

! 1 1 1 -

-25-2-15-1-05 0 05 1 156 2 25 g

Figure 0.44. Checking data for epprozimate normal distribution.

The x2-fit test for normal distributions: This test, which is much more significant
than the intuitive method just explained with the probability paper, is described in
6.3.4.5.
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0.4.4 The statistical evaluation of a sequence of measurements

We assume that X is a normally distributed random variable, whose normal distribution
(0.48) has mean u and standard deviation o.

The confidence limit for the mean pu:
(i) We take n measurements of the quantity X and get the measurements xy, ...,y .

(i) We choose a small number ¢ as the probability of being in error and determine the
value of ta,m with m = n — 1 from Table in 0.4.6.3.

Then the unknown mean p for the normal distribution satisfies the inequality:

Ax Az
T - tam—F7— < Sf*ta,m

n - ﬁ

This statement has a probability of a of being in error.

Example 1: For the measurements of heights listed in Table 0.25 one has n = 8,7 = 175,
Az = 4.8. If we choose a = 0.01, then we get from 0.4.6.3 for m = 7 the value
ta,m = 3.5. If we assume that the height is a normally distributed random variable,
then we have, with error probability o = 0.01, for the mean:

169 < 4o < 181.

The confidence interval for the standard deviation ¢: With probability o of
error, the standard deviation o satisfies the inequality:

(n— 13)(4\1»,)2 co? < (n—1) (Ax)? _

The values a := xfﬁa/Z and b = Xi/z are extracted from the table in 0.4.6.4 with
m =n — 1 degrees of freedom.

Ezample 2: We consider again the height measurements listed in Table 0.25. For o =
0.01 and m = 7 we get @ = 1.24 and b = 20.3 from 0.4.6.4. Consequently we get with
error probability e = 0.01 the estimate

28 <o £11.40.

It is not surprising that these estimates are quite rough. This is because of the small
number of measurements.

A more detailed justification is given in 6.3.3.

0.4.5 The statistical comparison of two sequences of measure-
ments

Let two sequences of trials of random variables X and Y be given,

Thy-nny Ty and YisenerYnge (0.49)

Two basic questions are:
(i) Is there a dependence between the two sequences of measurements?
(il) Is there a significant difference between the two random variables?

To investigate (i) one uses correlation coefficients. An answer to (ii) is provided by the
F-test, the t-test and the Wilcoxon-test. This will be considered in the sequel.
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0.4.5.1 Empirical correlation coeflicients

The empirical correlation coefficient of the two sequences of measurements (0.49) with
ni = n = n is given hy the number

- -T -0+ (@ -T) (=)
(n— 1)AzAy )

One has —1 < p < 1. For p = 0 there is no dependency between the two sequences.

The dependency between the two sequences is stronger
the larger the quantity g2 is.

Regression line: If one plots the pairs (;,y;) of measurements in a Cartesian coordi-
nate system, then the so-called regression line

_ Ay _
y—y+95(w—£)

is the line closest to the set of plotted points (Figure 0.45), i.e., this line is a solution of
the minimum problem

E (y; — a — ba;)’ < min, a,breal,
=1

and the minimal value is equal to (Ay)® (1 — ¢%). The fit of the regression line on the
measurements is thus optimal for g2 = 1.

Tuable 0.30
I T2 T3 T4 Ty 6 T g I Az
168 170 172 175 176 177 180 182 175 5
n 2 Y3 Y4 Us Ys Y7 Y8 Y Ay
157 160 163 165 167 167 168 173 165 5

Example: For the two sequences of measurements
listed in Table 0.30 one gets the correlation coeffi-
cient

o =10.96

with the regression line
y=7+096(z-7). (0.50) Figure 0.45.

Here there is a strong dependency between the two sequences of measurements. The

measurements are approximated quite well by the regression line (0.50).

0.4.5.2 The comparison of two means with the ¢-test

The ¢-test is often used in applications. With this test one can verify whether the means
of two sequences of trials differ essentially from one another.
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(i) We consider the two sequences x1,...,%n, and y1,...,Yn, of two random variables
X and Y, which we assume are normally distributed.

In addition one assumes that the standard deviation of X and Y are the same. This
assumption can be checked with the help of the F-test 0.4.5.3.

(i) We calculate the number

\/(nl —1) (AJ:)2 + (ng — 1) (Ay)2 ny + ng

(iii) For a given a and m = ny + nz — 1 we determine the value £, , from the table in
0.4.6.3.

Case 1: Assume

t > tam-

In this case the means of X and Y differ, i.e., the differences between the measured
empirical means T and § are not random, but have some explanation. One also says in
this case that there is a significant difference between the random variables X and Y.

Case 2: One has

One may assume that the means of X and Y do not differ significantly.

The statements both have a probability of error of &. This means the following. If one
applies this test in 100 different situations, then there is a probability that this will lead
to a false conclusion in 100 - o cases.

Ezample 1: For ov = 0.01 there might be in 100 tests one case in which the test leads to
a wrong conclusion.

Ezample 2: Two medicines A and B are being given to patients which have the same
illness. The random variable is the number of days X (resp. Y) for the medicine A
(resp. B) to be administered until the illness has been cured. Table 0.31 lists some
measurements. For example, the mean duration until cure is 20days under the use of
medicine A.

Table 6.31
medicine A : T = 20| Ax = 5| ny = 15 patients
medicine B : Y =26 | Ay =4 | np = 15 patients.

We get

e 26 — 20 /15-15(3042)h36
T V/14.25+14-16 15+15 o

We find for the value of & = 0.01 and m = 15 + 15 — 1 = 29 the value ¢, , = 2.8 from
the table in 0.4.6.3.

Because of t > t,,., there is a significant difference between the two medicines, i.e.,
medicine A is better than B .
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0.4.5.3 The F-test

This test verifies whether the standard deviations of two normally distributed random
variables differ from one another.

(i) We consider the two sequences of measurements zi,...,Z,, and y1,...,¥n, of the
two random variables X and ¥, both of which we assume follow a normal distribution.

2
Ax .
(A—y) , if Az > Ay,

2
Ay

— if < Ay.
(Aac) , if Az < Ay

(iii) We look up the boid-faced value Fpgimim, in 0.4.6.5 for my :=n; — 1 and mg =
g — 1.

Case 1: One has

(ii) We form the quotients

In this case the standard deviations of X and Y are not the same, i.e., the difference be-
tween the measured empirical standard deviations Az and Ay is not a random variation,
but has some deeper meaning.

Case 2: One has

F < Fyormym, -

One may assume that the standard deviations of X and ¥ are essentially the same.
These staterments both have a probability of error of 0.02. This means the following.
Carrying out this test in 100 different situations, it is likely that in two of these situations
the test leads to a wrong conclusion.

Ezample: We consider again the situation giving rise to the data of Table 0.31. One
has F = (A:E/Ay)2 = 1.6. From the table in 0.4.6.5 with m; = my = 14 we find
Fo.01:mamz = 3.7. Because of F < I 01,m,m, We can be assured that X and Y have the
same standard deviation.

0.4.5.4 The Wilcoxon-test

The t-test can only be applied to normally distributed quantities. The Wilcoxon-test
is much more general and can be applied for example to check whether two sequences
of trials come from random variables with different distributions, i.e., whether these
quantities differ from each other in an essential way. This test is described in 6.3.4.5.

0.4.6 Tables of mathematical statistics
0.4,6.1 Interpolation of tables

Linear interpolation: Each table consists of entries and table values. In Table .32,
z denotes the entries and f(z) the values.
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y f Table 0.32 First basic problem: Interpola-
E (=) tion of table values f(z) for known

T o052 entries x: If the entry z is not in the

’ table, one can use the method of lin-

¢ } } 2] 060 ear interpolation, which is illustrated

| 1 T T2 * 3] 064 in Figure 0.46. Here the graph of

y = f(z) is replaced by the secant be-
tween two of the pairs (z1, f{z1)) and
(z2, f(x2)). The approximate value
fi(z) for f(x) is then derived from the linear interpolation formmla:

Figure 0.46.

f(l‘z)—f(wl)(

filz) = flz1) + o T —x1). {0.51}

Ezample 1: Let £ = 1.5. In Table 0.32 one finds the nearest entries
zp =1 and T9 =2

with the values f(z1) = 0.52 and f(z2) = 0.60. From the interpolation formula (0.51)
it follows

fulz) = 052 + 0.60 I 0.52

=0.524+0.08-0.5=0.56.

(1.5-1)

Second basic problem: interpolation of the entry x for a known value f(x):
To determine x from f(x}, one uses the formula:

f(x) — f(r1)

T =1+

Example 2: Suppose that the value f(z) = 0.62 is given. The nearest table values in
Table 0.32 are f(z;) = 0.60 and f(x2) = 0.64 with ; = 2 and z» = 3. Applying (0.52)
we get

0.62 — 0.60 0.02

I:2+‘0.64 0'60(372):2+m:2,0.

Higher precision with Mathematica: Linear interpolation is a method of producing
an approximation. For the needs of mathematical statistics this is quite sufficent. One
should not be led to believe that more digits after the decimal point is an increase in
accuracy in an endeavor like statistics which by its very nature is not precise.

In physics and technology, however, one often requires a higher precision. For this the
method of quadratic interpolation is often applied. In the day of wide-spread computers
one can use computer software programs to get very precise values for special functions
(for example with Mathematica).



0.4.6.2 Normal distribution

Table 0.38. The density function
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@(z)

e(z) = L exp (— ézz) of the normalized,
NezS
. 0 z
centered normael distribution. .
Figure 0.47.
z 0 1 2 1 3 | 4 [ 5 6 7 | 8 TQ
0.0] 3989—* 3989 3989 3988 1 3086 | 3984 | 3982 3980 3977 3973
.1 39704 3965 3961 3956 3951 3945 3939 3932 3925 3918
0.2 3910~ 3902 3894 3885 3876 3867 3857 3847 3836 3825
0.3 3814=4 | 3802 3790 3778 | 3765 3782 3739, 372 3712 3697
0.4 | 368374 3668 3653 3637 3621 3605 3589 3572 3555 3538
0.5 35214 3503 3485 3467 3448 3429 34101 3391 3372 3352
06] 3332-1| 3312 3292 3271 3251 | 3230| 3209 | 3187 3166 3144
0.7 31234 3101 3079 3056 3034 3011 2989 2966 2943 2920
0.8 28971 2874 2850 2827 2803 2780 2756 2732 2709 2685
0.9 26614 2637 2613 2589 2565 2541 2516 2492 2468 2444
1.0| 242074 2396 2371 2347 2323 2299 2275 2251 2227 2203
1.1 2179-4 2155 2131 2107 2083 2059 2036 2012 1988 1965
1.2 1942~ 1919 1895 1872 1849 1826 1804 1781 1758 1736
1.3 171471 1691 1669 1647 1626 1604 1582 1561 1539 1518
1.4 14974 1476 1456 1435 1415 1394 1374 1354 1334 1315
1.5 12051 1276 1257 1238 1219 1200 1182 1163 1145 1127
1.6 1109~* 1092 1074 1057 | 1040| 1023 | 1006 | 9893~ ° 9728 9566
1.7] 94053 0246 9089 8933 | 8780 8628 8478 8329 8183 8038
1.8 78955 7754 7614 7477 7341 7206 7074 6943 6814 6687
191 656275 6438 6316 6195 6077 | 5960 | 5844 | 5730 5618 5508
2.0 53995 5292 5186 5082 4980 4879 4780 4682 4 586 4490
2.1 4398~% | 4307 4217 4128 | 4041 3955| 3871 3788 3706 3626
22| 354775 | 3470 3304 3319 | 3246 | 3174 | 3103 | 3034 2965 2898
2.3 | 2833-%| 2768 2705 2643 | 2582 2522 2463 | 2408 2349 2294
24| 2239°5| 2186 2134 2083 | 2033] 1984 | 1936 1888 1842 1797
2.5 1753~°% 1709 1667 1625 1585 1545 1506 1468 1431 1394
2.6 1358~% 1323 1289 1256 1223 1191 1160 1130 1100 1071
2.7 10427° 1014 9871~¢ 9606 9347 9094 8846 8605 8370 8140
28| 7915-% | 7697 7483 7274 7071} 68731 6679 | 6491 6307 6127
2.9 59536 5782 5616 5454 5296 5143 4993 4847 4705 4567
3.0 4432-¢ 4301 4173 4049 3928 3810 3695 3584 3475 3370
3.1 32675 3167 3070 2975 2884 2794 2707 2623 2541 2461
3.2 2384-6 2309 2236 2165 2096 2029 1964 1901 1840 1780
3.3] 17236 1667 1612 1560 1508 1459 1411 1364 1319 1275
3.4 12326 1191 1151 1112 1075 1038 1003 96891 9358 9037
35| 87277 8426 8135 7853 7 581 7317 | 7061 6814 6575 6343
36| 611977 5902 5693 5490 5294 5105 | 4921 4744 4573 4408
3.7 424877 | 4003 3944 3800 | 3661 3526 | 3396 | 3271 3149 3032
3.8 | 29197 2810 2705 2604 2506 | 2411 2320 2232 2147 2065
39| 19877 1910 1837 1766 1698 1633 1569 1508 1449 1393
40| 13387 1286 1235 1186 1140 1094 1051 1009 96878 9299
4.1 89268 8667 8222 7 890 7570 7263 6967 6683 6410 6147
4.2 | 589481 5652 5418 5194 | 4979 | 4772 | 4573| 4382 4199 4023
4.3 3854~% 3691 3535 3386 3242 3104 | 2972 2845 2723 2606
4.4 24948 2387 2284 2185 2090 1999 1912 1829 1749 1672
4.5] 15988 1528 1461 1396 | 1334 1275 1218 1164 1112 1062
46| 10148 9684 9| 9248 8830 | 8430 | 8047 | 7681 | 7331 6 996 6676
4.7 63709 6077 5797 3530 5274 5030 4 796 4573 4360 4156
4.8 39619 3775 3598 3428 3267 3112 2965 2824 2960 2561
1.9 24392 2322 2211 2105 2003 1907 1814 1727 1643 1563
Remark: 3989~ % is to be understood to mean 3989 - 10—,
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Table 0.34. Probability integral ®o(z) =

normalized, centered normal distribution.

The distribution function ®(z) =

fz p(z)dz
a

7/
o

5~
By

exp (—3z%)dz of the

2

-0

/ exp (-%mz)dz is

related to ®o(2) by the relation &(z) = 1 +®;(z); moreover,

0z Bo(—2) = ~Po(z).
Figure 0.48.

z 0 1 2 3 4 5 6 | 7 8 ‘ 9
0.0 0.0 000 040 080 120 160 199 239 279 319 359
0.1 398 438 478 517 557 596 636 675 714 753
0.2 793 832 871 910 948 987 -026 -064 -103 -141
0.3 0.1 179 217 255 293 331 368 406 443 480 517
0.4 554 591 628 664 T00 736 772 808 844 879
0.5 915 950 985 -019 -054 -088 <123 157 -190 -224
0.6 0.2 257 201 324 357 389 422 454 486 517 549
0.7 580 611 642 673 703 734 764 794 823 852
0.8 881 a10 939 967 995 023 -051 078 -106 -133
0.9 0.3 189 186 212 238 264 289 315 340 365 389
1.0 413 438 461 485 508 531 554 577 599 621
1.1 643 665 686 708 729 749 770 790 810 830
1.2 849 869 888 907 9256 944 962 980 997 015
1.3 0.4 032 049 066 082 099 115 131 147 162 177
1.4 192 207 222 236 251 265 279 292 306 319
1.5 332 345 357 370 382 3941 406 418 429 441
1.6 452 463 474 484 495 505 515 925 535 545
1.7 554 564 573 582 391 599 608 616 625 633
1.8 641 649 656 664 671 678 686 693 699 706
1.9 713 716 726 732 738 744 750 756 761 767
2.0 772 TT8 783 788 793 798 803 808 312 817
2.1 821 826 830 834 838 842 846 850 854 857
2.2 860 864 867 871 874 877 880 883 886 889

966 474 906 263 545 755 894 962 962 893
2.3 892 895 898 900 903 906 908 911 913 015
759 559 296 969 581 133 625 060 437 758
2.4 918 920 922 924 926 928 930 932 934 936
025 237 397 506 564 572 531 443 309 128
2.5 937 939 941 942 944 946 947 949 950 952
903 634 323 969 574 139 664 151 600 012
2.6 953 954 956 957 958 959 960 962 963 964
388 729 035 308 547 754 930 074 189 274
2.7 965 966 967 968 969 970 971 a71 972 973
330 358 359 333 280 202 099 972 821 646
2.8 974 9475 975 976 977 978 978 979 980 980
449 229 988 726 443 140 818 476 116 738
2.9 981 981 982 983 983 984 984 985 985 986
342 929 498 052 589 111 618 110 588 051
Remarks: 0.4 860 is to be interpreted here to mean 0.4 860 966.

966

A dot in front of an entry indicates a jump of one in decimal place.

For example in the line z = 0.5, the entry -019 means .2019.
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Table 0.34. {continued)}

z 1] 1 2 3 4 5 6 7 8 9
3.0 0.4 986 986 987 987 988 988 988 989 989 989
501 238 361 772 171 558 933 297 650 992
3.1 990 990 990 991 991 991 992 992 992 992
324 646 957 260 853 836 112 78 636 886
3.2 993 993 993 993 994 994 994 994 994 994
129 363 590 810 024 230 429 623 810 991
3.3 995 995 995 995 995 995 996 996 996 996
166 335 499 658 811 959 103 242 376 505
34 996 996 396 996 997 997 997 997 997 997
631 752 869 982 091 197 299 398 493 585
3.5 997 997 997 997 997 998 998 998 998 998
674 759 842 922 999 074 146 215 282 347
3.6 998 998 998 998 998 998 998 998 998 998
409 469 527 583 637 689 739 787 834 879
3.7 998 998 999 999 999 999 999 999 999 999
922 964 004 043 080 116 150 184 216 247
3.8 999 999 999 999 999 999 999 999 999 999
276 305 333 359 385 409 433 456 478 499
3.9 999 999 999 999 999 999 999 999 999 999
519 539 557 575 593 609 625 641 655 670
4.0 999 999 | 999 | 9991 999| 999 | 999 | 999| 999| 999
683 696 709 721 733 744 755 765 775 784
4.1 999 999 999 999 999 999 999 999 999 999
793 802 811 819 826 834 841 848 854 861
4.2 999 999 999 999 999 999 999 999 999 999
867 872 878 883 888 893 898 802 907 911
4.3 999 999 999 999 999 999 999 999 999 999
915 918| 922 925 920 932 935| 938| 941| 943
4.4 999 999 999 999 999 999 999 999 999 999
946 948 951 953 955 957 959 961 963 964
4.5 999 999 999 999 999 999 999 999 999 999
966 968 969 971 972 973 974 976 977 a78

5.0 999

997
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Values tq, m of the Student ¢-distribution

w/2 /2
Ctom 0 fam
Figure 0.49.
«

\ 0.10 | 0.05 [ 0.025| 0.020| 0.010 0.005 0.003 0.002 0.001

m
1 6.314 | 12.706 | 25.452 | 31.821 | 63.657 | 127.3 212.2 318.3 636.6
2 2.920 4.303 6.205 6.965 9.925 14.089 18.216 22.327 31.600
3 2.353 3.182 4.177 4.541 5.841 7.453 8.891 10.214 12,922
4 2,132 2.776 3.495 3.747 4.604 5.597 6.435 7.173 8.610
5 2.015 2.571 3.163 3.365 4.032 4.773 5.376 5.893 6.869
6 1.943 2.447 2.969 3.143 3.707 4.317 4.800 5.208 5.959
7 1.895 2.365 2.841 2.998 3.499 4.029 4.442 4.785 5.408
8 1.860 2.306 2.752 2.896 3.355 3.833 4.199 4.501 5.041
9 1.833 2.262 2.685 2.821 3.250 | 3.690 4.024 4.297 4,781
10 1.812 2.228 2.634 2.764 3.169 3.581 3.892 4.144 4.587
12 1.782 2.179 2.560 2.681 3.035 3.428 3.706 3.930 4.318
14 1.761 2.145 2.510 2.624 2.977 3.326 3.583 3.787 4.140
16 1.746 2.120 2.473 2.583 2.921 3.252 3.494 3.686 4.015
18 1.734 2.101 2.445 2.552 2.878 3.193 3.428 3.610 3.922
20 1.725 2.086 2,423 2.528 2.845 3.153 3.376 3.552 3.849
22 L717 2.074 2.405 2.508 2.819 3.119 3.335 3.505 3.792
24 1711 2.064 2.391 2.492 2.797 3.092 3.302 3.467 3.745
26 1.706 2.056 2.379 2.479 2,779 3.067 3.274 3.435 3.704
28 1.701 2.048 2.369 2.467 2.763 3.047 3.250 3.408 3.674
30 1.697 2.042 2.360 2.457 2.750 3.030 3.230 3.386 3.646
oo 1.645 1.960 2.241 2.326 2.576 2.807 2.968 3.090 3.291




0.4.6.4 Values x2 of the x2-distribution

[o3
- Figure 0.50.
0 Xev
Number m probability o
of degrees - .
of freedom 0.99 0.98 0.95 0.80 0.80 0.70 0.50 0.30| 0.20| 0.10| 0.05
1 0.00016 | 0.0006 | 0.0039| 0.016 | 0.064 | 0.148 | 0.455 1.07 1.64 .7 3.8
2 0. 020 0.040 0.103 0.211 0.446 | 0.713 1.386 | 2.41 3.22 4.6 6.0
3 0.115 0.185 0.352 0. 584 1. 005 1.424 | 2.366 | 3.67 4.64 6.3 7.8 .
4 0.30 0.43 0.71 1.06 1.65 2.19 3.36 4.9 6.0 7.8 0.5 18.5
il 0.55 0.73 1.14 1.61 2.34 3.00 4.35 6.1 7.3 0.2 11.1 20,5
G 0.87 1.13 1.463 2.20 3.07 3.83 5.35 7.2 8.6 10.6 12.6 22.5
7 1.24 1.56 2.17 2.83 3.82 4.67 6.35 8.4 9.8 12.0 14.1 24.3
8 1.65 2,03 2.73 3.49 4. 59 5. 53 7.34 9.5 11.0 13.4 15.5 26.1
9 2.09 2.53 3.32 4.17 5.38 6.39 8.34 | 10.7 12.2 14.7 16.9 27.9
10 2.56 3.06 3.94 4. B6 6.18 7.27 9.34 | 11.8 13. 4 16.0 18.3 20.6
11 3.1 3.6 4.6 5.6 7.0 B.1 10.3 12.9 14.6 17.3 19.7 . 31.3
12 3.6 4.2 5.2 6.3 7.8 9.0 11.3 14.0 15.8 18.5 21.0 . 30.9 32.9
13 4.1 4.8 5.9 7.0 8.6 9.9 12.3 15.1 17.0 19.8 22.4 20.8 32.5 4.5
14 4.7 5.4 6.6 7.8 9.5 10.8 13.3 16.2 18.2 21.1 23.7 . 31.3 34.0 36.1
15 5.2 6.0 7.3 8.5 10.3 1.7 14.3 17.3 19.3 22.3 25.0 28.3 32.8 35.6 377
16 5.8 G. 6 8.0 9.3 11.2 12.6 15.3 18.4 20.5 23.5 26,3 29.6 34.3 37.1 39.3
17 6.4 7.3 8.7 10.1 12.0 13.5 16.3 19.5 | 21.6 | 24.8 | 27.6 | 31.0 35.7 38.6 40.8
18 7.0 7.9 9.4 10.9 12.9 14.4 17.3 20.6 2.8 26.0 28.9 32.3 37.2 40.1 42.3
19 7.6 8.6 10.1 1.7 13.7 15.4 18.3 21.7 23.9 27.2 30.1 33.7 38.6 41.6 43.8
20 8.3 9.2 10.9 12.4 14.6 16.3 19.3 22.8 25.0 28.4 31.4 35.0 43.0 45.3
21 8.9 9.9 11.6 13.2 15.4 17.2 20.3 23.9 26.2 29.6 32.7 36.3 44.5
22 9.5 10.6 12.3 14.0 16.3 18.1 21.3 24.9 27.3 30.8 33.9 ar.7 45.9
23 10.2 11.3 13.1 14.8 17.2 19.0 22,3 26.0 28. 4 32.0 35.2 39.0 g
24 | 10.9 12.0 13.8 15.7 18.1 19.9 23.3 27.1 29.6 33.2 36.4 40.3
25 | 1.5 12.7 14.6 16.5 18.9 20.9 24.3 28.2 0.7 34.4 37.7 | 41.6
26 | 12.2 13.4 15.4 17.3 19.8 21.8 25.3 29.2 31.8 35.6 B9 | 42.9
27 12,9 14.1 16.2 18.1 20.7 22,7 26.3 30.3 32.9 36.7 40.1 44.1
28 | 13.6 14.8 16.9 18.9 21.6 23.6 27.3 31.4 34.0 37.9 41.3 | 45.4
20 | 14.3 15.6 17.7 19.8 22.5 24.6 28.3 32.5 35.1 39.1 42,6 | 46.7
30 15.0 16.3 18.5 20.6 23.4 25.5 29.3 33.5 6.3 40.3 43.8 48.0
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0.4.6.5 Values Fp.o5;m,m, and values Fy.01;m,m, (in boldface) of the F-distri-

bution
o
J . Figure 0.51.
0 F,
m1
ma 1L2| 3L 4| 5] Gl 7| s| 9| 1o| 11‘ 12
1 161 =200| 216 225| 230| 234 o37| o230 241 | 242] 243 244

40521 4999 ( 5403 | 5625 | 5764 | 5859 | 5928 | 5981 | 6022 | 6056 | 6083 | 6106
9 1851 | 19.00 ( 1916 | 19.25 | 19.30 [ 19.33 | 19.35 | 19.37 | 19.38 | 19.39 | 19.40 | 19.41
98.50 | 99.00 | 99.17 | 99.25 | 99.30 | 99.33 | 99.36 | 99.37 | 09.39 | 99.40 | 99.41 | 09.42
3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.76 8.74
84.12 | 30.82 | 29.46 | 28.71 | 28.24 | 27.91 | 27.67 | 27.49 | 27.34 | 27.23 | 27.13 | 27.05
4 771 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.94 5.91
21.20 | 18.00 { 16.69 | 15.98 | 15.52 | 15.21 | 14.98 | 14.80 | 14.66 | 14.55 | 14.45 | 14.37
5 6.61 5.79 5.41 519 5.05 4.95 4.88 4.82 4.77 4.74 4.70 4.68
16.26 | 13.27 | 12.06 | 11.39 | 10.97 | 10.67 | 10.46 | 10.29 | 10.16 | 10.05 | 9.96 | 9.89
6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.03 4.00
13.74 | 10.92 | 9.78| 9.15| 8.75| 8.47| 8.26| 8.10| 7.98| T7.87| 7.79| 7.72
7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.64 3.60 3.57
12,25 | 9.55| 8.45| 7.85| 7.46| 7.19| 7.00| 6.84| 6.72| 6.62| 6.54 | 6.47
8 5.32 4.46 4.07 3.84 3.69 3.68 3.50 3.44 3.39 3.35 3.31 3.28
11.26 | 8.85| 7.59| 7.01| 8.63| 6.37T| 6.18| 6.03| 5.91| 5.81| 573 | 567
9 5.12 4.26 3.86 3.63 3.48 337 3.29 3.23 3.18 3.14 3.10 3.07
10.56 | 8.02| 6.99| 6.42| 6.06| 5.80| 5.61| 547| 535 5.26| 5.18| b5.11
10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.94 291
10,04 | 7.56| 6.55| 5.99| 5.64| 5.39| 520| 506 4.94| 4.85| 4.77| 4.71
11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85 2.82 2.79
965| 7.21| 6.22| 567 | 532} 507| 4.80| 4.74 | 4.63 | 4.54| 4.46| 4.40
12 4.75 3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80 2.75 2.72 2.69
9.33| 6.93| 595| 5.41| 5.06| 4.82| 4.64| 450 4.39| 4.30| 4.22| 4.16
13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2,77 2.71 2.67 2.63 2.60
9.07| 670| 5.74| 5.21 | 4.86| 4.62| 4.44| 4.30| 4.19| 4.10| 4.02| 3.96
14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65 2.60 2,57 2.53
8.86| 6.51| 5b56| 5.04| 4.70| 446 4.28| 4.14| 4.03| 3.94| 3.86| 3.80
15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 2,51 2.48
8.68| 6386 | 542 4.89| 456! 432 4.14| 4.00| 3.89) 3.80) 3.73| 3.67
16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 2.46 2.42
8.53| 623 | 5.29| 4.77| 444 | 4.20| 4.03| 3.89| 3.78| 3.69| 3.62| 3.55
17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45 241 2.38
840| 6.11| 5.18! 4.67| 434 | 4.10| 3.93| 3.79| 3.68| 3.59| 3.52| 3.46
18 4.41 3.65 3.16 2.93 2.77 2.66 268 | 251 2.46 241 2.37 234
8.29| 6.01| 5.09| 458 | 4.25| 4.01| 3.84, 3.71| 3.60| 3.51| 3.43| 3.37
19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 248 242 2.38 234 231
8.18| 583 | 5.01 4.50 | 417 | 3.94| 3.77| 3.63| 3.52| 3.43| 3.36| 3.30
20 4,35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 231 2.28
8.10| 5.85| 4.94| 4.43| 4.10| 3.87| 3.70, 3.66| 3.46 | 3.37| 3.29| 3.23
21 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37 2.32 2.28 2.25
802| 578 487 437 | 404 | 381 3.64| 351 3.40| 3.31| 3.24| 317
29 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34 2.30 2.26 2.23
7.95| 5.72| 4.82] 4.31| 3.99 3.76! 3.50| 3.45) 3.35| 3.26| 3.18| 3.12
23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 2.32 2.27 2.24 2.20
7.88| 5.66| 4.76 | 4.26 | 3.94| 3.71| 3.54 ‘ 3.41] 3.30| 3.21| 3.14| 3.07
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ma

14| 16] 20l 2ﬂ 30 40\ 501 75| 100| 200] 500 oo |2
245 246| 248 249| 250| 251| 252| 253| 253 254| 254 254,
6143 | 6169 | 6209 | 6235 | 6261 | 6287 | 6302 | 6323 | 6334 | 6352 | 6361 | 6366
19.42 | 19.43 | 19.44 | 19.45 | 19.46 | 19.47 | 19.48 | 19.48 | 19.49 | 19.49 | 19.50 [ 19.50 | o
09,43 | 99.44 | 99.45 | 99.46 | 99.47 | 99.47 | 99.48 | 99.49 | 99.49 | 99.49 | 99.50 | 99,50
B71| 860| 866| 864| 862 859 | 858| 857 855 B854 853 8534
26.92 | 26.83 | 26.69 | 26.60 | 26.50 | 26.41 | 26.35 | 26.27 | 26.23 | 26.18 | 26.14 | 26.12
587 | 584 580 77| 575| 572 570| 5.68| 5.66| 565 564] 5.63) 4
14.25 | 14.15 | 14.02 | 13.93 | 13.84 | 13.74 [ 13.60 | 13.61 | 13.57 | 13.52 | 13.48 | 13.46
464 | 460 4.56] 453 450| 446 444| 442 441| 439 | 437 436 5
9.77 | 9.68| 9.55| 9.47| 9.38| 0.20( 9.24| 9.17| 9.13| 9.08| 9.04! .02
3.96 | 3.92| 387 384| 381 377| 3.75| 372 371 3.60| 368| 3.67|g
760 | 7.52| 7.38| 7.81| 7.23| 7.14| 7.09| 7.02| 6.90| 6.93] 6.90| 6.88
353 349 344| 341| 338| 334| 332 3.20| 327 325| 324| 323,
6.36 | 6.27| 6.16| 6.07| 5.99| 591| 5806 | 578| 5.75| 5.70| 5.67| 5.65
324 3.20| 315 312| 3.08| 3.05( 3.02| 3.00| 297 295 204 2934
5.56 | 5.48| 5.36| 5.28| 5.20; 5.12| 5.07| 5.00| 4.96| 4.91| 4.88 | 4.86
3.03| 299| 293| 290| 286| 28| 280| 27| 276| 273 272| 2714
5.00 | 4.92| 4.81| 4.73| 4.65| 4.57| 4.52| 4.45| 4.42| 4.36| 4.33| 4.31
286 | 283 277| 274| 270| 266| 264 261 259| 256| 255 254 4
4.60| 4.52| 4.41| 4.33| 4.25| 4.17| 4.12| 4.05) 4.01| 3.96] 3.93 | 3.91
274 270 265 261| 257| 253 251 247 246| 243| 242 240
4.29| 4.21| 4.10| 4.02| 3.94| 3.86| 3.81| 3.74| 3.71| 3.66| 3.62| 3.60
264 | 260, 254 251| 247 243| 240 236 235| 232 231] 230 g,
4.05| 3.97| 3.86| 3.78| 3.70| 3.62| 3.57| 3.49| 3.47| 3.41| 3.38| 3.36
2.5H 2.51 2.46 2.42 2.38 2.34 2.31 2.28 2.26 2.23 2.22 221 13
386| 3.78| 3.66| 3.50| 3.51| 3.43| 3.38{ 3.30| 3.27| 3.22| 3.10/! 3.17
248 | 244| 239| 235) 231| 227 224 221| 219( 216 214| 213 4
3.70| 3.62| 3.51 | 3.43| 3.35| 3.27| 3.22| 3.14| 3.11| 3.06! 3.03| 3.60
242 238 | 233 229 225| 220 218| 215 212| 210| 208| 207 5
3.56| 3.49| 3.37| 3.29| 3.21| 3.13| 3.08| 3.00| 2.98| 2.92| 2.80| 2.87
2.37| 233 228 224 219| 215| 212| 209| 207| 204 202| 201| 44
3.45| 3.37| 3.26| 3.18| 3.10| 3.02| 2.97| 2.86| 2.86| 2.81! 2.78| 2.75
233 229 223 219 215( 210 208 204 202| 199| L97| 1.96( 47
3.35| 3.27| 2.16| 3.08( 3.00| 2.92| 2.87| 2.79| 2.76| 2.71| 2.68| 2.65
220 225 219| 215| 211| 206| 2.04| 200 198| 195 193] 192 14
3.27 | 3.19| 3.08| 3.00| 2.92| 2.84| 278! 271 2.68{ 2.62| 2.50| 2.57
226| 221 215| 211| 207 203| 200 1.96| 194| 191| 1.90| 1.88] 49
3.19| 3.12| 3.00| 292 2.84| 2.76 | 2.71| 2.63] 2.60| 2.55| 2.51| 2.49
2.22 2.18 2.12 2.08 2.04 1.99 1.97 1.92 1.91 1.88 1.86 1.84 20
3.13| 3.05| 2.94| 2.86| 2.78| 2.69| 2.64| 2.56| 2.54| 2.48| 2.44| 2.42
220 216 210 205| 201| 186| 194 1.80| 188| 184| 182| 181 4
3.07| 299 2.88| 2.80| 2.72| 2.64| 2.58| 2.51| 2.48| 2.42| 2.38| 2.36
217 213| 207| 203] 1.98| 194| 191 1.87]| 1.85| 181 180 178 o9
3.02| 2.94| 2.83| 2.75| 2.67| 2.58| 2.53| 2.46| 2.42| 2.36| 2.33| 2.31
215 | 211 205| 200| 1.96| 1.91| 1.88| 184| 182| 1.79| 177 | L76| oy
2.97| 2.89| 2.78| 2.70| 2.62| 2.54| 248 2.41| 2.37| 2.32| 2.28| 2.26
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ma

m2 1| 21 3\ 4] 5\ ﬁ] 7| 8| 9| 10‘ 11| 12
oq| 426 | 340 301| 278 262| 251 242| 236 230| 225{ 222| 218
7.82 | 5.61| 4.72| 422 3.90 3.67| 3.50| 3.36| 3.26| 3.17| 3.09 3.03

o5 | 424 | 339| 2.99| 276| 260| 249) 240| 234 228( 224 220| 218
7.77 | 5.57| 4.68| 4.18| 3.86| 3.63| 3.46| 3.32| 3.22| 3.13| 3.06| 2.99

96 | 423 | 337 298| 274 259| 247 239| 232| 227| 222 218 215
772 | 5.58 | 4.64| 4.14| 8.82| 3.59| 3.42 | 3.29( 3.18| 3.09| 3.02 2.96

o7 | 421 | 335| 296| 273| 257| 246 2a7| 231| 2.25| 2.20| 216| 213
7.68 | 5.49| 4.60| 4.11| 3.78)| 3.56 | 3.39| 3.28| 3.15)| 3.06 | 2.99| 2.93

og | 420 | 334| 295| 271| 256| 245| 2.36| 229 224| 219| 215 212
7.64 | 5.45| 457 4.07| 8.76| 3.53| 3.36 | 3.23| 3.12| 3.08) 2.96 2.90

99 | 418 | 333| 293| 270| 255| 243| 2.35| 228 | 222| 218| 214| 210
7.60 | 5.42| 454 4.04| 3.73| 3.50| 3.33| 3.20| 3.09| 3.00| 2.93| 2.87

a0 | 417 | 332| 292] 269 253| 242 233| 227 221| 216] 213 209
7.56 | 5.39| 4.51| 4.02| 3.70| 3.47| 3.30 | 3.17| 3.07| 2.98| 2.90| 2.84

32| 415 | 320| 2090| 267| 251| 240| 231| 224| 219| 24| 210| 207
7.50 | 5.34| 4.46 | 3.97| 3.65| 3.43| 3.25| 3.13| 3.02| 2.93| 2.86| 2.80

aq | 413 | 328 288 265] 249] 238| 229 223| 27| 212 208) 205
7.44 | 5.29| 4.42| 3.93| 3.61| 3.39| 3.22| 3.09| 298| 2.80| 2.82 2.76

36| 411 | 326| 2.87| 263| 248| 2.36| 298| 2.21| 215| 211| 207| 203
7.40 | 5.25| 4.38| 3.89| 3.57| 8.35| 3.18| 3.05| 2.95| 2.86 | 2.79| 2.72

sg| 410 | 324| 285| 262, 246| 235| 226] 219 214| 209( 205| 202
7.35 | 5.21| 4.34| 3.86| 3.54| 3.32| 3.15| 3.02| 2.91| 2.82| 2.75| 2.69

40| 408 | 323| 284| 261| 245| 234 225| 218| 212| 208 204| 200
7.31 | 5.18| 4.31| 3.83| 3.51| 3.29| 3.12| 2.99| 2.89| 2.80( 2.73| 2.66

4| 407 | 322| 283 259 244| 232| 224| 217 | 211| 206| 203| 1.99
7.28 | 5.15| 4.29| 3.80| 3.49| 3.27| 8.10| 2.97| 2.86| 2.78| 2.70 | 2.64

44| 406 | 321 282| 258| 243| 231 223| 216| 210| 205| 201| 1.98
7.26 | 5.12| 4.26| 3.78| 8.47| 3.24| 3.08| 2.95| 2.84| 2.75| 2.68| 2.62

46| 405 | 320| 281| 257| 242| 230| 222| 215| 209| 204| 200| 197
7.22 | 5.10| 4.24 3.76| 3.44| 3.22| 3.06| 2.93| 2.82| 2.73| 2.66| 2.60

48| 404 | 319 20| 257| 241| 230 221| 2.14| 208| 203| 1.99] 1.9
7.20 | 5.08| 4.22| 3.74| 3.43| 3.20| 3.04 | 2.91| 2.80| 2.72| 2.64, 2.58

s0| 403 | 318| 29| 256| 240| 220 220| 213 207| 208| 199| 1.95
7.17 | 5.06| 4.20| 3.72| 3.41| 3.19| 3.02| 2.89| 2.79| 2.70( 2.63| 2.56

55| 402 | 3a8| 278 254| 238! 227| 218| 211| 206 201 187| 1.93
7.2 | 5.01| 4.16| 3.68| 3.37| 3.15| 2.98 | 2.85| 2.75| 2.66| 2.59| 2.53

go| 400 | 315| 276| 253| 237| 225| 217| 20| 204| 199| 195| 1.92
7.08 | 4.98| 4.13| 3.65| 3.34| 3.12| 2.95| 2.82| 2.72| 2.63| 2.56| 2.50

65 399 | 314 275| 251 236) 224| 215) 208| 203} 1.98| 194 1.90
7.04 | 4.95| 4.10| 3.62| 3.31| 3.09| 2.93| 2.80| 2.69| 2.61| 2.53| 2.47

70| 398 | 313| 274| 250| 235 223| 24| 207 202 1.97| 193] 1.9
7.0t | 4.92| 4.08| 3.60| 3.20| 3.07| 2.91| 2.78| 2.67| 2.59| 2.51| 2.45

so| 396 | 311| 272| 249| 233| 221 213| 206 200( 195| 191| 188
6.96 | 4.88| 4.04| 3.58| 3.26 | 3.04| 2.87| 2.74| 2.64| 255 | 2.48| 2.42

100| 394 | 300| 270| 246| 231| 219| 210| 2.03| 197| 1.93{ 189! 185
6.90 | 4.82| 3.98| 3.51| 3.21| 2.99| 2.82| 2.69| 2.59| 2.50| 2.43| 2.37

125 | 392 | 307 | 268| 244| 229| 27| 208 201| 196| 191| 187| 183
6.84 | a78| 3.94! 3.47| 817} 2.95! 2.79| 2.66| 255 2.50! 2.40| 2.33

150 | 390 | 3.06| 2.66| 243| 227| 216 207| 200 1.94] 189 | 185| 182
6.81 | 4.75| 8.92] 3.45| 8.14| 2.92| 2.76 | 2.63| 2.53| 2.44| 2.37| 2.21

oop | 389 | 3.04| 265| 242| 226 214 206| 198| 193] 188] 184] 180
6.76 | 471 | 3.88| 3.41| 3.11| 2.80| 273| 2.60| 250| 2.41| 234 2.27

a00 | 386 | 3.02| 262| 239 223| 212 203| 196| 190| 185| 1.81| 1.78
6.70 | 4.66| 3.83| 3.36| 3.06| 2.85| 2.60| 2.55| 246 2.37| 220 2.23

w00 | 385 | 300| 281 238| 222| 211 202 195| 189 184| 180| 176
6.66 | 4.63| 3.80| 3.34| 3.04| 2.82| 2.66| 2.53| 2.43] 2.34| 2.27 2.20

so| 384 3.00| 260| 237| 221| 210 201| 194} 188] 183| 1.79] 175
6.63 | 461| 378 | 3.32| 3.02| 2.80| 264 2.51| 241 2.32| 2.25| 2.18
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ma ma
14 16 20 24 30 40 50 75 100 200 500 co
2.13 2.09 2.03 1.98 1.94 1.89 1.86 1.82 1.80 1.77 1.75 1.73 24
293 )| 285! 2,74 2.66) 258 2.49| 2.44| 2,36 2.33| 227 2.24| 2.21
2.11 2.07 2.01 1.96 1.92 1.87 1.84 1.80 1.78 1.76 1.73 1.71 25
2,80 | 281 | 270 262 2.54 | 245 2.40} 2.32( 2.29 | 2.23 | 2.19| 2.17
2.10 205 | 199 1.95 1.90 1.85 1.82 1.78 176 | 1.73 1.70 | 1.69 2%
2.86 | 2.78| 2.66| 2.58 | 2.50| 2.42| 2.36 | 2.28 | 2.25 | 2.19| 2.16 | 2.13
2.08 2.04 | 197 1.93 1.88 1.84 1.81 1.76 174} 171 1.68 1.67 27
2.82 | 2.75| 2.63} 2.55| 2.47| 2.38| 2.33) 2.25| 2.22 | 2.16| 2.12| 2.10
2.06 2.02 1.96 191 1.87 1.82 1.79 1.75 1.73 1.69 1.67 1.65 28
2.80 | 2.71| 2.60| 2.52 244 2.35| 2.30| 2.22! 2.19 2.13| 2.09 | 2.06
2.05 2.01 1.94 1.90 1.85 1.80 1.77 1.73 1.71 1.67 1.65 1.64 29
2.77 | 2.69! 2.57( 2.49| 2.41| 2.33| 2.27) 2.19( 2.16 | 2.10| 2.06 | 2.03
2.04 1.99 1.93 1.89 1.84 1.79 1.76 1.72 1.70 1.66 1.64 1.62 30
2.74 | 2.66 | 2.55| 2.47| 2.38| 2.30| 2.26; 2.16 | 2.13 | 2.07| 2.03 | 2.01
2.01 1.97 1.91 1.86 1.82 1.77 1.74 1.69 1.67 1.63 1.61 1.59 39
2.70 2.62| 2.50| 2.42| 2.34| 2.25| 2.20| 2.12| 2,08 2.02| 1.98| 1.96
1.99 1.95 1.89 1.84 1.80 1.75 1.71 1.67 1.65 1.61 1.59 1.57 34
2.66 258 | 246 2.38) 2.30| 2.21| 2,16 | 2.08| 2.04| 1.98| 1.94| 1.91
1.98 1.93 1.87 1.82 1.78 1.73 1.69 1.65 1.62 1.59 1.56 1.55 36
2.62 2.54| 2.43| 2.35 | 2.26] 2.17| 2.12 ) 2.04| 2.00; 1.94] 1.90 | 1.87
1.96 1.92 1.85 1.81 1.76 1.71 1.68 1.63 1.61 1.57 1.54 1.53 38
2.59 2,51 2.40( 2.32 | 2.23} 2.14| 2.09| 2,00| 197 1.90| 1.86| 1.84
1.95 1.90 1.84 1.79 1.74 1.69 1.66 1.61 1.59 1.55 1.53 1.51 40
2.56 2.48 | 2.37| 2.29| 220 2.11| 206 | 1,97 1.94| 1.87| 1.83 | 1.80
1.93 1.89 1.83 1.78 1.73 1.68 1.65 1.60 1.57 1.53 1.51 1.49 42
254 | 246 2.34( 2.26| 2.18| 2,09 2.03| 194 1.91| 1.85| 1.80| 1.78
1.92 1.88 1.81 1.77 1.72 1.67 1.63 1.58 1.56 1.52 1.49 1.48 44
2.62 | 2.44| 2.32( 224 2.15| 2.06; 2.01| 1.92( 1.890| 1.82| 1.78 | 1.75
1.91 1.87 1.80 1.76 1.71 1.65 1.62 1.57 1.55 1.51 1.48 1.46 46
2.50 2,42 | 2,30 2.22) 213 | 2.04 1.99 1.90| 1.86| 1.80| 1.75 | 1.73
1.90 1.86 1.79 1.75 1.7¢ 1.64 1.61 1.56 1.54 1.49 1.47 1.45 48
248 | 2.40( 2,281 2,20 2.12| 2.03| 1.97| 1.88| 1.84| 1.78| 1.73]| 1.70
1.89 1.85 1.78 1.74 1.69 1.63 1.60| 1.65 1.52 1.48 1.46 1.44 50
246 | 2,38) 2.26 | 2.18| 2.10| 2.00| 1.95] 1.86| 1.82| 1.76 | 1.71| 1.68
1.88 1.83 1.76 1.72 1.67 161 1.58 1.52 1.50 1.46 1.43 141 55
2.43 | 2.34| 2.23| 2.15| 2.06| 1.96 | 1.81| 1.82} 1.78| 1.71| 1.67] 1.64
1.86 1.82 L75 1701 1.65 1.59 156 | 1.50| 1.48 1.44 141 1.39 60
2.39 2.31] 220 2.12) 2.03| 1.94| 1.88) 1.79| 1.756) 1.68| 1.63 ] 1.60
1.85 1.80 1.73 1.69 1.63 | 1.58 1.54 1.49 1.46 1.42 1.39 1.37 65
2.37 | 229! 2,18 2,09| 2.00| 1,90 1.85] 1.76 | 1.72| 1.65| 1.60| 1.56
1.84 1.79 1.72 1.67 1.62 1.57 1.53 1.47 1.45 1.40 1.37 1.35 70
235 2.27] 215 2.07| 198 1.88| 1.83| 1.74| 1.7T0; 1.62| 1.57| 1.53
1.82 1.77 1.70 1.65 1.60 1.54 1.51 1.45 1.43 1.38 1.35 1.32 80
2.31 2.23| 212 2,03 1.94| 1.85} 1.79| 1.70| 1.66 | 1.58( 1.53| 1.49
179 | 1.75| 1.68| 163| 157] 152| 148| 142| 139| 134] 131| 1.28 100
2.26 2.19| 2.06| 1.98( 1.89| 1.79| 1.73 | 1.64 | 1.60| 1.52| 1.47| 1.43
1.77 1.72 1.65 1.60 1.55 1.49 1.45 1.39 1.36 1.31 1.27 1.25 125
2.23 2.15| 2.03| 1.94( 1.85| 1.75| 1.69 | 1.59| 1.55| 1.47| 1.41| 1.37
1.76 1.71 1.64 1.59 1.53 1.48 1.44 1.37 1.34 1.29 1.25 1.22 150
2.20 212 | 2.00( 191 1.83| 1.72| 1.66 | 1.56 | 1.52| 1.43| 1.38| 1.33
1.74 1.69 1.62 1.57 1.52 1.46 1.41 1.35 1.32 1.26 1.22 1.19 200
2.17 209} 197 1.88| 1.79| 1.69| 1.63| 1.53| 1.48| 1.39| 1.33| 1.28
1.72 1.67 1.60 1.54 1.49 1.42 1.38 1.32 1.28 1.22 1.16 1.13 400
2.12 204 | 192, 1.84; 1.74| 1.64| 1.57| 1.47} 1.42| 1.32| 1.24| 1.19
1.70 1.65 1.58 1.53 1.47 1.41 1.36 1.30 1.26 1.19 1.13 1.08 1000
2.09 202| 1.89| 1.81§ 1.71| 1.61| 1.54| 1.44| 1.38) 1.28 1.19| 1.11
1.69 1.64 1.7 1.52 1.46 1.39 1.35 1.28 1.24 1.17 1.11 1.00 o0
2.08 2.00| 1.88| 1.79| 1.70| 1.59| 1.52| 1.41| 1.36 ) 1.25| 1.15) 1.00




94 0. Formulas, Graphs and Tobles

0.4.6.6 The Fischer Z-distribution

Remark on the table: The table contains the values of zp, for which the probability:
that the Fischer random variable Z with (r;,r3) degrees of freedom is not smaller than
zp; is equal to 0.01, in other words,

P(Z > ) = ff(z) dz = 0.0L.

Here f(z) is given by the formula

LZL "‘2 Tz
fz) = 2r? ry e
- T T2 ritra
B ER ?) (re2? +7r3)” 2
r2 m
1 2 3 4 5 6 8 12 24 [o)

1 41535 | 42585 | 4.2074 | 4.3175| 4.3297 | 4.3379 | 4.3482 | 4.3585 | 4.3689 | 4.3794
2 22050 | 22976 | 2.2984 1 22088 | 2.2091 | 2.2992 1 2.2994 | 2.2997 | 2.2999 | 2.3001
3 1.7649 | 1.7140 | 1.6915 | 1.6786 | 1.6703 | 1.6645, 1.6569 | 1.6489 | 1.6404 | 1.6314
4 15270 | 14452 | 140751 1.3856 | 1.3711| 1.3609 ) 1.34T3 | 1.3327| 1.3170| 1.3000
5 1.3943 1 1.2929 | 1.2449 | 1.2164 | 1.1974 | 1.1838 | 1.1656 | 1.1457 | 1.1239 | 1.0997
6 1.3103 | 11955 1.1401 ] 11068 | 1.0843 | 1.0680 ) 1.0460 | 1.0218 | 0.9948 | 0.9643
7 1.2526 | 1.1281 | 1.0682 | 1.0300 (| 1.0048 | 0.9864 [ 0.9614 | 0.9335 | 0.9020 | 0.8658
8 1.2106 | 1.0787 | 1.0135 ) 0.9734 | 0.9459 | 0.9259} 0.8683 | 0.8673 | 0.8319 | 0.7904
9 1.1786 | 1.0411 | 0.9724 | 0.9299 | 0.9006 | 0.8791 | 0.8494 | 0.8157 | 0.7769 | 0.7305
10) 1.1535 | 1.0114 | 0.9399 | 0.8954 | 0.8646 | 0.8419 ] 0.8104 | 0.7744 | 0.7324 ) 0.86816
11| 1.1333| 09874 | 0.9136 | 0.8674| 0.8354 | 0.8116 | 0.7785 | 0.7405 | 0.6958 | 0.6408
12 ] 1.1166 ] 09677 | 0.8919 | 0.8443 | 0.8111 | 0.7864 ; 0.7520 | 0.7122 | 0.6649 | 0.6061
13| 1.1027 | 09511 | O.B737 | 0.8248 | 0.7907 | 0.7652 | 0.7295 | 0.6882 | 0.6386 | 0.5761
14| 1.0909 | 09370 | 08581 | 08082 | 0.7732 | 0.7471 ] 0.7103 | 0.6675 | 0.6159 | 0.5500
15| 1.0807 | 09249 | 08448 | 0.7939 | 0.7582 | 0.7314 ] 0.6937 | 0.6496 | 0.5961 | 0.5269
16 1.0719| 09144 | 0.8331| 0.7814| 0.7450 | 0.7177| 0.6791| 0.6339 | 0.5786 | 0.5064
171 1.0641| 09051 | 0.8229 | Q0.7705 | 0.7335 | 0.7057 | 0.6663 | 0.6199 | 0.5630 | 0.4879
18 1.0572 | 0.8970 | 0.8138 0.7607 | 0.7232 | 0.6950 | 0.6549 ] 0.6075 | 0.5491 | 0.4712
19| 1.05611 | 0.8897 | 0.8057 | 0.75621 | 0.7140 | 0.6854 | 0.6447 | 0.5964 | 0.5366 | 0.4560
20| 1.0457 | 0.8831 | 0.7985 | (L7443 | 0.7058 | 0.6768 | 0.6355 | 0.5864 | 0.5253 | 0.4421
21| 1.0408 | 08772 | 0.7920 | 0.7372 | 0.6984 | 0.6690 | 0.6272 | 05773 | 0.5150 | 0.4294
22| 1.0363 | 0.87T19 | 0.7860 | 0.7309 | 0.6916 | 0.6620 | 0.6196 | 0.5691 | 0.5056 | 0.4176
23| 1.0322 | 0.8670 | 0.7806 | 0.7251 | 0.6855 | 0.6555 | 0.6127 | 0.5615 | 0.4969 | 0.4068
24| 1.0285 | 0.8626 | 0.7757 | 0.7197 | 0.6799 | 0.6496 | 0.6064 | 0.5545 | 0.4890 | 0.3967
25| 1.0251 | 08585 | 0.7712| 0.7148 } 0.6747 | 0.6442 | 0.6006 | 0.5481 | 0.4816 | 0.3872
26| 1.0220| 0.8548 | 0.7670| 0.7103 | 0.6699 | 0.6392 | 0.5952 | 0.5422 | 0.4748 | 0.3784
27 1.0191 ] 08513 | 0.7631| 0.7062 | 0.6655 | 0.6346 | 0.5902 | 0.5367 | 0.4685 | 0.3701
28| 1.0164 1 08481 | 0.7595 | 0.7023 | 0.6614 | 06303 | 0.5856 | 05316 | 0.4626 | 0.3624
20| 10139 08451 | 0.7662 | 0.6987 | 0.6576 | 0.6263 | 0.5813 | 0.5269 | 0.4570 | 0.3550
30| 1.0116 | 0.8423 | 0.7031 ] 0.6954 | 0.6540 | 0.6226 | 05773 | 0.5224 | 0.4519 | 0.3481
40 | 0.9949 | 0.8223 | 0.7307 | 0.6712 ] 0.6283 | 0.5956 | 0.5481 ( 0.4901 | 0.4138 | 0.2922
60 | 0.9784 | 0.8025 | 0.7086 | 0.6472 | 0.6028 | 0.5687 | 0.5189 | 0.4574 | 0.3746 | 0.2352
120 09622 ( 0.7829 | 0.6867 | 0.6234 | 0.5774 | 05419 | 04897 | 04243 | 0.33391 0.1612
oo | 0.9462 | 0.7636 | 0.6651 | 0.5999 | 0.5522 | 0.5152 | 0.4604 | 0.3908 | 0.2913| 0.0000




0.4. Tables of mathematical statistics 95

0.4.6.7 Critical numbers for the Wilcoxon test

a=0.05
nz
4 5 6 kd 8 9 10 11 12 i3 14 1
- - - - 8.0 9.0 10.0 10.0 11.0 12.0 13.0 2
- 7.5 8.0 9.5 10.0 11.5 12.0 13.5 14.0 15.5 16.0 3
8.0 9.0 10.0 11.0 12.0 13.0 15.0 16.0 17.0 18.0 19.0 4
9.0 105 12.0 12.5 14.0 155 17.0 18.5 19.0 20.5 22.0 5
13.0 15.0 16.0 17.0 19.0 20.0 22.0 23.0 25.¢ 6
15 | 47.5 16.5 18.0 19.5 21.0 22.5 24.0 25.5 27.0 7
14 | 46.0 48.0 19.0 21.0 23.0 25.0 26.0 28.0 20.0 8
13 | 43.5 45.0 47.5 22.5 25.0 26.5 28.0 30.5 32.0 9
12 | 41.0 43.0 45.0 47.0 27.0 29.0 30.0 320 34.0 10
11 | 38.6 40.0 42.5 44.0 46.5 30.5 33.0 34.5 37.4 11
10 | 36.0 38.0 40.0 42.0 43.0 45.0 35.0 37.0 39.0 12
9 33.5 35.0 37.5 39.0 40.5 42.0 44.5 38.5 41.0 13
8 31.0 33.0 34.0 36.0 38.0 39.0 41.0 42.0 43.¢ i4
7 28.5 300 315 33.0 34.5 36.0 37.5 39.0 40.5
6 26.0 27.0 29.0 30.0 32.0 33.0 34.0 36.0 370 38.0 39.0
5 23.5 240 25.5 27.0 28.5 30.0 30.5 32.0 33.5 35.0 35.5
4 20.0 21.0 23.0 24.0 25.0 26.0 27.0 28.0 29.0 30.0 32.0
3 17.5 18.0 19.5 20.0 21.5 22.0 23.5 24.0 25.5 26.0 27.5
2 14.0 15.0 15.0 16.0 17.0 18.0 18.0 19.0 20.0 21.0 220
ny | 15 16 17 18 19 20 21 22 23 24 25
n2
a = (0.01
72
4 5 [] kd 8 9 10 11 12 13 14 n1
- - - - - 13.5 15.0 16.5 17.0 18.5 20.0 3
- - 12.0 14.0 15.0 17.0 18.0 20.0 21.0 22,0 24.0 4
- 12.5 14.0 15.5 18.0 19.5 21.0 22.5 24.0 25.5 28.0 5
16.0 18.0 20.0 22,0 24.0 26.0 27.0 29.0 31.0 6
15 | 61.5 20.5 220 24.5 26.0 28.5 30.0 32.5 34.0 7
14 | 58.0 62.0 25.0 27.0 29.0 31.0 33.0 35.0 38.0 8
13 | 55.5 58.0 61.5 29.5 32.0 33.5 36.0 38.5 41.0 9
12 | 33.0 55.0 58.0 61.0 34.0 36.0 39.0 41.0 44.0 10
11 | 49.5 52.0 54.5 57.0 59.5 39.5 42.0 44.5 47.0 11
10 | 46.0 49.0 51.0 53.0 56.0 58.0 44.0 47.0 50.0 12
9 42.5 450 475 50.0 52.5 54.0 56.5 50.5 53.0 13
8 40.0 42.0 44.0 46.0 48.0 50.0 52.0  54.0 56.0 14
7 36.5 38.0 40.5 42.0 44.5 46.0 48.5 50.0 51.5
6 33.0 35.0 36.0 38.0 40.0 42.0 44.0 45.0 47.0 49.0 51.0
5 29.5 31.0 325 34.0 35.5 37.0 38.5 41.0 42.5 44.0 45.5
4 25.0 27.0 28.0 30.0 31.0 32.0 34.0 35.0 37.0 38.0 40.0
3 20.5 22.0 23.5 25.0 25.5 27.0 28.5 29.0 30.5 32.0 325
2 - - - - 19.0 20.0 21.0 22.0 23.0 24.0 25.0
ny | 15 16 17 18 19 20 21 22 23 24 25
T2
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0.4.6.8 The Kolmogorow—Smirnow A-distribution

Remark on the table:

The tables on probability thecry and mathematical statistics are taken in part from [17]
and [27].

Al | A QA | A QY | A Q) | A Q) | A QA

0.32} 0.0000| 066 | 0.2236 | 1.00| 0.7300 | 1.34| 0.9449{ 1.68 | 0.9929| 2.00 | 0.9993
0.33| 0.0001 | 067 | 0.2396 | 1.01 | 0.7406 | 1.35| 09478 | 1.69 | 0.9934} 2.01 | 0.9994
0.34| 0.0002| 068 | 0.2558 | 1.02 | 0.7508 | 1.36 | 0.9505| 1.70| 0.9938 | 2.02 | 0.9994
035 0.0003| 069 | 02722| 103| 07608} 137 | 09531 | 1.71| 09942 | 2.03 | 09995
0.36| 0.0005]| 070 | 0.2888 ] 1.04| 07704 ] 1.38 [ 0.9556 | 1.72 | 09946 | 2.04 | 0.9995
0.37| 0.0008 | 0.71| 03055 | 1.06| 0.7798 ] 1.39 | 0.9580| 1.73 | 0.9950| 2.05 | 09996
0.38| 0.0013| 0.72| 0.3223 | 1.06| 0.7889 | 1.40 | 09603 | 1.74 | 0.9953 | 2.06 | 0.9996
0.39| 0.00019] 073 | 03391 | 1.07| 0.7976 | 1.41 | 0.9625| 1.75| 09956 | 2.07 | 0.9996
0.40| 0.0028 | 0.74| 0.3560| 1.08 | 0.8061 | 1.42| 09646 | 1.76 | 0.9959| 2.08 | 0.9996
0.41| 0.0040| 0.75| 03728 | 1.09| 0.8143 | 1.43 | 0.9665| 1.77 | 0.9962 | 2.09 | 0.9997
0.42| 0.0055| 0.76 | 0.3896 | 1.10] 0.8223 | 1.44| 0.9684 | 1.78 | 0.9965| 2.10 | 0.9997
0.43, 0.0074]| 077 04064 )] 1.11 | 0.8299 | 145 09702 ] 1.79 ] 0.9967 | 2.11 | 09997
0.44| 0.0097| 078 | 04230 ] 1.12 | 0.8374| 1.46 | 09718 1.80| 09969 | 2.12 | 09997
0.45{ 0.0126 | 0.79 | 04395 | 1.13| 08445 1.47| 09734 181 | 09971 | 2.13 | 09998
0.46{ 0.0160| 0.80| 0.4559 | 1.14| 0.8514 | 1.48| 0.9750| 1.82| 09973 | 2.14 | 09998
0.47| 0.0200| 0.81| 04720 | 1.15| 0.8580 | 1.49 | 09764} 1.83 | 09975 | 2.15| 0.9998
048] 0.0247| 082 | 04880 | 1.16| 0.8644 ) 1.50 | 09778 1.84 | 09977 | 2.16 | 0.9998
0.49| 0.0300| 0.83| 05038 | 1.17] 08706 | 1.51 | 09791 | 1.85| 09979 | 2.17 | 0.9998
0.50| 0.0361| 0.84| 05194 ] 1.18| 0.8765 | 1.52 | 0.9803 | 1.86 | 0.9980| 2.18 | 09999
0.51| 0.0428 | 0.85| 05347 | 1.19 | 0.8823 | 1.53 | 0.9815| 1.87| 09981 | 2.19| 09999
052 0.0503 | 086 05497 | 1.20| 0.8877{ 1.54 | 0.9826 | 1.88 | 0.9983 | 2.20 | 0.9999
0.53| 0.0585| 0.87| 05645 | 1.21 | 0.8930| 1.55 | 09836 | 1.89 | 0.9984 | 2.21 | 0.9999
0.54| 0.0675| 0.88| 05791 | 1.22| 0.8981|) 1.56 | 0.9846| 1.90 | 0.9985| 2.22 | 0.9999
0.55| 0.0772| 0.89| 05933 | 1.23| 08030 1.57 ( 0.9855| 1.91| 09986 | 2.23 | 09999
0.56] 0.0876| 090 0.6073 | 1.24 | 0.9076 | 1.58 | 09864 | 1.92| 09987 | 2.24 | 09999
0.57| 0.0987| 091 | 06209 | 1.25| 09121 | 1.59 ( 0.9873 ] 1.93| 09988 | 2.25 | 09999
0.58| 0.1104| 092| 06343 | 1.26 | 09164 | 1.60 [ 0.9880 | 1.94 | 09989 | 2.26 | 0.9999
0.59| 0.1228 | 093 | 0.6473 | 1.27| 0.9206 | 1.61 | 0.9888 | 1.95 0.9990| 2.27 | 0.9999
0.60| 0.1357| 094 0.6601 | 1.28| 0.9245| 1.62| 0.9895| 1.96| 09991 | 2.28 | 0.9999
0.61| 0.1492| 095 | 06725 | 1.20( 09283 | 1.63 | 09902 1.97 | 09991 | 2.29 | 0.9999
0.62] 0.1632| 096 | 0.6846 | 1.30| 0.9319 | 1.64 | 0.9908 | 1.98 | 0.9992 | 2.30 | 0.9999
0.63] 0.1778| 097 | 06964 1.31| 08354 | 1.65| 09914 | 1.99| 0.9993 | 2.31 | 1.0000
0.64| 0.1927| 098 | 0.7079 | 1.32} 09387 | 1.66| 0.9919
0.65| 0.2080] 099 | 0.v191| 1.33| 09418 | 1.67 | 0.9924
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0.4.6.9 The Poisson distribution

r

Y
P(X=r)= 0 e
] A

r (00 [02 108 04 |05 [ 08 T 07 [ 08

0 | 0904837 | 0.818731 | 0.740818 | 0.670320 | 0.606531 | 0.548812 | 0.496585 | 0.449329
1 | 0.090484 | 0.163 746 0.222245 0.268128 | 0.303 265 0.329287 | 0.347610 | 0.359463
2 10.004524 | 0.016375 | 0.033337 | 0.003626 | 0.075816 | 0.09878G § 0.121663 | 0.143785
3 | 0.000151} 0.001092 | 0.003334 | 0007150 | 0.012636 | 0.019757 | 0.028388 | 0.038343
4 1 0.000004 [ 0.000055 | 0.000250 | 0.000715 | 0.001580 | 0.002964 | 0.004968 | 0.007 669
5 |- 0.000002 | 0.000015| 0.000057 | 0.000158 | 0.000356 | 0.000696 | 0.001227
6 | - - 0.000001 0.000004 | 0.000013 0.000 036 0.000 081 0.000 164
T |- - - - 0.000001 | 0.000003 | €.000008 | 0.000019
g | - - - - - 0.000001 | 0.000002

A

r [0.9 [T0 1.5 Z.0 T 25 T 30 [ 3.5 [ 4.0

0 | 0.406570 | 0.367879 | 0.223130( 0.135335 | 0.082085 | 0.049787 | 0.030197 | 0.018316
1 |0.365913 | 0.36T879 | 0.334695 | 0.270671 0.205212 | 0.149361 | 0.105691 | 0.073263
2 [0.164661 | 0.183940 | 0.251021 | 0.270671 | 0.256516 | 0.224042 | 0.184959 | 0.1463525
3 | 0.049398 | 0061313 | 0.125510 | 0.180447 | 0.213763 | 0.224042 | 0.215785 | 0.195367
4 [0.011115 0015328 0.047067 | 0.090224 [ 0.133602 [ 0.168031 | 0.188812 | 0.195 367
5 | 0.002001 | 0.003066 | 0.014120 | 0.036089 | 0.066801 | 0.100819 | 0.132169 | 0.156 293
6 | 0.000300 | 0.000511 0.003530 | 0.012030 | 0.027834 | 0.050409 [ 0.077098 | 0.104 196
7 | 0.000039 | 0.000073 | 0.000756 | 0.003437 | 0.009941 | 0.021604 | 0.038549 | 0.059 540
8 | 0.000004 | 0.000009 0.000142 | 0.000859 0.003106 | 0.008102 | 0.016865 0.029 770
9 |- 0.000001 0.000024 | 0.060191 | 0.000863 [ 0.002701 | 0.006559 | 0.013231
10 | - - 0.0000604 | 0.060 038 (0.000 216 (0.000810 | 0.002 266 0.005 292
11 - - - 0.000007 | 0.000049 | 0.000221 | 0.000730 | 0.001925
12 | - - - 0.000001 | 0.000010 | 0.000055 | 0.000213 | 0.000642
13 | - - - - 0.000002 | 0.000013{ ©0.000057 | 0.000197
14§ - - - - - 0.000003 | 0.000014 | 0.000056
15 | — - 0.000001 0.000003 | 0.0000135
16 | — - - — — - 0.000 001 0.000 004
17 | - - - - - - - 0.000 001

—

r (45 "1 5.0 T~ 6.0 [ 7.0 [ &0 9.0 [ i6.0

0 | 0.011109 0.006 738 0.002 479 0.000912 0.000 335 0.000123 0.000 045
1 0.049990 | 0.033600 0.014873 0.006 383 0.002684 0.001111 0.000454
2 | 0112479 | 0.083224 0.014 618 0.022341 0.010 735 0.004 998 0.002 270
3 1 0.168718 0.140 374 0.089 235 0.052129 0.028 626 0.014 994 0.007 567
4 {0.185808 0.175467 0.133853 0.091 226 0.057 252 0.033737 0.018017
5 | 0.17T0827 0.175467 0.160623 0.127717 0.091 604 0.060 727 0.037 833
6 | 0128120 0.146 223 0.160623 0.149003 0.122138 0.091 090 0.063 055
7 10.082363 | 0.104445 0.137677 0.149003 0.139587 0.117116 0.090 079
8 |0.046329 | 0.065278 0.103 258 0.130377 0.139 587 0.131 756 0.112599
9 |0.023165| 0.036266 0.068 838 0.101 405 0.124077 0.131 756 0.126110
10| 0.010424 0.018133 0.041 303 0.070983 0.099 262 0.118580 0.125110
11 | 0.004 264 0.008 242 0.022529 0.045171 0.072190 0.097 020 0.113 736
12 | 0.001 599 0.003 434 0.011 264 0.026 350 0.048 127 0.072765 0.094 780
13 | 0.000 554 0.001 321 0.005 199 0.014188 0.029 616 0.050376 0.072 908
14 | 0.000178 | 0.000472 0.002228 0.007 094 0.016 924 0.032 384 0.052 077
15 | 0.000053 |  0.000 157 0.000 891 0.003311 0.009 026 0.019431 0.034718
16 | 0.000015 |  0.000049 0.000 334 0.001 448 0.004 513 0.010 930 0.021 699
17 [ 0.000004 | 0.000014 0.000118 0.000 596 0.002 124 0.005 786 0.012 764
18 | 0.000 001 0.000004 0.000039 0.000232 0.000 944 0.002 893 0.007 091
19| - 0.000 001 0.000012 0.000085 0.000 397 0.001 370 0.003 732
20| - - 0.000004 0.000030 0.000 159 0.000617 0.001 866
21 | - - 9.000001 0.000010 0.000 061 0.000 264 0.000 889
22 - - 0.000003 0.000 022 0.000108 0.000 404
23| - - - 0.000001 0.000 008 0.000 042 0.000 176
24 | — - - - 0.000 003 0.000016 0.000073
25 | — - - - 0.000001 0.000 006 0.000029
26 | — - — - — 0.000 002 0.000011
27 | - - - — - 0.000 001 0.000004
28 | - - - - - - 0.000 001
29 | - - - - - - 0.000001




98

0.5 Tables of values of special functions

0. Formulas, Graphs and Tables

Remark on the following tables:
Some of these tables are taken from [21].

0.5.1 The gamma functions I'(z) and 1/I'(x)

Remark on this table: Sece also section 1.14.16.

x Ir'(z) 1/T(x) ] r(x) 1/0(x) z L(x) 1/0(x)
1.00 1.00000 1.0000 1.40 0.887 26 1.1270 1.70 0.908 64 1.1005
1.01 0.994 33 0057 1.41 886 76 1277 1.71 91057 0982
1.02 988 84 0113 1.42 886 36 1282 1.72 91258 0958
1.03 983 53 0167 1.43 886 04 1286 1.73 914 67 0933
1.04 97844 0220 1.44 88581 1289 1.74 916 83 0907
1.05 973 50 0272 1.45 885 66 1291 1.75 918 06 0881
1.06 968 74 0323 1.46 88560 1291 1,76 92137 0854
1.07 964 13 0372 1.47 88563 1291 1.77 923 76 0825
1.08 95973 0420 1.48 88575 1291 1.78 926 23 0796
1.09 95546 046 6 1.49 88595 1288 1.79 92877 076 7
1.10 0.951 35 1.0511 1.50 0.886 23 1.1284 1.80 0.93138 1.0737
1.11 94740 0555 1.51 886 59 1279 1.81 934 08 0706
1.12 943 59 0598 1.52 88704 1273 1.82 936 85 0674
1.13 93993 0639 1.53 88757 1267 1.83 939 69 0642
1.14 936 42 0679 1.54 88818 1259 1.84 942 61 0609
1.15 93304 0718 1.55 888 87 1250 1.85 945 61 0575
1.16 929 80 0755 1.56 889 64 1240 1.86 948 69 054 1
1.17 926 70 0791 1.57 89049 1230 187 951 84 0506
1.18 92373 0826 1.58 891 42 1218 1.88 95507 0471
1.19 92089 0859 1.59 80243 1205 1.89 958 38 0435
1.20 0.91817 1.0891 1.60 (.893 52 1.1191 1.90 0.96177 1.0398
1.21 91558 0922 1.61 894 68 1177 191 965 23 0360
1.22 91311 0952 1.62 895 92 116 1 1.92 968 77 0322
1.23 91075 0980 1.63 807 24 1145 1.03 972 40 0284
1.24 908 52 1007 1.64 898 64 1128 1,94 976 10 0245
1.25 906 40 1032 1.65 90012 1109 1.95 979 88 0206
1.26 904 40 1057 1.66 901 67 1091 1.96 98374 0165
1.27 902 50 1080 1.67 903 30 1071 1.97 987 68 01235
1.28 90072 1102 1.68 905 00 1049 1.98 99171 008 3
1.29 89904 1123 1.69 906 78 1028 1.99 995 81 0042
1.30 0.89747 1.1142 If z is a natural number n with n > 1, then
1.31 896 00 1161 I'(n) = (n — 1)1,
1.32 89464 1178 so that, for example, I'(2) = 1.
1.33 89338 1194 To calculate I'(x) for z which is less than 1 but not an
L34 89222 1208 integer, one can use the formula
1.35 89115 1222 T(z+1)

MNz)= ——=
1.36 890 18 1234 (z)
1.37 88931 1244 If x > 2, then for the calculation the formula
1.38 888 54 1254 F(£)=($*1)F(T—l)
1.39 BBT 85 1263

can be used.
Ezxamples:
1. I'~-0.2) = I{0.8) =— UL = 70'931 38 = —5.82113.
—0.2 0.2-08 0.16

2. T(32)=22-T(22)=22-12-2I(1.2) = 2.2-1.2- 0.918 17 = 2.42397.
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0.5.2 Cylinder functions (also known as Bessel functions)
Remark: See also section 1.14.22.
@ | Jo(z) ] Ji(z) | Ya{z) j Yi () | I() ] (=) | Ko(z) | K1 (x)
0.0 +1.0000| +0.0000 —00 -0 1.000 0.000 oo oo
0.1| +0.9975| +0.0499| -1.5342| -6.4590| 1.003 0.0501 | 2.4271 9. 8538
02| 40990 | +0.0995] -1.0811] -3.3238| 1.010 0.1005 | 1.7527 4. 7760
03| +0.9776 | +0.1483 | -0.8073| -2.2031| 1.023 0.1517 | 1.3725 3. 0560
04| +0.9604 | +0.1960| -0.6060] -1.7809 | 1.040 0.2040 | 1.1145 2. 1844
05| +0.9385| +0.2423 -0.444 5 -1.4715 1.063 0.2579 [ 0.9244 1. 6564
06 +0.9120( +0.2867 -0.3085 -1.2604 1.092 0.3137 | 0.7775 1. 3028
0.7| +0.8812| +0.3290 -0.1907 -1.1032 1.126 0.3719 | 0.6605 1. 0503
08| +0.8463 | +0.3688 —0.0868 -0.9781 1.167 0.4329 | 0.5653 0. 8518
09| +0.8075| 404059 | -+0.0056 -0.8731 1.213 0.4971 | 0.4867 0. 7165
1.0 +0.7652 | +0.4401 +0.0883 -0.7812 1.266 0.5652 | 0.4210 0. 6019
1.1 +0.7196 | +40.4709 | +0.1622 -0.6981 1.326 0.6375 | 0.3656 0. 5098
1.2| +0.6711] +0.4983 | +0.2281| -0.6211| 1.394 0.7147 | 0.3185 0. 4346
1.3 +0.6201 +0.5220 | +0.2865 -0.5485 1.469 0.7973 | 0.2782 0. 3725
14| +0.5669 | +0.5419 | +0.3379| -0.4791| 1.553 0.8861| 0.2437 0. 3208
1.5| +0.5118 | +0.5579 | +0.3824 -0.4123 1.647 0.9817 | 0.2138 0. 2774
1.6( +0.4554, +0.5699 | +0.4204| -0.3476 | 1.750 1.085 | 0.1880 0. 2408
1.7 +0.3980 | +0.5778 | +0.4520 -0.2847 1.864 1.196 0.1655 0. 2094
1.8| +0.3400 | +0.5815 | +0.4774| -0.2237| 1.990 1.317 | 0.1459 0. 1826
1.9| +0.2818 | +0.5812 | +0.4968 | -0.1644| 2128 1.448 | 0.1288 0. 1597
20| +0.2239 | +0.5767 | +0.5104| -0.1070| 2.280 1.591 0.1139 0. 1399
21| +0.1666 | +0.5683 | 40.5183| -0.0517| 2.446 1.745 | 0.1008 Q. 1227
2.2| 40,1104 | +0.65601} -+0.5208 | -+0.00156 2.629 1.914 0.089 27 0. 1079
2.3 +0.0555 | +0.5399 | +0.5181| +40.0523 2.830 2.098 0.07914 0. 09498
24| +0.0025| +0.5202( +0.5104 | +0.1005 3.049 2.208 0.070 22 0. 08372
2.5 0.0484 | +0.4971| +0.4981 | +0.1459 3.290 2.517 0.062 35 0. 07389
26| -0.0068| 10.4708 | +0.4813| 40.1884 3.553 2.755 0.056540 0. 06528
2.7, 0.1424 1+0.4416 | +0.4605| +0.2276 3.842 3.016 0.049 26 0. 05774
2.8 0.1850{ +0.4097 | +0.4359| +0.2635 4.157 3.301 0.043 82 0. 05111
29, -0.2243 | 403754 | 40.4079| +0.2959 4.503 3.613 0.03901 0. 04529
30| -0.2601( +40.3391| +0.3769| +0.3247 4,881 3.953 0.03474 0. 04016
3.1 -0.2921| +0.3009 | +0.3431| +0.3496| b5.204 4.326 | 0.03095 | 0. 03563
3.2| -0.3202| +0.2613( +0.3070| +0.3707| 5.747 4734 | 0.02759 | 0. 03164
33| -0.3443| +0.2207| +0.2691| +0.3879| 6.243 5.181 | 0.02461 | 0. 02812
3.4 -0.3643 | 10.1792| +0.2296 | +0.4010 6.785 5.670 0.02196 0. 02500
35| -0.3801| +0.1374 | +0.1890| +0.4102| 7.378 6.206 | 0.01960 | 0. 02224
3.6 -0.3918 | 40.0955| +40.1477| +0.4154 8.028 6.793 0.017 50 0. 01979
3.7 -0.3992 | 40.0538 | 40.1061 +0.4167 8.739 7.436 0.01563 0. 01763
3.8| -0.4026 | 40.0128 | +0.0645| +0.4141| 9.517 8.140 | 0.01397 | 0. 01571
3.9 0.4018 0.0272| +0.0234| +0.4078 10.37 8.913 0.01248 0. 01400
40{ -0.3971| -0.0660 -0.0169| +0.3979 | 11.30 9.759 | 0.01116 | 0. 01248
4.1 —0.3887 —0.1033 —0.0561  +0.3846 | 12.32 10.69 0.009980 | 0. 01114
42| -0.3766| -0.1386( -0.0938| +0.3680| 13.44 11.71 0.008927 | 0. 009938
43| -0.3610 -0.1719 -0.1296 | +0.3484 | 14.67 12.82 0.007988 | 0. 008872
4.4 —0.3423 -0.2028 -0.1633 | +0.3260 16.01 14.05 0.007 149 [ 0. 007923
45| -0.3205| -0.2311| -0.1947| +0.3010| 17.48 15.39 0.006 400 [ 0. 007078
46| -0.2961 ~0.256 6 —0.2235 | +0.2737| 19.09 16.86 0.005730 | 0. 006325
4.7 -0.2693 -0.2791 —0.2494 | +0.2445 | 20.86 18.48 0.005132 [ 0. 005654
4.8 -0.2404 —0.298 5 -0.2723 | +0.2136 | 22.79 20.25 0.004597 | 0. 005055
49| -0.2097| -0.3147| —0.2921| +0.1812| 24.91 22.20 0.004119 | 0. 004521
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e [ @ | h@ | Yo@ | Yile) | b@ | L@ | K@ [ K@)

50 | -0.1776 | -0.3276 | -0.3085 | +0.1479 27.94 24.34 | 3691.10-% | 4045.10-6
51 | -0.1443 | -0.3371 | -0.3216 | +0.1137 29.79 26.68 | 3308106 | 3619.10~°
52 | -0.1103 | —0.3432 | -0.3313 | +0.0792 32,58 29.25 | 2966 -10~% | 3239.10°°
5.3 | —0.0758 | —0.3460 | -0.3374 | +0.0445 35. 65 32.08 | 2659-107% | 2900.10"¢
5.4 | -0.0412 0.3453 | -0.3402 | +0.0101 39.01 35.18 | 2385-107° | 2597 -10°°
55 | -0.0068 | -0.3414 | -0.3395| -0.0238 42,69 38.50 | 2139.10-° | 2326 - 10~°
56 | +0.0270 | -0.3343| -0.3354 | -0.0568 46.74 42.33 | 1918 -10-% | 2083 -10—°
5.7 | +0.0599 | -0.3241| -0.3282 | -0.0887 51.17 46.44 | 1721-107% | 1866106
5.8 | 40.0917 | -0.3110| -0.3177| -0.1192 56.04 50.95| 15441076 | 1673.10°°
5.9 | 4+0.1220 | -0.2951 | -0.3044 | -0.1481 61.38 55.90 | 1386-10-6 | 1499.10~°
6.0 | 4+0.1506 | —0.2767 | -0.2882 | -0.1750 67.23 61.34 | 1244-107% | 1344.10°°
6.1 | 4+0.1773 | -0.2559 | -0.2694 | -0.1998 73.66 67.32 | 1117-10-6 [ 1205.107°
6.2 | 4+0.2017 | -0.2329 | -0.2483 | -0.2223 80.72 73.89 | 1003-1075 [ 1081-10"¢
6.3 | +0.2238 | -0.2081 | —0.2251 | -0.2422 88.46 81.10 | 9001 -10-7 | 9691-10""
6.4 | 40.2433 | -0.1816 | —0.1999 | -0.2596 96. 96 89.03 | 8083-10"7 | 8693.10°7
6.5 | +0.2601 | —0.1538 | -0.1732 | -0.2741] 106.3 97.74 | 7259-1077 | 7799 .10°7
66 | 4+0.2740 | —0.1250| -0.1452 | —0.2857 | 116.5 107.3 | 6520107 | 6998107
6.7 | +0.2851 | —0.0953 | —0.1162 | —0.2045 | 127.8 117.8 | 5857-10"7 | 6280107
6.8 | +0.2931| -0.0652 | -0.0864 | -0.3002 | 140.1 129.4 | 5262-10-7 | 5636107
69 | +0.2981 | -0.0349 | -0.0563 | -0.3029 | 153.7 142.1 | 4728-10"7 | 5059 . 10—~
7.0 | 40.3001 | -0.0047 | -0.0259 | -0.3027 | 168.6 156.0 | 42481077 | 4542107
7.1 | 40.2991 | +0.0252 | +0.0042 | —0.2995| 185.0 171.4 | 3817-10~7 | 4078 - 107
7.2 | 40.2951 | +0.0543 | +0.0339 | -0.2934 | 202.9 188.3 | 3431-1077 | 3662.10°7
7.3 | 4+0.2882 | 40.0826 | +0.0628 | -0.2846 | 222.7 206.8 | 3084-107 | 32881077
74 | 40.2786 | +0.1096 | 4+0.0907 | —0.2731 | 244.3 227.2 | 2772-10-7 | 20531077
7.5 | 40.2663 | 4+0.1352 | 40.1173 | -0.2591 | 268.2 249.6 | 2492.107 | 2653 - 10”7
7.6 | 40.2516 | +0.1592 | +0.1424 | —0.2428 | 294.3 274.2 | 22401077 | 2383.1077
7.7 | +0.2346 | +0.1813 | +0.1658 | —0.2243 | 323.1 301.3 | 2014-10~7 | 2141 1077
7.8 | 4+0.2154 | +0.2014 | +0.1872 | -0.2039 | 354.7 331.1 | 1811-1077 | 1924-10°7
7.9 | +0.1944 | 4+0.2192 | +0.2065 | -0.1817 | 389.4 363.9 | 1629-10-7 | 1729-10"7
8.0 | +0.1717 | +0.2346 | +0.2235 | -0.1581 | 427.6 399.9 | 1465-10—7 | 15541077
8.1 | +0.1475 | +0.2476 | +0.2381 | -0.1331 | 469.5 439.5 | 1317-107 | 1396-10~7
8.2 | 40.1222 | +0.2580 | +0.2501 | -0.1072 | 515.6 483.0 | 1185-10-7 | 1265-10~7
8.3 | +0.0960 | +0.2657 | +0.2595 | —0.0806 | 566.3 531.0 | 1066-10~7 | 1128-10"7
8.4 | +0.0692 | +0.2708 | +0.2662 | —0.0535 | 621.9 583.7 | 9588.10-% | 1014-10~7
8.5 | 4+0.0419 | 40.2731 | +0.2702 | -0.0262 | 683.2 641.6 | 8626-10~% | 9120 1078
8.6 | +0.0146 | +0.2728 | +0.2715 | 40.0011 | 750.5 705.4 | 7761-10"% | 8200 108
8.7 | —0.0125 | +0.2697 | +0.2700 | +0.0280 | 824.4 775.5 | 6983-10~8 | 7374.10°8
8.8 | —0.0392| +0.2641 | +0.2659 | +0.0544 | 905.8 852.7 | 6283-.10-% | 6631108
89 | —0.0653 | +0.2559 | +0.2592 | +0.0799 | 995.2 937.5 | 5654-10"8 | 5964.1078
9.0 | —0.0903 | +0.2453 | +0.2499 | +0.1043 | 1094.0 | 1031.0 | 5088-10-3 | 5364.10"8
9.1 | -0.1142 | +0.2324 | +0.2383 | +0.1275 | 1202.0 | 1134.0 | 4579-107% | 4825.10°8
9.2 | —0.1367 | +0.2174 | +0.2245 | +0.1491 | 1321.0 | 1247.0 | 4121-10"8 | 4340-10"%
9.3 | —0.16577 | +0.2004 | +0.2086 | +0.1691 | 1451.0 | 1371.0 | 3710-108 | 3904-10~8
94 | —0.1768 | +0.1816 | +0.1907 | +0.1871 | 1595.0 | 1508.0 | 3339-10-8 | 3512-10~8
9.5 | —0.1939 | +0.1613 | +0.1712 | +0.2032 | 1753.0 | 1685.0 | 3006 10" | 3160-107°
9.6 | —0.2000 | +0.1395 | +0.1502 | +0.2171 | 1927.0 | 1824.0 | 2706-10® | 284310 ®
0.7 | -0.2218 | 40.1166 | +0.2179 | 40.2287 | 2119.0 | 2006.0 | 2436-10-8 | 2559.10—*
9.8 | —0.2323 | +0.0928 | +0.1045 | +0.2379 | 2329.0 | 2207.0 | 2193-10-8 | 2302108
9.9 | —0.2403 | 40.0684 | +0.0804 | +0.2447 | 2561.0 | 2428.0 | 1975-10~8 [ 2072.10~8
10.0| —0.2459 | 40.0435 | +0.0557 | +0.2490 | 2816.0 | 2671.0 | 1778-10"% | 18651078
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Some values of Bessel functions of higher order p, for integral arguments

For p = 0.5, 1.5 and 2.5 see the table Spherical cylinder functions below.

P 1) | B2 | BB | J@) Ip(5)
0| +0.7652 +0. 2239 0. 2601 -0. 3971 0. 1776
1.0| +0. 4401 +0. 5767 +40. 3391 -0, 06604 0. 3276
2.0| +0.1149 +0. 3528 +0. 4861 +0. 3641 +0. 04857
30| +40.01956 +0. 1280 +0. 3091 +0. 4302 +0. 3648
35| +40.7186-1072 | +0. 06852 +0. 2101 +0. 3658 +0. 4100
40| 40.2477.10°%2 |  +0. 03400 +0. 1320 +0. 2811 +0. 3912
45| +0. 807-10~3 +0. 01589 +0. 07760 +0. 1993 +0. 3337
5.0 +0.2498.10~3 | +40. 7040:10~2 [ 40. 04303 +0. 1321 +0. 2611
55| +40. 74.1074 +0. 20731072 | 40. 02266 +0. 08261 +0. 1906
6.0 +0.2094.10-% | +0. 12021072 | +0. 01139 +0. 04909 +0. 1310
65| +0.610°° +0. 467-1073 +0. 5493102 +0. 02787 +40. 08558
7.0 +40. 1502-10~% +0. 1749-1073 | 40. 2547-1072 | +0. 01518 +0. 05338
8.0 +40. 9422.10~7 +0. 2218-10—4 +40. 4934.1073 +0. 4029-10~2 40. 01841
9.0] +0.5249107% | 40.249210°5 | 40. 8440.10~* | +0. 9386-10~% | 40. 5520-10~2
10.0] +40.2631-107% | +0. 25151076 | +0. 12031074 | +0. 1950-1073 | 4+0. 1468-102
P Jp(6) | B | Jp(8) | Ip(9) Jp(10)
0| +0. 1506 +0. 3001 +0. 1717 -0. 09033 0. 2459
10| -0.2787 —0. 4683-10=2 |  40. 2346 +0. 2453 +0. 04347
20| -0.2429 0. 3014 —0. 1130 +0. 1448 +0. 2546
3.0| +40. 1148 0. 1676 -0. 2911 -0. 1809 +0. 058 38
35| +0. 2671 —0. 340 3.10~2 ~0. 2326 -0. 2683 -0. 09965
40| +0.3576 +0. 1578 0. 1054 -0. 2655 -0. 2196
45| +0.38486 +0. 2800 +0. 04712 ~0. 1839 -0. 2664
50| +0. 3621 +0. 3479 +0. 1858 0. 05504 -0. 2341
55| +0.3098 +0. 3634 +0. 2856 +0. 08439 0. 1401
8.0 +0. 2458 +0. 3392 +0. 3376 +0. 2043 —0. 01446
6.5| +0.1833 +0. 2811 +0. 3456 +0. 2870 +0. 1123
7.0  +0.1296 +0. 2336 +0. 3206 +0. 3275 +0. 2167
8.0| +0. 05653 +0. 1280 +0. 2235 +0. 3051 +0. 3179
9.0| +0.02117 +0. 03892 +0. 1263 +0. 2149 +0. 2919
10.0| +0. 6964-1072 [ +0. 02354 +0. 06077 +0. 1247 +0. 2075
P Jp(11) | Jp(12) | Jp(18) | Jp(14) Jp(15)
0| -0.1712 +0. 04769 +0. 2069 +0. 1711 -0. 01422
10/ -0.1768 -0. 2234 -0. 07032 +0. 1334 +0. 2051
20| +0.1390 -0. 08493 -0. 2177 -0. 1520 +0. 04157
30| +0.2273 +0. 1951 +0. 3320-10~2 0. 1768 -0. 1940
35( +0.1294 +0. 2348 +0. 1407 —0. 06245 0. 1991
40| -0. 01504 +0. 1825 +0. 2193 +0. 07624 -0. 1192
45| -0.1519 +0. 06457 +0. 2134 +0. 1830 +0. 7984-10*
50f -0.2383 -0. 07347 +0. 1316 +0. 2204 +0. 1305
55| -0.2538 -0. 1864 +0. 70551072 | 40. 1801 +0. 2039
6.0| -0.2016 -0. 2437 -0. 1180 +0. 08117 +0. 206 1
65| -0.1018 -0. 2354 -0. 2075 —0. 04151 +0. 1415
7.0 +0. 01838 0. 1703 -0. 2406 -0. 1508 +0. 03446
80| +0.2250 +0. 045 10 -0. 1410 -0. 2320 -0. 1740
9.0| +0. 3089 +0. 2304 +0. 066 98 0. 1143 —0. 2200
10.0| +0. 2804 +0. 3005 +0. 2338 +0. 08501 —0. 09007
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P| Jp(18) | (7 | Jp(18) Ip(19) Jp(20)
0 -0.1749 —-0.1699 —0.01336 +0.146 6 +0.1670
1.0 +0.09040 0.09767 -0.1880 —-0.1057 +0.066 83
2.0 +0.1862 +0.158 4 —-0.7533-102 —0.1578 -0.1603
3.0 -0.04385 +0.1349 10.186 3 +0.07249 0. 098 90
3.5 -0.1585 +0.01461 +0.1651 +0.1649 +0.021 52
4.0 —0.2026 -0.1107 +0.069 64 +0.1806 +0.1307
4.5 —0.1619 ~0.1875 —0.05501 +0.1165 +0.1801
5.0 -0.05747 -0.1870 -0.1554 +0.3572:10~2 +0.1512
5.5 +0.067 43 -0.1139 -0.1926 —0.1097 +0.059 53
6.0 +0.166 7 +0.7153.10°3 -0.1560 -0.1788 -0.05509
6.5 +0.2083 +0.1138 —0.06273 —0.1800 —0.1474
7.0 +0.1825 +0.1875 +0.051 40 -0.1165 ~0.1842
8.0 -0.7021.10~2 +0.1537 +0.1959 +0.092 94 ~0.07387
9.0 —0.1895 -0.042 86 +0.1228 +0.1947 +0.1251
10.0 -0.2062 -0.1991 -(0.07317 +0.09155 +0.186 5
Spherical cylinder functions (Bessel functions) Ji(n41/2)
E Ji/2 J3/a | Js/s2 I J_1/2 ] J_3/2 J_5/2
0 0.0000 0.0000 0.0000 +oo —00 +oo
1 +0.6714 +0.2403 +0.0495 +0.4311 -1.1025 +2.8764
2 +0.5130 +0.4913 +0.2239 —0.2348 -0.3956 +0.8282
3 +0.0650 +0.4777 +0.4127 -0.4560 +0.0870 +0.3690
4 -0.3019 +0.1853 +0.4409 -0.2608 +0.367 1 -0.0146
5 —0.3422 -0.1697 +0.2404 +0.1012 +0.3219 —0.2044
6 -0.0910 —0.3279 ~0.0730 +0.3128 +0.0389 -0.3322
7 +0.198 1 -0.1991 —0.2834 +0.2274 —0.2306 —0.1285
8 +0.2791 +0.0759 -0.2506 -0.0410 -0.2740 +0.143 8
9 +0.1096 +0.2545 —0.0248 —0.2423 -0.0827 +0.2699
10 —0.1373 +0.1980 +0.196 7 -0.2117 +0.158 4 +0.164 2
11 0.2406 -0.0229 +0.2343 +0.001 1 +0.2405 —0.0666
12 -0.1236 -0.2047 +0.0724 +0.1944 +0.1074 —0.2212
13 +0.0930 -0.1937 -0.1377 +0.2008 -0.1084 -0.1758
14 +0.211 2 -0.0141 —0.2143 +0.0292 -0.2133 +0.0166
15 +0.1340 +0.165 4 -0.1009 —0.1565 -0.1235 +0.1812
16 —0.0574 +0.1874 +0.0926 —0.1910 +0.069 4 +0.1780
17 -0.1860 +0.0423 +0.1935 -0.0532 +0.1892 +0.019 5
18 -0.1412 -0.1320 +0.1192 +0.1242 +0.1343 —0.1466
19 +0.0274 —0.1795 -0.0558 +0.1810 -0.0370 —0.1756 1
20 +0.1629 -0.0647 0.1726 10.0728 0.166 5 -0.0478
21 +0.1457 +0.1023 -0.1311 —0.0954 -0.1411 +0.1155
22 -0.0015 +0.1700 +0.0247 0.1701 +0.009 2 +0.1688
23 -0.1408 +0.0825 +0.1516 —0.0886 +0.1446 +0.0698
24 -0.1475 -0.0752 +0.1381 +0.069 1 +0.1446 -0.0872
25 -0.0211 -0.1590 +0.0020 +0.1582 +0.0148 ~0.1599
26 +0.1193 -0.096 6 —-0.1305 +0.1012 -0.1232 -0.0870
27 +0.1469 +0.0503 —0.1413 —0.044 9 0.1452 +0.0610
28 +0.0408 +0.146 6 —0.025 1 -0.1451 -0.0357 +0.1490
29 —0.0983 +0.1074 +0.1094 -0.1108 +0.1021 +0.1003
30 —0.1439 -0.0273 +0.141 2 +0.0225 +0.1432 -0.0368
31 -0.0579 —0.1330 +0.0450 +0.1311 +0.0537 -0.1363
32 +0.0778 —0.1152 -0.0886 40.1177 -0.0814 -0.1100
33 +0.1389 +0.0061 —0.1383 -0.0018 -0.1388 +0.0145
34 +0.0724 +0.1182 -0.0620 -0.1161 —0.0690 +0.1222
35 —0.0578 +0.1202 +0.068 0 -0.1219 +0.061 2 +0.1166
36 -0.1319 40.0134 +0.1330 —0.0170 +0.1324 +0.0060
37 —0.0844 ~0.1027 +0.076 1 +0.1004 +0.081 7 -0.1070
38 +0.0384 —0.1226 —0.0480 +0.1236 —0.0416 -0.1203
39 +0.1231 -0.0309 —0.1265 +0.034 1 —0.1240 -0.0245
40 +0.0040 40.086 5 ~0.0875 —0.0841 —0.0919 +0.0010
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The nt" zero of some Bessel functions
n p=20 p=1 p=2 | p=3 | p=4 ‘ p=2>5
1 2.405 3.832 5.135 6.379 7.588 8.771
2 5.520 7.016 8.417 9.760 11.064 12.339
3 8.654 10.173 11.620 13.015 14.373 15.700
1 11.792 13.323 14.796 16.224 17.616 18.980
b 14.931 16.470 17.960 19.410 20.827 22.218
6 18.071 19.616 21.117 22.583 24.018 25.430
7 21.212 22.760 24.270 25.749 27.200 28.627
8 24.353 25.903 27.421 28.909 30.371 31.812
9 27.494 29,047 30.569 32.065 33.537 34.080
0.5.3 Spherical functions (Legendre polynomials)
Remark: See also section 1.13.2.13.
c=R@| B | B | R | B | B | AE
0.00 -0. 5000 0. 0000 0. 3750 0. 0000 -0.3125 0. 0000
0.05 —0. 496 2 0. 0747 0.3657 0.0927 0. 2962 0. 1069
0.10 ~0. 4850 —0. 1475 0.3379 0.1788 —0. 2488 —0.1995
0.15 0. 466 2 -0. 2166 0.2028 0.2523 -0. 1746 -0. 2649
0.20 —0. 4400 —0. 2800 0. 2320 0. 3075 -0. 0806 -0. 2935
0.25 0. 406 2 0. 3359 0.1577 0.3397 +0. 0243 —0.2799
0.30 —0. 3650 -0. 3825 +0. 0729 0. 3454 0.1292 —0. 2241
0.35 0. 3162 0. 4178 —0.0187 0.3225 0.2225 ~0.1318
0.40 0. 2600 -0. 4400 —0. 1130 0. 2706 0.2926 -0.0146
0.45 0. 1962 0. 4472 —0. 2050 0.1917 0.3290 +0. 1106
0.50 -0. 1250 -0. 4375 —0. 2891 +0. 0898 0.3232 0. 2231
0.55 —0. 0462 0. 4091 -0. 3590 -0.0282 0.2708 0.3007
0.60 -+0. 0400 -0. 3600 -0. 4080 0. 1526 0.1721 Q.32286
0.65 0.1338 0. 2884 -0. 4284 -0. 2705 +0. 0347 0.2737
0.70 0. 2350 -0. 1925 0. 4121 0. 3652 ~0.1253 +0. 1502
0.75 0. 3438 -0. 0703 -0. 3501 -0. 4164 -0. 2808 -0.0342
0.80 0. 4600 +0. 0800 -0. 2330 —-0. 3995 —0. 3918 -0.2397
0.85 0. 5838 0. 2603 -0. 0506 —0.2857 —0. 4030 -0.2913
0.90 0. 7150 0. 4725 40. 2079 -0. 0411 —0.2412 -0. 3678
0.95 0. 8538 D. 7184 0.5541 +0. 3727 +0. 1875 +0. 0112

One has: P,(l)=1foralln=1,2,...

P()(.I) =
Py(z) =

Py(z) =

1, Pi(z) = x,
1

5(352 — 1),
1.3

§(5a: — 3x),

Py(z) = %(353;4 — 3022 + 3).

Py(z) =

1
§(6Bm5 —702% + 15z),

1
Ps(z) = E(231ac6 — 3152* 4+ 10522 — 5),

1
Pr(z) = E(zugz? — 6932° + 3152° — 35z),
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0.5.4 Elliptic integrals

Remark: See also section 1.14.19.
a) Elliptic integrals of the first kind F(k, ¢}, k = sina.

1 a=0° | 10° 20° 30° 40°
©=0° 0.0000 0.000 0 0.000 0 0.0000 0.0000
10 0.1745 0.1746 0.1746 0.1748 0.1749
20 0.3491 0.3493 0.349 9 0.3508 0.3520
30 0.5236 0.5243 0.526 3 0.5294 0.5334
40 0.6981 0.699 7 0.7043 0.7116 0.7213
50 0.8727 0.8756 0.8842 0.898 2 09173
60 1.0472 1.0519 1.0660 1.0896 1.1226
70 1.2217 1.2286 1.2495 1.2853 1.3372
80 1.3963 1.4056 1.4344 1.4846 1.5597
90 1.5708 1.5828 1.6200 1.6858 1.7868
J o= 50° 60° 70° 80° 90°
»=0° 0.0000 0.0000 0.0000 0.0000 0.0000
10 0.1751 0.1752 0.1753 0.1754 0.1754
20 0.3533 0.3545 0.3555 0.356 1 0.3564
30 0.5379 0.5422 0.5459 0.5484 05493
10 0.7323 0.7436 0.7535 0.760 4 0.7629
50 0.9401 0.9647 0.9876 1.004 4 1.0107
60 1.1643 1.2126 1.2619 1.3014 1.3170
70 1.4068 1.4044 1.5959 1.6918 17354
80 1.6660 1.8125 2.0119 2.2653 24362
90 1.9356 2.1565 2.504 6 31534 o
b) Elliptic integrals of the second kind E(k, ), k = sin c.
a=0° 10° J 20° 30° a0°
p=0° 0.0000 0.0000 0.0000 0.0000 0.0000
10 0.1745 0.1745 0.1744 0.1743 0.1742
20 0.349 1 0.348 9 0.3483 0.3473 0.346 2
30 0.5236 0.5229 0.5209 0.5179 0.5141
40 0.698 1 0.396 6 0.6921 0.685 1 0.6763
50 0.8727 0.869 8 0.8614 0.848 3 0.8317
60 1.0472 1.0426 1.0290 1.0076 0.9801
70 12217 1.2149 1.1949 1.1632 11221
80 1.3963 1.3870 13597 1.3161 1.2590
90 1.5708 1.5589 1.5238 1.4675 1.3931
o = 50° 60° J 70° 80° 90°
P=0° 0.0000 0.0000 0.0000 0.0000 0.0000
10 0.1740 0.1739 0.1738 11737 0.1736
20 0.3450 0.3438 0.3429 0.3422 0.3420
30 0.5100 0.506 1 0.5029 0.5007 0.5000
40 0.666 7 0.657 5 0.6497 0.6446 0.6428
50 0.8134 0.7954 0.7801 0.7697 0.7660
60| 0.9493 0.9184 0.8914 0.8728 0.866 0
70 1.0750 1.0266 0.9830 0.9514 0.9397
80 1.1926 1.1225 1.0565 1.005 4 0.9848
90 1.3055 12111 1.1184 1.0401 1.0000
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¢) Complete elliptic integrals K and E, k = sina; for a = 90°, we set K= oo, E=1.

S K [ ® [ @] x [ & [ ] x [ ¢

0 1.5708 1.5708 30 1.6858 1.4675 60 2.1565 12111
1 1.5709 1.5707 31 1.6941 1.4608 61 2.1842 1.2015
2 1.5713 1.5703 32 1.7028 1.4539 62 2.2132 1.1820
3 1.5719 1.5697 33 1.7119 1.4469 63 2.2435 1.1826
4 1.5727 1.5689 34 1.7214 1.4397 64 2.2754 1.1732
5 1.6738 1.5678 35 1.7312 1.4323 65 2.3088 1.1638
6 1.6751 1.566 5 36 1.7415 1.4248 66 2.3439 1.154 5
7 16767 1.5649 37 1.7522 1.4171 67 2.3809 1.1453
8 1.5785 1.563 2 38 1.7633 14092 68 2.4198 1.136 2
9 1.5805 1.5611 39 1.7748 1.4013 69 2.4610 1.1272
10 1.5828 1.5589 40 1.786 8 1.3931 70 2.504 6 1.1184
11 1.5854 1.556 4 41 1.7992 1.3849 71 2.5507 1.1096
12 1.5882 1.6537 42 1.8122 1.3765 72 2.5908 1.1011
13 1.5913 1.5507 43 1.8256 1.3680 73 2.6521 1.0927
14 1.5946 1.5476 44 1.8396 1.3594 74 2.7081 1.0844
15 1.5981 1.5442 45 1.8541 1.3506 75 2.7681 1.0764
16 1.6020 1.5405 46 1.8691 1.3418 76 2.8327 1.0686
17 1.6061 1.536 7 47 1.884 8 1.3329 7 2.9026 1.0611
18 1.6105 1.5326 48 1.9011 1.3238 78 2.9786 1.0538
19 1.6151 1.5283 49 1.9180 1.3147 79 3.0617 1.046 8
20 1.6200 1.5238 50 1.9356 1.3055 80 3.1534 1.0401
21 1.6252 1.5191 51 1.9539 1.2963 81 3.2553 1.0338
22 1.6307 1.5141 52 19729 1.2870 82 3.3699 1.0278
23 1.636 5 1.5090 53 1.9927 1.2776 83 3.5004 1.0223
24 1.6426 1.5037 54 2.0133 1.2681 84 3.6519 1.0172
25 1.6490 1.4981 55 2.0347 1.2587 85 3.8317 1.0127
26 1.6557 1.4924 56 20571 1.2492 86 4.0528 1.0086
27 1.6627 1.4864 57 2.0804 1.2397 87 4.3387 1.0053
28 1.6701 1.4803 58 21047 1.2301 88 4.7427 1.0026
29 1.6777 1.4740 59 2.1300 1.2206 89 5.4349 1.0008

sin @

@

dip dz
F(k,p) = = )
(:¢) !Jl—kzsin2¢ / V1i—22y1 - k22?2

© sin @
E(k, gs)r/\/l—kzsinzwdtp: /
0 0

Ti2
dz

1

T dep f
K:Fk,— = — ’
=7 b/\/l"k2511121’2 ) V-2V - k2a?

/2 1

=E(k. Y= [ /1-k2sin? - 1- k2
E=E(k, 2) f 1— kZsin® ¢ de / T2 dr
o 0

4(n+1)? / Ez"dz — (2rn + 3)(2n + 5) f Ez"dz

= (2n + 3)2/Km“+1dm —4(n i 1)2/Kz”dz =22""HE — (2n + 3)(1 — 2)K).
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0.5.5 Integral trigonometric and exponential functions

Definition: Sl($)_/

0. Formulas, Graphs and Tables

Ci(x) =

sint

o0

—dt,

si(z) = Si(x) - g:*/‘

_/cc-stdEE

T

1
Ei(z) = ] %dt,

>

xT

fa —00
/at
li(z) ] T li(z) = Ei(lnz).
0

ﬂ Si(w)—‘ Ci(z) L Ei(w)—[ l Si(z) L Ci(x) T Ei(z)
0.00 0. 0000 —00 —00 0.40 0.3965 -0.3788 0.1048
0.01 0.0100 —4.0280 -4.0179 0.41 0. 406 2 -0.3561 0.1418
0.02 0.0200 -3.3349 -3.3147 0.42 0.4159 —0.3341 0.1783
0.03 0.0300 —2.9296 -2.8991 0.43 0.4256 -0.3126 0.2143
0.04 0.0400 -2,6421 -2.6013 0.44 0.4353 -0.2918 0.2498
0.05 0. 0500 —2.4191 —2.3679 0.45 0.4450 -0.2715 0.2849
0.06 0.0600 2.2371 2.1753 0.46 0.4546 0.2517 0.3195
0.07 0.0700 -2.0833 -2.0108 0.47 0.4643 -0.2325 0.3537
0.08| 0.0800 -1.9501 ~1.8669 | 048] 0.4739 -0.2138 |  0.3876
0.09 0.0900 -1.8328 -1.7387 0.49 0.4835 -0.1956 0.4211
0.10|  0.0999 -1.7279 “1.6228 1 050| 0.4931 —0.1778 | 0.4542
0.11 0.1099 -1.6331 1.5170 0.51 0.5027 -0.1605 0.4870
0.12 0.1199 -1.546 6 -1.4193 0.52 0.5123 -0.1436 0.5195
013 0.1209 ~1.4672 -1.3287 | o0s53| o0.5218 -0.1271 0.5517
0.14 0. 1399 -1.3938 —-1.2438 0.54 0.5313 -0.1110 0.5836
0.15 0.1498 —1.3255 -1.1641 0.53 0.5408 -0.0953 0.6153
0.16 0.1598 1.2618 -1.0887 0.56 0.5503 -0.0800 0.6467
0.17 0.1697 -1. 2020 -1.0172 0.57 0.5588 -0.0650 0.6778
0.18 0.1797 -1.1457 —0.9491 0.58 0.5693 —0.0504 0.7087
0.19 0.1896 -1.0925 0. 8841 0.59 0.5787 —0.0362 0.7384
0.20 0. 1996 —1.0422 -0.8218 0.60 0.5881 -0.0223 0.7699
0.21 0.2095 —-0.9944 —0. 7619 0.61 0.597 35 ~0.0087 0.8002
(.22 0.2194 0.9490 0.7042 0.62 0.6069 +0.004 6 0.8302
0.23 0.2293 —0.9057 ~0. 648 5 0.63 0.6163 0.0176 0.8601
0.24 0.2392 —0.8643 —0.3947 0.64 0.6256 0.0303 0.8898
0.25 0.2491 —0.8247 ~0.5425 0.65 0.6349 0.0427 0.9194
0.26 0.2590 —0.7867 ~0.4919 0.66 0.6442 0.0548 0.9488
0.27 0.2689 ~0.7503 0. 4427 0.67 0.6535 0.0666 0.9780
0.28 0.2788 -0.7153 ~0.3949 0.68 0.6628 0.0782 1.0071
0.29 0.28%86 -0. 6816 —0.3482 0.69 0.6720 0.0895 1.0361
0.30 0.2985 —0.6492 ~0.3027 0.70 0.6812 0.1005 1.0649
0.31 0.3083 -0.6179 —0. 2582 0.71 0.6904 0.1113 1.0936
0.32 0.3182 -0.5877 -0.2147 0.72 0.6996 0.1219 1.1222
0.33 0.3280 —. 5585 ~0.1721 0.73 0.7087 0.1322 1.1507
0.34 0.3378 ~0.5304 —0.1304 0.74 0.7179 0.1423 1.1791
0.35 0. 3476 -0.3031 -0.0894 0.75 0.7270 0.1522 1.2073
0.36 0.3574 —0.4767 -0.0493 0.76 0.7360 0.1618 1.2355
0.37 0.3672 -0.4511 -0.0098 0.77 0.7451 0.1712 1.2636
0.38 0.3770 -0.426 3 +0. 0290 0.78 0.7541 0.1805 1.2916
0.39 0.3867 ~0.4022 0. 067 2 0.79 0.7631 0.1895 1.3195
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z | Si(x) L Ci(x) y Ei(x) | x | Si(x) | Ci(x) ‘ Ei(z)
0.80 0.7721 0.1983 1.3474 2.6 1.8004 0.2533 7.5761
0.81 0.7811 0.2069 1.3752 2.7 1.8182 0.2201 81103
0.82 0.7900 -0.2153 1.4029 2.8 1.8321 0.1865 8.6793
0.83 0.7989 0.2235 1.4306 29 2.8422 0.1529 9.28G0
0.84 0.8078 0.2316 1.4582 3.0 1.8487 0.1196 9.9338
0.85 0.8166 0.2364 1.4857 3.1 1.8517 0.086 99 10.6263
0.86 0.8254 0.2471 1.5132 3.2 1.8514 0.055 26 11.3673
0.87 0.8342 0.2546 1.5407 3.3 1.8481 +0.024 68 12.1610
0.88) - 0.8430 0.2619 1.5681 34 1.8419 —0.004 52 13.0121
0.89 0.8518 0.2691 1.5955 3.5 1.833 1 -0.03213 13.9254
0.90 0.8605 02761 1.6228 3.6 1.8219 —0.05797 14,9063
0.91 0.869 2 0.2829 1.6501 37 1.808 6 ~0.0819 15.960 6
0.92 0.8778 0.2896 1.6774 38 1.7934 -0.1038 17.094 8
0.93 0.8865 0.2961 1.7047 3.9 1.7765 -0.1235 18.3157
0.94 0.8951 0.302 4 1.7319 4.0 1.7682 —0.1410 19.6309
0.95 0.9036 0.3086 1.7591 4.1 1.7387 —0.156 2 21,0485
0.96 0.9122 0.3147 1.786 4 4.2 1.7184 —0.1690 225774
0.97 0.9207 0.3206 1.8136 4.3 1.6973 —0.1795 24.2274
0.98 0.9292 0.3263 1.8407 44 1.6758 -0.1877 26.0090
0.99 0.9377 0.3319 1.8679 4.5 1.654 1 —0.1935 27.9337
10| 09481 0.337 4 1.8951 46| 18325 -0.1970 30.0141
1.1 1.0287 0.3849 2.1674 4.7 1.6110 -0.1984 32.2639
1.2 1.1080 0.4205 2.4421 4.8 1.5900 —0.1976 34.6979
1.3 1.1840 0.4457 2.7214 4.9 1.569 6 0.1948 37.3325
1.4 1.256 2 70,4620 3.0072 5.0 1.5499 ~0.1900 40.1853
1.5 1.3247 0.4704 3.3013 6 1.4247 -0.068 1 85.9898
1.6 1.3892 04717 3.6053 T 1.454 6 +0.076 7 191.505
1.7 1.4496 0.4670 3.9210 8 1.5742 40.1224 440.380
18 1.5058 0.4568 4.2499 9 1.6650 +0.055 35 1037.88
1.9 1.5578 0.4419 4.5937 10 1.6583 0.045 46 2492.23
20 1.6054 0.4230 4.9542 11 1.5783 —0.089 56 6071.41
2.1 1.6487 0.4005 5.3332 12 1.50560 —0.04978 14 959.5
2.2 1.6876 0.3751 5.7326 13 1.4994 +0.026 76 37197.7
2.3 1.7222 0.3472 6.154 4 14 1.556 2 +0.069 40 93192.5
2.4 1.7525 0.3173 6.6007 15 1.6182 +0.046 28 234 956.0
2.5 1.7785 0.2859 7.0738

z [Si@) [Cix) [= [Si(=) | Ci(=)

20 | 1.5482 [ +0.04442 | 120 | 1.5640 | +0.004 78

25 | 1.5315 | —0.00685 | 140 | 1.5722 { +0.00701

30 | 1.5668 | -0.03303 | 160 | 1.5769 | +0.001 41

35 1.5969 | -0.01148 | 180 | 1.5741 | -0.00443

40 1.5870 | +0.01902 | 200 | 1.5684 | —0.004 38

45 | 1.5587 | +0.01863 | 300 | 1.5709 | —0.003 33

50 | 1.5516 | -0.00663 | 400 | 1.5721 { —0.00212

55 [ 1.5707 | -0.01817 | 500 | 1.5726 | —0.00093

60 | 1.5867 | ~0.00481 | 600 | 1.5725 [ 4+0.00008

65 1.5792 | +0.01285 | 700 { 1.5720 | +0.00078

0 1.5616 | 4+-0.01092 | 800 | 1.5714 | +0.001 12

80 1.5723 | —0.01240 { 103 | 1.5702 | +0.00083

90 1.5757 | +0.00999 | 10* | 1.5709 | —0.00003

100 | 1.5622 | -0.00515 | 105 | 1.5708 | +-0.000 00

110 | 156799 ) 0.00032 | oo w2 +0.000 00
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0.5.6 Fresnel integrals

Remark: See also section 0.10.1.

© L C(z) T S(x) T C(x) S(x) T L C(x) j S(x)
0.0 0 8.5 0.6129 0.5755 21.0 0.5738 .5459
01| 0.2521 0.0084 9.0 0.5608 0.6172 215| 0.5423 0.5748
0.2 0.3554 0.0238 2.5 0.4969 0.6286 22.0 0.501 2 0.5849
0.3 0.4331 0.0434 10.0| 04370 0.608 4 225|  0.4607 05742
0.4 0.496 6 0.066 5 10.5 0.3951 0.5632 23.0 0.4307 0.5458
05| 05502 0.0924 11.0| 03804 0.5048 235 | 04181 0.5068
0.6 0.5962 0.1205 11.5 0.3951 0.4478 24.0 0.4256 0.4670
071 0.6356 0.1504 12.0| 0.4346 0.4058 245 04511 0.4361
0.8 0.6693 0.1818 12.5 0.4881 0.3882 25.0 0.4879 0.4212
09| 0.6979 0.2143 13.0] 05425 0.3083 2.5 0.5269 0.4258
1.0| 0.7217 0.2476 13.5 0.53846 0.4325 26.0 0.5586 0.4483
1.5 0.7791 0.4155 14.0 0.6047 0.4818 26.5 0.57556 0.4829
2.0 0.7533 0.5628 14.5 0.5989 0.5337 27.0 0.5738 0.5211
2.5 0.6710 0.6658 15.0 0.5693 0.5758 27.5 0.554 1 0.5534
30| 05610 07117 155] 05240 0.5982 280 05217 0.5721
3.5 0.4520 0.7002 160  0.4743 0.5961 28.5 | 0.4846 6.5731
4.0 0.3682 0.6421 16.5 0.4323 0.5709 29.0 0.4518 0.5562
4.5 0.3252 0.5565 17.0 0.4080 0.5293 29.5 0.4314 0.5260
50| 0.3285 0.4659 175 | 0.4066 0.4818 300| 0.4279 0.4900
5.5 0.3724 0.3918 18.0 0.4278 0.4400 30.5 0.4420 0.4570
6.0 0.4433 0.3499 18.5 0.4660 0.4139 31.0 0.4700 0.4350
6.5 0.5222 0.3471 19.0 0.5113 0.4093 31.5 0.5048 0.4201
7.0 0.5901 0.3812 19.5 0.5528 0.4269 32.0 0.5379 9.4406
75| 0.6318 0.4415 200 0.5804 0.4616 325| 05613 0.4663
8.0 0.6393 0.5120 20.5 0.5878 0.5049 33.0 0.569 4 0.4999
@
. 2
0.5.7 The function / et dt
0
x; 0 1 2 3 4 5 T 8 9
0.0 0.0000 0.0100 0.0200| 0.0300| 0.0400| 0.0500| 0.0601] 0.0701| 0. 0.0902
0.1} 0.1003| 0.1104| 0.1206| 0.1307| 0.1409| 0.1511| 0.1614| 0.1717| O. 0.1923
0.2 0.2027] 0.2131] 0.2236] 0.2341} 0.2447| 0.2553] 0.2660| 0.2767| O. 0.2983
0.3 0.3092| 0.3202| 0.3313| 0.3424| 0.3536| 0.3648| 0.3762| 0.3876| 0.2 0.4107
0.4 0.4224) 0.4342| 0.4461] 0.4580| 0.4701| 0.4823| 0.4946] 0.5070| 0.5 0.5322
0.5 0.5450| 0.5579) 0.5709| 0.5841| 0.5974| 0.6109| 0.6245| 0.6382( O. 0.666 2
0.6 0.6805 0.6949| 0.7095| 0.7243] 0.7393| 0.7544| 0.7608| 0.7853| 0. 0.8171
0.7 0.8333] 0.8497| 0.8664| 0.8833| 0.9005| 0.9179] 0.9356| 0.9536| O. 0.9903
0.8 1.0091| 1.0282| 1.0477| 1.0674, 1.0875( 1.1079; 1.1287| 1.1498| 1. 1.1932
0.9 1.2155| 1.2382] 1.2613| 1 .284&( 1.3088( 1.3332{ 1.3581| 1.3835| 1. 1.4357
1.0 1.463 1. 1.518 1.547 1.576 1.606 1.636 667 1. 1.731
1.1 1.765 1. 1.833 1.869 1.905 1.942 1.980 .019 2. 2.099
1.2 2.141 2. 2.228 2.272 2.318 2.365 2.414 463 2.0 2.566
1.3 2.620 | 2. 2731 | 2.780 | 2.848 | 2.900 | 2.972 037 | 3. 2171
1.4 3.241 3.3 3.387 3 .463 3 .542 3.622 3.705 791 3. 3.970
1.5 4.063 4. 4.259 4.361 4 .467 4.575 4 .688 803 4. 5.046
1.4 5.174 b. 5 .441 5 .581 5.726 5.876 6.030 6.190 6. 6.527
1.7 6.704 6. 7.078 7.272 7.475 7 .685 7.903 8.128 8. 8.604
1.8 8.85 9. 9.38 9.66 9.95 10 .25 10 .57 10 .89 11. 11.58
1.9 11 .94 12. 12.70 13.11 13 .54 13 .98 14 .43 14 .91 15. 15.92
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0.5.8 Changing from degrees to radians

Arclength of the unit circle

Angle | Arce Angle | Are Angle | Arc
17 0.000 005 1° 0.017453 | 31° 0.541 052
2 0.000010 | 2 0.034907 | 32 0.558 505
3 0.000015| 3 0.052360 | 33 0.575 959
4 0.000019 | 4 0.069813 | 34 0.593412
3 0.000024| 5 0.087266 | 35 0.610865
6 0000029 | 6 0.104720 | 36 0.628 319
7 0.000034 | 7 0.122173 | 37 0.645772
8 0.000039 | 8 0.139626 | 38 0.663 225
9 0.000044 | 9 0.157080 | 39 0.680678
10 0.000048 | 10 0.174533 | 40 0.698 132
20 0.000097 | 11 0.191986 | 45 0.785398
30 0.000145 | 12 0.209440 | 50 0.872665
40 0.000194 § 13 0.226 893 55 0.959931
50 0.000242 | 14 0.244346 | 60 1.047198
15 0.261799 | 65 1.134464
1 0.000291 | 16 0.279253 | 70 1.221730
2 0.000582 | 17 0.296706 | 75 1.308 997
3 0.000873 | 18 0.314159 | 80 1.396 263
4 0.001164 | 19 0.331613 | 85 1.483 530
5 0.001454 | 20 0.349066 | 90 1.570 796
6 0.001745 | 21 0.366 519 | 100 1.745329
7 0.002036 | 22 0.383972 | 120 2.094 395
8 0.002327 | 23 0.401 426 | 150 2.617994
9 0.002618 | 24 0.418879 | 180 3.141593
10 0.002909 | 25 0.436 332 | 200 3.490659
20 0.005818 | 26 0.453 786 | 250 4.363 323
30 0.008727 | 27 0.471239 | 270 4712389
40 0.011636 | 28 0.488 692 | 300 5.235 988
50 0.014 544 | 29 0.506 145 | 360 6.283185
30 0.523 589 | 400 6.981317
Eramples:
1) 52° 37 23" 2) 5.645 radians ( arclength)
50° =0.872665 5.235988 = 300°
2° =0.034 907
30’ =0.008 727 0.409012
7 =0.002036 0.401426 = 23°
20" =0.000097 -
3" =0.000015 0.007 586
0.005818 = 20’
0.918 447 [
0.001 768
52° 37 23" =0.91845 rad 0.001745 = 6
0.000023 = 5"
5.645 rad = 323° 26" 5"
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The radian is the plane angle for which the quotient of the length of the corresponding
circular arc and its radius is equal to 1 (abbreviated rad).
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0. Formulas, Graphs and Tables

The prime number twins, i.e., two consecutive odd numbers which are prime, are indi-
cated by boldface (starting at 41-43). It is known that there are infinitely many such

twins.
2 3 5 7 11 13 17 19 23 29
31 37 41 43 47 53 59 61 67 71
73 79 83 89 a7 101 103 107 109 113
127 131 137 139 149 151 157 163 167 173
179 181 191 193 197 199 211 223 227 229
233 239 241 251 257 263 269 271 277 281
283 293 307 311 313 317 331 337 347 349
353 359 367 373 379 383 389 397 401 409
419 421 431 433 439 443 449 457 461 463
467 479 487 491 499 503 509 521 523 51
547 557 563 569 571 577 587 593 599 601
607 613 617 619 631 641 643 647 653 659
661 673 677 683 691 701 709 719 727 733
739 743 751 757 T61 769 773 787 797 809
811 821 823 B27 829 839 853 857 859 B63
877 881 883 887 a7 911 919 929 937 941
947 953 967 971 977 983 991 997 1009 1013
1019 1021 1031 1033 1039 1049 1051 1061 1063 1069
1087 1091 1093 1097 1103 1109 1117 1123 1129 1151
1153 1163 1171 1i81 1187 1193 1201 1213 1217 1223
1229 1231 1237 1249 1259 1277 1279 1283 1289 1291
1297 1301 1303 1307 1319 1321 1327 1361 1367 1373
1381 1399 1409 1423 1427 1429 1433 1439 1447 1451
1453 1459 1471 1481 1483 1487 1489 1493 1499 1511
1523 1531 1543 1549 1553 1559 1567 1571 1579 1583
1597 1601 1607 1609 1613 1619 1621 1627 1637 1657
1663 1667 1669 1693 1697 1699 1709 1721 1723 1733
1741 1747 1753 1759 1777 1783 1787 1789 1801 1811
1823 1831 1847 1861 1867 1871 1873 1877 1879 1889
1901 1907 1913 1931 1933 1949 1951 1973 1979 1987
1993 1997 1999 2003 2011 2017 2027 2029 2039 2053
2063 2069 2081 2083 2087 2089 2099 2111 2113 2129
2131 2137 2141 2143 2153 2161 2179 2203 2207 2213
2221 2237 2239 2243 2251 2267 2269 2273 2281 2287
2293 2297 2309 2311 2333 2339 2341 2347 2351 2357
2371 2377 2381 2383 2389 2393 2399 2411 2417 2423
2437 2441 2447 2459 2467 2473 2477 2503 2521 2531
2539 2543 2549 2551 2557 2579 2591 2593 2609 2617
2621 2633 2647 2657 2659 2663 2671 2677 2683 2687
2689 2693 2699 2707 2711 2713 2719 2729 2731 2741
2749 2753 2767 2777 2789 2791 2797 2801 2803 2819
2833 2837 2843 2851 2857 2861 2879 2887 2897 2603
2909 2017 2027 2939 2953 2057 2063 2969 2971 2099
3001 3011 3019 3023 3037 3041 3049 3061 3067 3079
3083 3089 3109 3119 3121 3137 3163 3167 3169 3181
3187 3191 3203 3209 3217 3221 3229 3251 3253 3257
3259 3271 3299 3301 3307 3313 3319 3323 3329 3331
3343 3347 3359 3361 3371 3373 3389 3391 3407 3413
3433 3449 3457 3461 3463 3467 3469 3491 3499 3511
3517 3527 3529 3533 3539 3541 3547 3557 3559 3571
3581 3583 3593 3607 3613 3617 3623 3631 3637 3643
3659 3671 3673 3677 3691 3697 3701 3709 3719 3rzv
3733 3739 3761 3767 3769 3779 3793 3797 3803 3821
3823 3833 3847 3851 3853 3863 3877 3381 3889 3907
3911 3917 3919 3023 3929 3931 3043 3947 3067 3989
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0.7 Formulas for series and products

For infinite series and infinite products the notion of convergence is fundamental (cf.
1.10.1 and 1.10.6}.

0.7.1 Special series

One gets important series by inserting special values in the power series listed in 0.7.2
or in Fourier series listed in (0.7.4.

0.7.1.1 The Leibniz series and related series

1 1 > (-1" o
1_§+g_ _n= 1= 1 (Leibniz, 1676)
1 ] 00(_1)11+1
1__+§_ :Z - =In2,
n=1
1 o0
ln(l 2—2)+ln(]—3—>+...—gln(l—k2)= In2,
— 1
24—+ — + Z;H =e (Euler number)
1 (- 1
TR Z:J AT
1 1 1 =1 N
1+§+Z+§+,,._n20-2:—2 (geometric series) ,
1 (-1 2
1,11 _ _2 . -
+ ot RZ:% o 3 {alternating geometric series),
1 1 1 bad 1
PR R R O ey R
1 1 1 > 1 1
13735757 Z=:(2n—1)(2n+1) 2’
1 1 1 > 1 3
EER Tt AR By em IS
1 1 1 > 1 1 o7
35 70 s T §(4n71)(4n+1) 2 8
1 1 1 = 1 1
12372384 345 _Z::n(n+1)(n+2) 4’



112 0. Formulas, Graphs and Tables

1 1
123k 23 (kD)
d 1 1
:Z = , =2,3...,
~nn+1)---(ntk—-1) (k-1)}{k-1)
i ! ! 1+1+ -+-i =12 (Jakob B 1li, 1689
2 g 2p 3 ) p=12..., ob Bernoulli, ).

0.7.1.2 Special values of the Riemannian (-function and related series

The series

11 1
C(.s)—1+ +3—S+ >
n=1

converges for all real numbers s > 1 and more generally for all complex numbers s with
Res > 1. This function is of fundamental importance in the mathematical discipline
of number theory, in particular with the distribution of prime numbers (see section
2.7.3). It is called the Riemoann (-function and was studied by Euler and particularly
by Riemann in 1859.

The formula of L. Euler (1734)* :

1 1 (271')2"
CR) =1+ g+ + oo = e B F=L2e
Special cases:
1 2
2)=14 = 2
@ =1l+gm+gmt =5,
71'4 . 7(6 7T
1 1 1 (-1t w?k (22 1)
I i G 1Bl E=12
n=1
Special cases:
o0
_ (_Ml)n+l _ ,]r2
gt ot =l TR
n=1
1 1 1 = (=t ot
-t~ > o 20"

44The Bernoulli numbers Bi. and the Euler numbers E). can be found in sections 0.1.10.4 apd 0.1.10.5.
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1 1 2k (226-1)
LI SO - Bul, k=12,..
tamtem T ; (2n + 1) 2(2k)! | Bax|
Special cases:
1+ o b = s
32 52 T8’
LA SV
34 ' 5t ~ 96
1 1 — (=1)" a2kt
1= 32k+1 + RERtl T Z (2n+1)2’°+1 = 925+ ()! [B2e|, k=0,1,2,...
. - ) 1 1
Special cases: For k = 0 one gets the Leibniz series 1 — 3 + 5o for k =1:
) 1 N 1 o
3% 15 T 327
0.7.1.3 The Euler—-McLaurin summation formula
The asymptotic formula of Euler (1734):
li 1+1+1+ +1 Inn+1)) =C (0.53)
niﬂ'olc 3 3 P n nin = . .

The Euler constant C has the value C = 0.57721 5664901532 ..., which had already
been calculated by Euler. The asympotic formula (0.53) is a special case of the Euler—
MecLaurin summation formula {0.54).

Bernoulli polynomials:

B,(z) = i (Z) Brz" k.

k=0
Modified Bernoulli polynomials:#°

Culz) := Bp(z ~ [2]).

The Euler—McLaurin summation formula: For n=1,2,... one has

f(0)+f(1)+,..+f(n)=/f(x)dm+m}@+sn (0.54)
]
with46
Swim S g g g“g’,f“” D4R, p=23,..,

“5We denote by [x] the largest integer n smaller than or equal to z: {Gauss bracket). The function
Ch, coincides in the interval [0, 1[ with B, and is extended periodically with period 1.
6The symbol g|7 means g(r) — g(1) .
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and the remainder term
R 22+ ()¢ r)dz.
= Gy ), S @)

Here it is assumed that the function f: [0,n] — R is sufficiently smooth, i.e., has con-
tinuous derivatives up to order 2p + 1 on the interval [0, n].

0.7.1.4 Infinite partial fraction decomposition

The following series converge for all complex numbers z with the exception of those
values for which the denominator vanishes®”

I
k=1 2
% 1 i (—1)*2z
sinrz = Pt z2 k2’
T N\2 = 1
(SiIlTF:L‘) N k;m (z— k)2’

0.7.2 Power series

Comments on the power series table: The power series listed in the following
table converge for all complex numbers = for which the stated inequalities hold. The
properties of power series will be considered in more detail in 1.10.3.

The given first term in the series may be used as an approximation for |z| sufficiently
small.

Erample: One has

IR £7 0 Yzt
SME=T -5t 190 " 5040 Z 2k+1)'
If |2| is small, then, approximately
sinz==z.

Successively improved approximations are obtained by

. a8 . 3 P
sine =% — —, SIME =T — —+ — etc.

6 6 120

47 These series are special cases of the theorem of Mittag- Leffler (cf. 1.14.6.4).
—1

[==] L)
A sum Z ... stands for the sum of the two infinite sums: Z oo+ Z e
k=—cc k=0 k=-00



0.7. Formulas for series and products 115

For the frequently appearing factorials one can use the following table:

n o 12| 3| 4|1 5| 6| 7 | 8 9 10

n! 10 1| 2] 6] 24| 120| 720| 5040| 40,320 362,880 | 3,628,800

In the expansions of

1
, tanz, cotx, —— = cosecz, tanhzx, cothz, = cosecT

T 1
et —1 sing sinh x

and

1 .
=sechr, —— =secx, Incosz, In|z| —In|sinzx|,
coshz Cos T

respectively, the Bernoulli numbers By resp. Euler numbers Ej appear (see sections
0.1.10.4 and 0.1.10.5).

Function | Power series expansion Domain of conver-
gence (z € C)

geometric series

1 o
m 1+£C+.I’2+13+.=E Z'k '-’L’[<1
k=0
1 2 .3 = kK
—_ - - e = - 1
i1z 1—-z+2° -2+ kizu( 1)z lz| <

The binomial series of Newton

1+ z)® 1+(?)r+(g)x2+...:i(:)xk lz| < 1
k=0

(e is an arbitrary real number®®) (z = %1, &> 0)
(a + x)* a® (1+%) =a“+aa°"1:c+a“_2(3)a:2+.“ jz| < a
= a
=Y a7 ( )m" (z = %a for
k=0 k
(@ is a positive real number) a > 0)
(a+x)" a™ + (?)a"_lz + (g)a"‘zx +..+ (T)am""l +2" | 7| < e
(n=1,2,...; a and z are arbitrary complex numbers)
1
a+x) ™" a+x) "= ——
o)™ | (aa) "=

(a+2)'™ | (a+2)V" = Yatz

1
a+x)~ " RTALEES
( ) (a+mx) Y

i

cv) _ oo~ 1) i (04) _ ala — 1) (o —2)

BThe generalized binomiai coefficients are defined by (c:) =a, (2 1.2 3 1 2.3

etc.
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Special cases of the binomial series for integral exponents
(a a complex number with a # 0)
1 1 nz  nfn+ 1)2?
(U. + 13)"’ a_n antl Zan+2 |TI < 'D,‘
1 am+1)...(n—k+1) "
e + kZ klantk (¥2)
—1
1 1_=z 22 _o° > (Fa)k
P E;G?Jruﬁ:FEJr :ZakH [z < ol
k=0
(e+2)? | a®+ 202 + z° || < oo
1 1 _ 2 32% _ 42° & (k4 1) (Fa)®
@i | FT@ta T TR an el < ol
(e £x)® | a® =+ 30z + 302® £ 27 || < 00
1 1 3r 6z 10z°
fezop |@ @t T T 2l < lal
i (k + 1)(k + 2)(Fa)*
3tk
Py 2a
Special cases of the binomial series for rational exponents
{b a positive real number)
. 2 3
btz Vbt m ——t— al <b
2vb  8bvb 1662\/- \ d
1. k— —1)RHI (=
Wb o (2-4-6...2k)b’f*1\/5
1 L 3z? - 1528 n 2 < b
btz f Zb\/_ bﬁ\/_ 48b3v/b
_ Z 1-3-5...(2k = 1)(-1)*(+x)*
_\f va = (2.4-6...2k)bk/b
523
btz | Vot — = z|<b
3\/_ 96\/_ 812 Vb eor g
2.5.8...(3k — 4) (= 1)1 (La)k
= bt
3\/372 E (3-6-9...3k}b’° 162
1 LZF z_ 222 + 14z? N 2l < b
hta 3b¥b - 92 Vb | 83V
_L i 4.7-10...(3k — 2)(—1)*(Lx)*
0 = (3-6-9...3k)6E D
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Hypergeometric series (generalized binomial series) of Gauss

o ale+1)B(B+1) o
Fla,8,v,2) | 1+ =2+ ————0—a +... lz| < 1
v Zy(y+1)
—14 Z a(a+l)...(o+k-1)B(B+1)...(B+k-1) o
poet Ey(y+1) .. (y+k-1)
Special cases of the hypergeometric series
(1+z)* =F(-a,l1,1,—z)
113
. —eF(2 22 9
aresinz @ (2,2,2,1')
In(1 + z) =zF(1,1,2,—x)
z

o = lim F[(1,5,1,=

‘ prtin ( g 6)
1—
Po(z) =F(n+1,—n,l, 2“’“), n=0,1,2,...
(Legendre polynomials, see page 123 below)
VAl +1) 1 n+l n+2 2n+3 1
. — . —_ ; 1
@nla) 2+ (4 2] gntl 27 27 2 Tg? el >
(Legendre functions, see page 123 below)
Exponential function
2 3 ok
x p—
k=0
b o (bx)? | (bx)® _ o (2)F )
€ 1+bz+ T 3 +...—kz 7 Jaf < o0
=0
(b is a complex number)
a® a® = ¢"® with b = Ina (a real and positive)
T z oz zd = By

1 1—§+§_—7200+""Z—;€']—$ |z| < 2m
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Trigonometric functions and hyperbolic functions

(for all complex numbers z)

sinix =i sinhz, cosiz = coshz, sinhiz =isinz, coshir = cosz

. .’L‘3 2}5 oo :L.?ki—l
sinx :c—g!r-kg‘mf :;(71 m |z < oo
. 1.3 955 aid 2k+1
blnhI .’E+§+E+.. l—gm |I‘<OO
1.2 JJ4 S & x2k
cosz 1_2—!+E_”':Z(_1) (2k)! || < o0
k=0
.’..'22 .’174 e .."5‘2k
coshx 1+5!-+ T + =Z(2k)' |z| < oc
k=0
23 22 17x7 > | Bag|x2*~1 7
t o o= Nk gk oy 122 <z
anz A LTI DU Cal) e vy lel < 5
¥ 25 1Tz ng’[’ o
tanh -t =Y 4k ({45 —1) g
anfa TR Z ( e | s
1 z ¥ 2 &7 4¥| Bag |21
ot bl AR I 0 ;
c T 3 s s Z (2k)! <l <=
1 r I 255 7 >, 45 By x2k -1
the —— | — -2 = R it 0<|z| <=
RT3 B s 4 2 (@) el <=
1 x> 5zt 6128 S | Ey|x®
14T T <z
cos to bttt kZ:O ! le]
1 22 5z BlgS 2. Epa*
1— = 2 2= = < L
coshz 5 T2 0 kzzo 2] Iz
1 1 <, 72® . 31z% 12727 0<a| <
R — —_— —_— x T
sinz =z | 6 360 15120 ' 604800
o0 2 22’: 1 -1
= Z )‘BZk|m2k—l
=1
1 1 x  Ta N 31ad 12727 N 0< |z <
r sinhz| 6 360 15120 604800 ‘
oo 2 {22!@71 _
— B S2k—1
2k)! 2w

k=1
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Inverse trigonometric functions and inverse hyperbolic functions

23 Z , 226+
arctanz x———l——— (-1) lz| <1
3 =0 2k +1 (or T = *1)
%:arctanl 1—%+51——... (Leibniz series)
i % p2k41
artanh z x+?+——+ k; lz| <1
w ™
3 — arccotx 3 —arccot r = arctanx
arctan - G 0<z<1
arctan — 5 &ty %
atrctaml -= m+$—3—ﬁ+ -1<z<0
T 2 3 5
1 3 5
arcoth— s+ T+ 4 D<jz|<1
z 3 5
rsi +x3+3z5+153:7 ol < 1
arcsin T R TR TT: z
1-3-5...(2k — [)a?*+!
I L
2-4‘6--‘2k(2k+1)
™ T .
5 — arccos T E — arccosxr = arcsinx
. ¢ 325 1527
arsinhx I*E+Efﬁ ‘.1’5‘(1
. X1-8-5-- (2k — 1)(—1)kg2k+1
T & 2-4.6--(20)(2k+ 1)
Logarithmic functions
2 3 4 oo
In(1+ z) A T O O ) A lz| < 1
4 —
=1 (and z = 1)
1 1 1
In2 - 4+2—-=
B 3t371"
2 3 4 © .k
~In(1 —z) s+ + 2+ =Y lz] < 1
2 3 4 k
k=1 (and z = -1)
1+« 22% 215 227 o 27kt
lnl_m—Zartanhx 2m+?+? a "_22k+1 lz] <1




120 0. Formulas, Graphs and Tables

J R 25 ®©  92k-1 o
In |x| _ %—+Eﬁ+2835+"':zk(Qk)!*B%lx 0<|zj<n
—In|sinz| k=1
meosz | &+ 2y 20y 12 2] < =
T TR T T3
o0 g2k—1 4'( 1
=2~ k{(Qk)u g
k=1
Injtang| | %4 124 022 0<z| <2
HERE 3 T 90 T 2835 el <3
—1In |z}
o 4k 22k—1 -1
=> Lk(zk)_'—)\B%lf%
k=1 2
Complete elliptic integrals
/2 2 4
de KOk
ko[t e e
2
(211 ) 21
(1 + Z (————6 5 k
/2 2 4
k 9k
1 - k2 =21
E(k) / 1 - k2sin? o dp = (1 193~ ) [kf <1
7 1- (an D\ (=1)"k*"
-I(
2(+Z< “6---2n ) 2n—1
The Euler gamma function (generalized factorial) I zeC
M+ =z, Iz+1l)=zcl(x) i z#0,—-1,-2,
00 T
(z) = fe_ttm_ldt {Rex >0
0
3 3 = Bk |
InI'z+1) —CI+C—(2)—x-—g§)i+ =—-C:):+Z(—1)"C( )z lz| <1
2 3 e
1 T 1. 14z

T2 nsinmr: 2 1—=x
o 1 — {2k 1 2k+1
+Z( C(2k + ))-”5
k=1

+(1-C)x

(Legendre series*?) r

2k+1
T 1

I'(x+1)

sintz 1+

- exp ((1 —C)x+z
k=1

2k+1

!1 ((2k+1))3:2'°+1

) [z| <1

49Here C denctes the Euler constant, and ¢ is the Riemannian ¢-function.



