L

._.__....-_u.._ i |
RS
AR S0 s

g |




TGMU»i 4. 1883



BYRNE’S EUCLID

THE FIRST SIX BOOKS OF
THE ELEMENTS OF EUCLID

WITH COLOURED DIAGRAMS

AND SYMBOLS

¥



Digitized by Googh



THE FIRST SIX BOOKS. OF
THE ELEMENTS OF EUCLID._

IN WHICH COLOURED DIAGRAMS AND SYMBOLS
ARE USED INSTEAD OF LETTERS FOR THE

GREATER EASE OF LEARNERS

e

BY OLIVER BYRNE
SURVEYOR OF HER MAJESTY's SETTLEMENTS IN THE FALKLAND ISLANDS

AND AUTHOR OF NUMEROUS MATHEMATICAL WORKS

LONDON
WILLIAM.PICKERING
1847

SNg



Digitized by Google




TO THE
RIGHT HONOURABLE THE EARL FITZWILLIAM,
ETC. ETC. ETC.

THIS WORK IS DEDICATED
BY HIS LORDSHIP'S OBEDIENT

AND MUCH OBLIGED SERVANT,

OLIVER BYRNE.



Digitized by Goog|41



%ﬁ%@& % *mwﬁa

INTRODUCTION.

79| HIE arts and {ciences have become fo extenfive,
that to facilitate their acquirement is of as
much importance as to extend their boundaries.
Illuftration, if it does not fhorten the time of
ﬂudy, will at leaft make it more agrecable. This Work
has a greater aim than mere illuftration; we do not intro-
duce colours for the purpofe of entertainment, or to amufe
by certain combinations of tint and form, but to affift the
mind in its refearches after truth, to increafe the facilities
of inftru@ion, and to diffufe permanent knowledge. If we
wanted authorities to prove the importance and ufefulnefs
of geometry, we might quote every philofopher fince the
days of Plato. Among the Grecks, in ancient, as in the
{chool of Peftalozzi and others in recent times, geometry
was adopted as the beft gymnaftic of the mind. In fad,
Euclid’s Elements have become, by common confent, the
bafis of mathematical fcience all over the civilized globe.
But this will not appear extraordinary, if we confider that
this fublime fcience is not only better calculated than any
other to call forth the fpirit of inquiry, to elevate the mind,
and to ftrengthen the reafoning faculties, but alfo it forms
the beft introduction to moft of the ufeful and important
vocations of human life. Arithmetic, land-furveying, men-
furation, engi
pneumatics, optics, phyﬁcal aftronomy, &c. are all depen-
dent on the propofitions of geometry.
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Much however depends on the firft communication of
.any fcience to a learner, though the beft and moft cafy
methods are feldom adopted. Propofitions are placed be-
fore a ftudent, who though having a fufficient underftand-
ing, is told juft as much about them on entering at the
very threthold of the fcience, as gives him a prepoffeffion
moft unfavourable to his future ftudy of this delightful
fubje@ ; or * the formalities and paraphernalia of rigour‘are
{o oftentatioufly put forward, as almoft to hide the reality.
Endlefs and perplexing repetitions, which do not confer
greater exactitude on the reafoning, render the d
tions involved and obfcure, and conceal from the view of

the ftudent the confecution of evidence.” Thus an aver-
fion is created in the mind of the pupil, and a fubje& fo
calculated to improve the reafoning powers, and give the
habit of clofe thinking, is degraded by a dry and rigid
courfe of inftruction into an uninterefting exercife of the
memory. To raife the curiofity, and to awaken the liftlefs
and dormant powers of younger minds fhould be the aim
of every ‘teacher ; but where cxamples of excellence are
wanting, the attempts to attain it are but few, while emi-
nence excites attention and produces imitation. The object
of this Work is to introduce a method of teaching geome-
try, which has been much approved of by many feientific
men in this country, as well as in France and America.
“The plan here adopted forcibly appeals to the eye, the moft
fenfitive and the moft comprehenfive of our external organs,
and its pre-eminence to imprint it fubje on the mind is
fapported by the incontrovertible maxim expreffed in the
well known words of Horace :—

Segnius irritant animos demiffa per aurem

Quam que funt oculis fubjefta fidelibus.

A feebler impres through the ear is made,

Than what is by the faithful eye conveyed,
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All language confifts of reprefentative figns, and thofe
figns are the beft which effe@ their purpofes with the
greateft precifion and difpatch. Such for all common pur-
pofes are the audible figns called words, which are ftill
confidered as audible, whether addreffed immediately to the
car, or through the medium of letters to the eye. Geo-
‘metrical diagrams are not figns, but the materials of geo-
metrical {cience, the objeét of which is to fhow the relative
quantities of their parts by a procefs of reafoning called
Demonttration. This reafoning has been generally carried
on by words, letters, and black or uncoloured diagrams ;
but as the ufe of coloured fymbols, figns, and diagrams in
the linear arts and fciences, renders the procefs of reafon-
ing more precife, and the attainment more expeditious, they
have been in this inftance accordingly adopted.

Such is the expedition of this enticing mode of commu-
nicating knowledge, that the Elements of Euclid can be
acquired in lefs than one third the time ufually employed,
and the retention by the memory is much more permanent;
thefe facts have been afcertained by numerous experiments
made by the inventor, and feveral others who have adopted
his plans. The particulars of which are few and obvious ;
the letters annexed to points, lines, or other parts of a dia-
gram are in fa@ but arbitrary names, and reprefent them in
the demonttration ; inftead of thefe, the parts being differ-
ently coloured, are made B
to name themfelves, for
their forms in correfpond-
ing colours represent them
in the demonftration.

In order to give a bet-
ter ideaof this fyftem, and A
of the advantages gained by its adoption, let us take a right

c
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angled triangle, and exprefs fome of its properties both by
colours and the method generally employed.

Some of the properties of the right angled triangle ABC,
expreffed by the method generally employed.

1. The angle BAC, together with the angles BCA and
ABC are equal to two right angles, or twice the angle ABC.

2. The angle CAB added to the angle ACB will be equal
to the angle ABC.

3. The angle ABC is greater than either of the angles
BAC or BCA.

4. The angle BCA or the angle CAB is lefs than the
angle ABC.

5. If from the angle ABC, there be taken the angle
BAC, the remainder will be equal to the angle ACB.

6. The fquare of AC is equal to the fum of the fquares
of AB and BC.

The fame properties expreffed by colouring the different parts.

Y ;+‘—z<’ > =1\

That is, the red angle added to the yellow angle added to
the blue angle, equal twice the yellow angle, equal two
right angles.

2. ‘+‘={_‘f'.

Or in words, the red angle added to the blue angle, cqual
the yellow angle.

3 6!:‘0::‘.

The yellow angle is greater than cither the red or blue
angle.
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. aA-A-.

Either the red or blue angle is lefs than the yellow angle.

a
5- < * minus ‘ = ‘ .

In other terms, the yellow angle made lefs by the blue angle

equal the red angle.

6. ! S e— o —

That is, the fquare of the yellow line is equal to the fam
of the fquares of the blue and red lines.

In oral demonftrations we gain with colours this impor-
tant advantage, the eye and the ear can be addreffed at the
fame moment, fo that for teaching geometry, and other
linear arts and fciences, in claffes, the {yftem is the beft ever
propofed, this is apparent from the examples juft given.

Whence it is evident that a reference from the text to
the diagram is more rapid and fure, by giving the forms
and colours of the parts, or by naming the parts and their
colours, than naming the parts and letters on the diagram.
Befides the fuperior fimplicity, this fyftem is likewife con-
fpicuous for concentration, and wholly excludes the injuri-
ous though prevalent pra&ice of allowing the ftudent to
commit the demonttration to memory; until reafon, and fat,
and proof only make impreffions on the underftanding.

Again, when le@uring on the principles or propertics of
figures, if we mention the colour of the part or parts re-
ferred to, as in faying, the red angle, the blue line, or lines,
&c. the part or parts thus named will be immediately feen
by all in the clafs at the fame inftant; not fo if we fay the
angle ABC, the triangle PFQ, the figure EGKt, and fo on ;
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for the letters muft be traced one by one before the ftudents
arrange in their minds the particular magnitude referred to,
which often occafions confufion and error, as well as lofs of
time. Alfo if the parts which are given as equal, have the
fame colours in any diagram, the mind will not wander
from the obje@ before it ; that is, fuch an arrangement pre-
fents an ocular demonftration of the parts to be proved
equal, and the learner retains the data throughout the whole
of the reafoning. But whatever may be the advantages of
the prefent plan, if it be not fubftituted for, it can always
be made a powerful auxiliary to the other methods, for the
purpofe of introduction, or of a more fpeedy reminifcence,
or of more permanent retention by the memory.

The experience of all who have formed fyftems to im-
prefs falts on the underftanding, agree in proving that
coloured reprefentations, as pitures, cuts, diagrams, &c. are
more eafily fixed in the mind than mere fentences un-
marked by any peculiarity. Curious as it may appear,
poets feem to be aware of this fa& more than mathema-
ticians; many modern poets allude to this vifible fyftem of
communicating knowledge, one of them has thus expreffed
himfelf :

Sounds which addrefs the ear are loft and die

In one fhort hour, but thefe which firike the eye,
Live long upon the mind, the faithful fight
Engraves the knowledge with a beam of light.

This perhaps may be reckoned the only improvement
which plain geometry has received fince the days of Euclid,
and if there were any geometers of note before that time,
Euclid’s fuccefs has quite eclipfed their memory, and even
occafioned all good things of that kind to be afligned to
him; like ZEfop among the writers of Fables. It may
alfo be worthy of remark, as tangible diagrams afford the
only medium through which geometry and other linear
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arts and {ciences can be taught to the blind, this vifible fys-
tem is no lefs adapted to the exigencies of the deaf and
dumb.

Care muft be taken to fhow that colour has nothing to
do with the lines, angles, or magnitudes, except merely to
name them. A mathematical line, which is length with-
out breadth, cannot poflefs colour, yet the jun&ion of two
colours on the fame plane gives a good idea of what is
meant by a mathematical line; recolle@ we are fpeaking
familiarly, fuch a jun@ion is to be underftood and not the
colour, when we fay the black line, the red line or lines, &c.

Colours and coloured diagrams may at firft appear a
clumfy method to convey proper notions of the properties
and parts of mathematical figures and magnitudes, how-
ever they will be found to afford a means more refined and
extenfive than any that has been hitherto propofed.

‘We fhall here define a point, a line, and a furface, and
demonttrate a propofition in order to fhow the truth of this
affertion.

A point is that which has pofition, but not magnitude ;
or a point is pofition only, abftracted from the confideration
of length, breadth, and thicknefs. Perhaps the follow-
ing defcription is better calculated to explain the nature of
a mathematical point to thofe who have not acquired the
idea, than the above {pecious definition.

Let three colours meet and cover a
portion of the paper, where they meet
is not blue, nor is it yellow, nor is it
red, as it occupies no portion of the
plane, for if it did, it would belong
to the blue, the red, or the yellow
part; yet it exifts, and has pofition
without magnitude, fo that with a little refle@tion, this junc-
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tion of three colours on a plane, gives a good idea of a
‘mathematical point.

A line is length without breadth. With the affiftance
of colours, nearly in the fame manner as before, an idea of
a line may be thus given:—

Let two colours meet and cover a portion of the paper;
where they meet is not red, nor is it
blue; therefore the junction occu-
pies no portion of the plane, and
therefore it cannot have breadth, but
only length: from which we can

readily form an idea of what is meant by a mathematical
line.  For the purpofe of illuftration, onc colour differing
from the colour of the paper, or plane upon which it is
drawn, would have been fufficient; hence in future, if we
fay the red line, the blue line, or lines, &c. it is the junc-
tions with the plane upon which they are drawn are to be
underftood.

Surface is that which has length and breadth without
thicknefs.

When we confider a folid body
(PQ), we perceive at once that it
has three dimenfions, namely :—
length, breadth, and thicknefs;
fappofe one part of this folid (PS)
to be red, and the other part (QR)
yellow, and that the colours be
diftin¢t without commingling, the
blue furface (RS) which feparates
thefe parts, or which is the fame
2 thing, that which divides the folid

without lofs of material, muft be
without thicknefs, and only poffeffcs length and breadth;;

@
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this plainly appears from reafoning, fimilar to that juft em-
ployed in defining, or rather defcribing a point and a line.

The propofition which we have felected to clucidate the
manner in which the principles are applied, is the fifth of
the firft Book.

In an ifofeeles triangle ABC, the
internal angles at the bafe ABC,
ACB are equal, and when the fides
AB, AC are produced, the exter-
nal angles at the bafe BCE, CBD
are alfo equal.

Produce and
make =
Draw FUY .
(B. 1.pr. 3.)
in f > and Q
D
we have —_— = S —

- A common s

——— A=‘
nd B = Q6o

Again in Vand :S,
—_—
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and ' = t;
and 27
Bu M

(B. 1. pr. 4).

s

Q.E.D.

By annexing Letters to the Diagram.

Let the equal fides AB and AC be produced through the
extremities BC, of the third fide, and in the produced part
BD of cither, let any point D be affumed, and from the
other let AE be cut off equal to AD (B. 1. pr. 3). Let
the points E and D, fo taken in the produced fides, be con-
neéted by ftraight lines DC and BE with the alternate ex-
tremities of the third fide of the triangle.

In the triangles DAC and EAB the fides DA and AC
are refpectively equal to EA and AB, and the included
angle A is common to both triangles. Hence (B. 1. pr. 4.)
the line DC is equal to BE, the angle ADC to the angle
AEB, and the angle ACD to the angle ABE; if from
the equal lines AD and AE the equal fides AB and AC
be taken, the remainders BD and CE will be equal. Hence
in the triangles BDC and CEB, the fides BD and DC are
refpectively cqual to CE and EB, and the angles D and E
included by thofe fides are alfo equal. Hence (B. 1. pr. 4.)
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the angles DBC and ECB, which are thofe included by
the third fide BC and the productions of the cqual fides
AB and AC arc cqual. Alfo the angles DCB and EBC
are equal if thofe equals be taken from the angles DCA
and EBA before proved cqual, the remainders, which are
the angles ABC and ACB oppofite to the equal fides, will
be equal.
Therefore in an ifofecles triangle, &c.
Q.E.D.

Our object in this place being to introduce the fyftem
rather than to teach any particular fet of propofitions, we
have therefore felected the foregoing out of the regular
courfe. For fchools and other public places of inftruction,
dyed chalks will anfiwer to deferibe diagrams, &. for private
ufe coloured pencils will be found very convenient.

We are happy to find that the Elements of Mathematics
now forms a confiderable part of every found female edu-
cation, therefore we call the attention of thofe interefted
or engaged in t_hc :ducmon of ladies to this very am-acuve
mode of ledge, and to the
work for its future developement.

We fhall for the prefent conclude by obferving, as the
fenfes of fight and hearing can be fo forcibly and inftanta-
neously addrefled alike with one thoufand as with one, ke
million might be taught geometry and other branches of
mathematics with great eafe, this would advance the pur-
pofe of education more than any thing that might be named,
for it would teach the people how to think, and not what
to think ; it is in this particular the great error of education
originates.
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THE ELEMENTS OF EUCLID.
BOOK I

DEFINITIONS.

L
A point is that which has no parts.
1L
A /ine is length without breadth.
1.
The extremitics of a linc are points.
1.

A firaight or right line is that which lies evenly between

its extremities.
V.

A furface is that which has length and breadth only.
VI
The extremities of a furface are lines.
VIL
A plane furface is that which lies evenly between its ex~
tremities.
VIIL
A plane angle is the inclination of two lines to one ano-
ther, in a plane, which meet together, but are not in the
fame dire&ion.
IX.

A plane re@ilinear angle is the inclina-
tion of two ftraight lines to one another,
which meet together, but are not in the
fame ftraight line.
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®

X.

When one ftraight line flanding on ano-
ther ftraight line makes the adjacent angles
equal, each of thefe angles is called a right
angle, and cach of thefe lines is faid to be

perpendicular to the other.

XL

\
An obtufe angle is an angle greater
than a right angle.

XIIL
An acute angle is an angle lefs than a /

right angle. .

XIIL
A term or boundary is the extremity of any thing.

XIv.
A figure is a furface enclofed on all fides by a line or lines.

XV.
A circle is a plane figure, bounded
by one continued line, called its cir-
cumference or periphery; and hav- A
ing a certain point within it, from

which all firaight lines drawn to its
circumference are equal.

S

XVI.

This point (from which the equal lines are drawn) is
called the centre of the circle.
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XVIL
A diameter of a circle isa ftraight line drawn
through the centre, terminated both ways
in the circumference.

XVIIL
A femicircle is the figure contained by the
diameter, and the part of the circle cut off
by the diameter.

XIX.
Q\ A fegment of a circle is a figure contained

bya ftraight linc, and the part of the cir-
cumference which it cuts off.

Y

XX.
A figure contained by ftraight lines only, is called a recti-

linear figure.
XXIL

A triangle is a re@ilinear figure included by three fides.

XXIL
A quadrilateral figure is one which is bounded
by four fides. The firaight lines
and e connecting the vertices of the
oppofite angles of a quadrilateral figure, are
called its diagonals.

XXIIL
A polygon is a retilincar figure bounded by more than
four fides.
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XXIV.
A triangle whofe threc fides arc equal, is
faid to be cquilateral.
XXV.
A triangle which has only two fides equal
is called an ifofecles triangle.

>>

XXVIL
A fealene triangle s one which has no two fides equal.
XXVIL
A right angled triangle is that which
has a right angle.
XXVIIIL
An obtufe angled triangle is that which
has an obtufe angle.

A

XXIX.
An acute angled triangle is that which
has three acute angles.

[

XXX. .
Of four-fided figures, a fquare is that which
has all its fides cqual, and all its angles right
angles.

B

XXXI.
A rhombus is that which has all its fides
equal, but its angles are not right angles.
XXXIIL
An oblong is that which has all its
angles right angles, but has not all its

fides equal.

)
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XXXIIL

D A rhomboid is that which has its op-

pofite fides equal to one another,
but all its fides are not equal, nor its
angles right angles.

XXXIV.
Al other quadrilateral figures are called trapeziums.

XXXV.

Parallel firaight lines are fuch as are in
the fame plane, and which being pro-
duced continually in both directions,

would never meet.

POSTULATES.
L
Let it be granted that a ftraight line may be drawn from
any one point to any other point.
1L
Let it be granted that a finite ftraight line may be pro-
duced to any length in a ftraight line.
1L
Let it be granted that a circle may be deferibed with any
centre at any diftance from that centre.

AXIOMS.
L
Magnitudes which are equal to the fame are equal to

each other.
1L

If equals be added to equals the fums will be equal.
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1L
If equals be taken away from cquals the remainders will
be equal.
IS
If equals be added to unequals the fums will be un-
equal.
V.
If equals be taken away from unequals the remainders
will be unequal.
VL
The doubles of the fame or equal magnitudes are equal.
VIL
The halves of the fame o equal magnitudes are equal.

VIIL
Magnitudes which coincide with one another, or exacly
fill the fame fpace, are equal.

IX.
The whole is greater than its part.

Two fraight lines cannot include a fpace.
XI.
All right angles are equal.
XIL

) meet a third
) foas to make the two interior

If two firaight lines (
fraight line (:

angles (. and ) on the fame fide lefs than
two right angles, thefe two ftraight lines will meet if
they be produced on that fide on which the angles
are lefs than two right angles.
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The twelfth axiom may be expreffed in any of the fol-
lowing ways:

1. Two diverging firaight lines cannot be both parallel
to the fame ftraight line.

2. If a ftraight line interfe@ one of the two parallel
ftraight lines it muft alfo interfe& the other.

3. Only one ftraight line can be drawn through a given
point, parallel to a given ftraight line.

Geometry has for its principal objets the expofition and
explanation of the properties of igure, and figure is defined
to be the relation which fubfifts between the boundaries of
fpace. Space or magnitude is of three kinds, /inear, fuper-
Jficial, and folid.

Angles might properly be confidered as a fourth fpecies
of magnitude. ~Angular magnitude evidently confifts of
parts, and muft therefore be admitted to be a fpecies ot
quantity The ftudent muft not fuppofe that the magni-

tude of an angle is affected by the length
of the firaight lines which include it, and
of whofe mutual divergence it is the mea-
N fure. The vertex of an angle is the point
where the fides or the Jegs of the angle
meet, as A.
An angle is often defignated by a fingle letter when its
legs are the only lines which meet to-
gether at its vertex. Thus the red and
blue lines form the yellow angle, which
in other fyftems would be called the
angle A. But when more than two
lines meet in the fame point, it was ne-
ceffary by former methods, in order to
avoid confufion, to employ three letters
to defignate an angle about that point,

A
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the letter which marked the vertex of the angle being
always placed in the middle. Thus the black and red lines
meeting together at C, form the blue angle, and has been
ufually denominated the angle FCD or DCF  The lines
FCand CD are the legs of the angle; the point C is its
vertex. In like manner the black angle would be defignated
the angle DCB or BCD. The red and blue angles added
together, or the angle HCF added to FCD, make the angle
HCD; and fo of other angles.

When the legs of an angle are produced or prolonged
beyond its vertex, the angles made by them on both fides
of the vertex are faid to be vertically oppofite to each other :
Thus the red and yellow angles are faid to be vertically
oppofite angles.

Superpofition is the procefs by which one magnitude may
be conceived to be placed upon another, fo as exaitly to
cover it, or fo that cvery part of cach fhall exa@tly coin-
cide.

A line is faid to be produced, when it is extended, pro-
longed, or has its length increafed, and the increafe of
length which it receives is called its produced part, or its
production.

The entire length of the line or lines which enclofe a
figure, is called its perimeter. The firft fix books of Euclid
treat of plain figures only. A line drawn from the centre
of a circle to its circumference, is called a radius. The
lines which include a figure are called its fides. That fide
of a right angled triangle, which is oppofite to the right
angle, is called the Aypotenufe. An oblong is defined in the
fecond book, and called a refangle. All the lines which
are confidered in the firft fix books of the Elements are
fappofed to be in the fame planc.

The firaight-edge and compaffes arc the only inftruments,

e
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the ufe of which is permitted in Euclid, or plain Geometry.
To declare this reftricion is the objeét of the pofulates.

The Axioms of geometry are certain general propofitions,
the truth of which is taken to be felf-evident and incapable
of being cftablithed by demonftration.

Propofitions are thofe refults which are obtained in geo-
metry by a procefs of reafoning. There are two fpecies of
propofitions in geometry, problems and theorems.

A Problem is a propofition in which fomething is pro-
pofed to be done ; as a line to be drawn under fome given
conditions, a circle to be defcribed, fome figure to be con-
fructed, &c.

The folution of the problem confifts in fhowing how the
thing required may be done by the aid of the rule or ftraight-
edge and compaffes.

The demonfiration confifts in proving that the procefs in-
dicated in the folution really attains the required end.

A Theorem is a propofition in which the truth of fome
principle is afferted. This principle muft be deduced from
the axioms and definitions, or other truths previously and
independently eftablithed. To fhow this is the obje& of
demonttration.

A Problem is analogous to a poftulate.

A Theorem refembles an axiom.

A Pojtulate is a problem, the folution of which is affumed.

An Axiom is a theorem, the truth of which is granted
without demonftration.

A Corollary is an inference deduced immediately from a
propofition.

A Scholium is a note or obfervation on a propofition not
containing an inference of fufficient importance to entitle it
to the name of a corollary.

A Lemma is a propofition merely introduced for the pur-
pofe of eftablihing fome more important propofition.
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SYMBOLS AND ABBREVIATIONS.

KX exp(eﬁ'es the word therefore.

. becaufe.

... ... cqual. This fign of cquality may
be read equal to, or is equal to, or are equal to; but
any difcrepancy in regard to the introduction of the
auxiliary verbs is, are, &c. cannot affe@ the geometri-
cal rigour.

= means the fame as if the words ¢ nof equal’ were written.

= fignifies greater than.

lefs than.

not greater than.

not lefs than.

is read plus (more), the fign of addition ; when interpofed

between two or more magnitudes, fignifies their fum,
o= is read minus (Jefs), fignifies fubtra@ion; and when
placed between two quantities denotes that the latter

is to be taken from the former.

3 this fign exprefies the product of two or more numbers
when placed between them in arithmetic and algebra ;
but in geometry it is generally ufed to exprels a reéf-
angle, when placed between “ two ftraight lines which
contain one of its right angles.” A recfangle may alfo
be reprefented by placing a point between two of its
conterminous fides.

2 33 3 exprefies an analogy or proportion ; thus, if A, B, C

and D, reprefent four magnitades, and A has to
B the fame ratio that C has to D, the propofition
is thus briefly written,

A:B

A

.
i.
4.
+

c:D,
:D,
orlr=C
B=D.
This cquality or fumenefs of ratio is read,




xxviii SYMBOLS AND ABBREVIATIONS.

asAistoB,foisCtoD;
or A is to B, as Cis to D.
|| ﬁgmﬁes parallel to.
- perpendicular to.

A . angle.

D . right angle.

m two right angles.

/N o I\ bricfly defignates a poinz.

=, =, or I fignifies greater, equal, or lefs than.

The fquare deferibed on a line is concifely written thus,
—

In the fame manner twice the fquare of, is expreffed by
2 o cm—

def. fignifies definition.

Pos. . ... poftulate.
ax. . axiom.
hyp. . . . . Aypothefis. It may be neceflary here to re-

mark, that the Aypothefis is the condition affumed or
taken for granted. Thus, the hypothefis of the pro-
pofition given in the Introduction, is that the triangle
is ifofceles, or that its legs are equal.

contt. . . .. conftruétion. ‘The confiruétion is the change
made in the original figure, by drawing lines, making
angles, deferibing circles, &c. in order to adapt it to
the argument of the demonftration or the folutien of
the problem. The conditions under which thefe
changes are made, are as indisputable as thofe con-
tained in the hypothefis. For inflance, if we make
an angle equal to a given angle, thefe two angles are
equal by conftruction.

QE.D..... Quod erat demonfirandum.

Which was to be demonttrated.



CORRIGENDA. XXix

Faults 10 be correéted before reading this Volume.

Pace 13, line g, for def. 7 read def. 10,

45, laft line, for pr. 19 read pr. 29.

54, line 4 from the bottom, for black and red line read blue
and red line.

59, line 4, for add black line fquared read add blue line
fquared.

60, line 17, for red line multiplied by red and yellow line
read red line multiplied by red, blue, and yellow line.

76, line 11, for def. 7 read def. 1o0.

81, line 10, for take black line read take blue line.

105, line 11, for yellow black angle add blue angle equal red
angle read yellow black angle add blue angle add red
angle.

129, latt line, for circle read triangle.

141, line 1, for Draw black line read Draw blue line.

196, line 3, before the yellow magnitude infert M.



@}{gﬁ@m% DRER AN

Cucliv,

BOOK 1.
PROPOSITION I. PROBLEM.

NN @ given  finite
Jraight fine (mmmm)
10 deferibe an equila-

tmz/ triangle.

Defcribe and

(poftulate 3.); draw wmm and == (poft. 1.).

then will A be equilateral.

FOr mmmmm == ce (def. 15.);
and e ——(def. 15.),
(axiom. 1.);

and therefore A is the equilateral triangle required.
Q.E.D.



2 BOOK I. PROP. II. PROB.

ROM a given point (mmem ),

).

| T— (poft. 1.), deferibe
A. (pr. 1.), produce === (poft.
2.), deferibe @ (pott. 3.), and

(poft. 3.); produce === (poft. 2.), then

——— s the line required.

For

—_— = ———(def. 15.),

and e—— (conik.), .t s =

e T e §

(ax. 3.), but (def. 15.)
ot == drawn from the given point ( s—————),

is equal the given ling emm—
Q.E.D.



BOOK I. PROP. III. PROB. 3

P ROM  the greater
( —
two given fraight
lines, to cut off a part equal to
the lefi ().

Draw === = e (pr. 2.); defcribe

(poft. 3 .), then
For = = e (def. 15.),
and m— e (conft.);

S — e— (. 1)

Q.E.D.



4 BOOK I. PROP. IV. THEOR.

of the one
refpectively
equal to two fides of the

other, (w10 —

P Qe P— Y |
theangles( " and ')
contained by thefe equal

Jides alfo equal ; then their bafes or their fides (s and
) are alfo equal: and the remaining and their remain-
ing angles oppofite to equal fides are refpetively equal
B=B il =) miiieriogis o

equal in every refpedt.

4

Let the two triangles be conceived, to be fo placed, that
the vertex of the one of the equal angles, . or A 3

thall fall upon that of the other, and «m—— to coincide
wWith ————, then Will e coincide With e if ap-

plied: confequently will coincide with "
or two ftraight lines will enclofe a fpace, which is impoffible

(aX. 10), therefore mmm—— — ‘ =, ’

and ‘ = ‘,andas the triangles A and A

coincide, when applied, they are equal in every refpec.
QE.D.



BOOK 1. PROP. V. THEOR. 5

RN any ififectes triangle

A if the equal fides
be produced, the external
anglu at the bafe are equal, and the
internal angles at the bafe are alfo

equal.
Produce , and
,  (poft. 2), take
5 (pr 303

Araw em——and —

Then in and /A\ we have,
NS

—_— —— (contt), ‘common t

both, and = = ——— (hyp.) .\, ‘ =M,
—_—=—ad B = M (- 4)

g"““ VmN We have emmm— = ,
’v ‘and——:———, ,

S = Qm 7 = U7 (pr. 4) but

‘:‘,.'.‘:‘(zx.g.)

Q.E.D.




6 BOOK I. PROP.VI. THEOR.

=N any triangle ( A ) if
2

£00 angles ( 3‘1 and ‘ )
B areequall the fides (mmmmenms
) oppafite to them are alfo

and

cqual.

For if the fides be not equal, let one
be greater than the
, and from it cut off

of them
other

= e (pr. 3.), draw

Then in A and A,—:——,

(contt) A = M\ (byp) and ——— common,
.*. the triangles are equal (pr. 4.) a part equal to the whole,
which is abfird; .*, neither of the fides mmmmmmms oF

is greater than the other, .*, hence they are

equal
Q.E.D.



BOOK I. PROP.VII. THEOR. 7

N the fame bafe ( ) and on
the fame fide of it there cannot be two
triangles having their conterminous
Jides and ——

and ) at both extremities of

the bafe, equal to each other.

When two triangles ftand on the fame bafe,
and on the fame fide of it, the vertex of the one
thall either fall outfide of the other triangle, or
within it; or, lattly, on one of its fides.

If it be poffible let the two triangles be con-

fructed fo that [ = }, then

—=—

- W
but (pr. 5) W = ‘

therefore the two triangles cannot have their conterminous
fides equal at both extremities of the bafe.

which is abfurd,

Q.E.D.



8 BOOK I. PROP. VIII. THEOR.

F two triangles
| have two fides
of theane refpec-

“* tvely equal to
two fides of the other
¢
and —)s
and alfo their bafes (mmmmm
= ), equal ; then the

angler (Y and <
contained by their equal fides
are alfp equal.

If the equal bafes and
to be placed one upon the other, fo that the triangles thall
lie at the fame fide of them, and that the equal fides

be conceived

and be con-

and e,

terminous, the vertex of the one muft fall on the vertex
of the other; for to fuppofe them not coincident would
contradié the laft propofition.

Therefore the fides . and e, being coin-
cident with ad

Y




BOOK I. PROP. IX. PROB. 9

Take
draw

= —— (pr-3)

» upon which

deferibe v (pr. 1)

Araw e—

Becaufe mmmm— = (contt.)
aNd = common to the two triangles
AN — (contt.),

4=\ (or-8)

Q.E.D.



10 BOOK I. PROP.X. PROB.

A O 4ifet? a given finite firaight

line (mmmmmens).

Conftruct A (or. 1)
'

5 making ‘ =, (pr9)
i

Then e == sees= by (pr. 4.),

>
(conft) ‘ ="

and s common to the two triangles.

draw

for mmmm— ==

Therefore the given line is bifected.

Q.E.D.



BOOK 1. PROP. XI. PROB. 1

| point (o),
in a given
3 praight  line
), to draw
a perpendicular.

Take any point (smmmssss ) in the given line,

Cut Off e == e (pr. 3.),

conftruct (pr- 1),
and it thall be perpendicular to

the given line.

For = e (conft.)

(contt.)

and e common to the two triangles.

Therefore ‘ = . (pr. 8)

L ——— (def. 10.).
QE.D.




12 BOOK I. PROP. XII. PROB.

O draw a
Jraight line
perpendicular
to a given
$ indefinite  firaight  line
( ) fromagiven

\_/ (point /N ) without.

With the given point /]\ as centre, at one fide of the
line, and any diftance e capable of extending to

the other fide, defcribe N2

Make = (pr. 10.)
draw y — and —
then L o—,

(conft.)

For (pr. 8.) fince e =
= common to both,

and ——— = e (def. 15.)

ol =

Sy — L —— (def. 10.).

Q.E.D.



BOOK I. PROP. XIII. THEOR. 13

BHEN a flraight line
( ) flanding
upon another firaight
line (:
makes angles with it; they are
either two right angles or together
equal to two right angles.

be L to

15 2 War

then,

But if

dray L ——— 5 (pr. 11.)

s (D,
-h-V.a
.+. L i+'+‘(ax.z.)
| 4V WAL

Q.E.D.

be not L to emmm——




14 BOOK I. PROP. XIV. THEOR.

F two firaight lines
(——and ——),
meeting a third firaight
line (mm—), at the

Jame point, and at oppofite fides of

it, make with it adjacent angles

( and ‘) equal to

two right angles; thefe firaight
lines lie in one continuous firaight
line.

For, if poflible let ——y and not =,

be the continuation Of emm——,

S W

but by the hypothefis + ‘ = ﬂl
‘ = ‘, (ax. 3.); which is abfurd (ax. 9.)-

5 is not the continuation of

, and

the like may be demonttrated of any other firaight line

EXCEPt mm— % is the continuation
[ —

Q.E.D.



BOOK I. PROP. XV. THEOR. 15

U rwo right lines (mmmm

N ) inter [t onme

another, the vertical an-

gles and ‘, ‘
and . are equal.

r -

s
’

(I

In the fame manner it may be thown that

®-o

Q.E.D.



16 BOOK I. PROP. XVI. THEOR..
IF a fide of a

angle  ( ) i
greater than either of the
internal remote angles

oA

= mmeme— (pr. 10.).
and produce it until

Make

Draw

3 draw .

) and ,--" 3 —

‘:nd———:

(cont. pr. 15), 2% ' = ‘ (o 4,
R AYY ¥

In like manner it can be fhown, that if eemses.

be produced, ‘ c ‘, and therefore

'\ which is = ‘ s = ‘

Q.E.D.




BOOK I. PROP. XVII. THEOR. 17

s NY two angles of a tri-

angle A are to-

gether lefs than two right angles.

Produce

, then will

A, D

But = ‘ (pr. 16.)
A A-CD,

and in the fame manner 1t may be fhown that any other
two angles of the triangle taken together are lefs than two
right angles.

Q.E.D.



18 BOOK I. PROP. XVIII. THEOR.

than  another
e, the angle op-
pofite to the greater fide is greater
than the angle oppofite to the lefs.

o

Make memmm = e (pr. 3.), draW e

Then will ‘ = ‘ (pr- 50
but ‘ C . (pr.16)
‘ C % and much more

is‘:, .




BOOK I. PROP. XIX. THEOR. 19

F in any triangle A
) one angle ‘ be greater
than another A the fide

which is oppofite to the greater
angle, is greater than the fide

oppofite the lefs.
If e be not greater than then muft
— = OF ] —
If e = then

‘ = ‘ (pr- 53
which is contrary to the hypothefis.

is not lefs than

‘ a ‘ (pr. 18.)

which is contrary to the hypothefis:

3 for if it were,

oy — .

Q.E.D.



20

o —_— -

BOOK I. PROP. XX. THEOR.

 PAN
S triangle

taken together are greater than the
third fide ).

Produce emmmmm, and
make =emmmm = m—(pr. 3.);

draw s |

Then becaufe =mmume =

‘ = ‘ (pr-5°)
- Qe b

—— C — (pr. 19.)

(contt.),

awd oy — — O —

Q.E.D



BOOK I. PROP. XXI. THEOR.

21

from any point (#N)

within a triangle

Jiraight lines be 3

drawn to the extremities qf one Jide
o), thefe lines muft be toge-

t/ler Iefs than the other two fides, but

muft contain a greater angle.

(pr- 20.),

add mm- to each,

— e [ o— e eame (2X. 42)
In the fame manner it may be thown that
—— o e e R T

—_—t ——

which was to be proved.

Again ‘ cC ¢ (pr- 16.),
and alfo ‘ C ‘ (pr- 16.),

+ =,

Q.E.D.



22 BOOK I. PROP. XXII. THEOR.

the third, to confiruét a tri-
angle whofe fides fhall be re-
Jpedtively equal to the given

lines.

ANzl
\/

= memeenens (pr. 3.).

Affume

Draw em— =

} (pr. 2.).

aNnd m— e

With === and e a5 radii,

deforibe @ and @ (poft. 3.);




BOOK I. PROP. XXIII. PROB. 23

K

[T o given point (L) ina
| given firaight line (mmmmmnss),
M| 1o make an angle equal to a

gomrettiliveal angle (). @0\ .

Draw

between any two points

in the legs of the given angle.




24 BOOK I. PROP. XXIV. THEOR.

QE two triangles
have two fides of
the one refpec-
tively equal to
two ﬁdu of the other (—-
0 and ==

t Y, and if one of

the angles ( & ) contain-

ed by the cqual fides be

greater than the other (A), the fide (
oppofite to the greater angle is greater than the fide (
which is oppofite to the lefs angle.

) which is
)

mew= (ax. 1. hyp. conft.)

T rs)
but ‘ a .

ad . GG 3 ‘,

o e [T wmammsmmen (pr.19.)
(pr-4.)

Q.E.D.



BOOK I. PROP. XXV. THEOR. 25

g two triangles

have two fides

(e and

) o the

one refpectively equal to two
Sfides (——— and )
of the other, but their bafes
unequal, the angle fubtended
by the greater bafe (- )
of the ome, muff be greater

than the angle fubtended by
the lefs bafe (smmmemmem ) of the other.

A

- =,I:or:IA A is not equal to A
A

forif & .5 = then

which is contrary to the hypothefis ;

A
4 _b is not lefs than A

for if 5 ‘
3

(pr- 24.),
which is alfo contrary to the hypothefis :

A

= = (pr-4.)

then

Q.E.D.



26 BOOK I. PROP. XXVI. THEOR.
Case I

=NIF two triangles
&
| /iave two angles

t0 two angles of the other,
( - = ‘ and
Case I - ‘),m,‘ e

of the one equal to a fide of
the other fimilarly placed
with refpedt to the equal
angles, the remaining fides
and angles are refpedtively
equal to one another.

CASE L
Let e = and which lie between
the equal angles be equal,

then = c—

For if it be poffible, let one of them wemmmses be
greater than the other;

= T —

In A and A we have
ST

‘ = ‘ (pr-4)

make




BOOK I. PROP. XXVI. THEOR. 27

but ‘ = ‘ (hyp.)

and theretore (. = which s abfard
hence ncither of the fides e and mmmmmrem i
greater than the other; and .-, they are equal;

s and 4 = d, e

CASE IL
Again, let mm——— » which lie oppofite

the equal angles ‘ and ‘ If it be poffible, let

e [ e | then take smm—

Araw e ,

TheninA andA Wehave mm— = e

— = e and A = 1'31

B A = ‘ (pr- 4)

but ‘ = ‘ (hyp.)
" ‘ = ‘ which is abfurd (pr. 16.).
Confequently, neither of the fides
greater than the other, hence they muft be equal. It

follows (by pr. 4.) that the triangles are equal in all
refpeds.

OF ewmmmmanas is

Q.E.D.



28 BOOK I. PROP. XXVII. THEOR.

a firaight line
() - 002
ing two other
Jiraight  lines,
(e and ——) makes
with them the alternate

gt (N o 5
% and ! ) equal, thefe two firaight lines

are parallel.

If e e ot parallel to

they fhall meet
when produced.

If it be poffible, let thofe lines be not parallel, but meet
when produced; then the external angle v is greater

than A (pr. 16), but they are alfo equal (hyp.), which
is abfurd : in the fame manner it may be fhown that they
cannot meet on the other fide; .*, they are parallel.

Q.E.D.



BOOK I. PROP. XXVIII. THEOR. 29

ting two other

Jraight lines

20d i),

(

makes the external equal to
the internal and oppofite
angle, at the fame fide of

the cutting line (namely,

-4.
L= ‘ s or if it makes the two internal angles
at the fame fide (‘ and ', or ‘_qmi ‘)

together equal to two right angles, thofe two firaight lines
are parallel.

Firft, i ‘ — ‘, then ‘ ='(pr. 15)
4.V

e = — || = (pr.27.).

Secondly, f‘ ‘ = ﬂl
*heﬂ‘ = ' ﬂl (pr- 13)
‘ + ‘ = ‘+v (ax. 3)




30 BOOK I. PROP. XXIX. THEOR.

STRAIGHT  /ne
() flling om
two parallel firaight
) Ca——
), makes the alternate
angles equal to one another ; and
alfo the external equal to the in-
ternal and oppofite angle on the
Jame fide ; and the two internal
angles on the fame fide together
equal to two right angles.

-
For if the alternate angles . and be not equal,

v 4
draw , making "~ ‘ (pr-23).

Therefore ammmsess= || (pr. 27.) and there-
fore two ftraight lines which interfeét are parallel to the
fame ftraight line, which is impoffible (ax. 12).

Hence the alternate angles l and ‘ are not

unequal, that is, they are equal: ‘ (pr- 15);

A = ‘, the external angle equal to the inter-

nal and oppofite on the fame fide : if be added to

o A
R +. (pr. 13)

That is to fay, the two internal angles at the fame fide of
the cutting line are equal to two right angles.

E.D.



BOOK I. PROP. XXX. THEOR.

7 @ TRAIGHT Jines ()
@i‘ which are parallel to the

a Jame firaight line ( memes),
are parallel to one another.

Let

interfe@ { —-—} 3

Then, ; A = ‘ = ‘ (pr 290
Ay

of m— | — pr. 27.)

Q.E.D.



32 BOOK I. PROP. XXXI. PROB.

9SS ROM o given
)

lk;t{ J poit 7

R

KLY o

line parallel 1o a given

Jraight line

from the point /. to any point Z_

Draw

in

s
make ©. = ‘ (pr- 23),

then ———snes || == (pr. 27.).

Q. E.D.



BOOK I. PROP. XXXII. THEOR. 33

F any fide ( ) 4
of a triangle be pro-
duced, the external

angle (@) is equal

to the fum of the two internal and
oppafiteangles( .md‘),
and the three internal angles of

every triangle taken together are
equal to two right angles.

Through the point /\ draw
]

A-

Then (pr. 29.),
A-Y

S 4 ‘. + ‘ =‘ (ax. 2.),

and therefore

A+‘+A=‘=m

(pr. 13.).

(pr- 31.).

Q.E.D.



34 BOOK I. PROP. XXXIII. THEOR.

TRAIGHT Jines (e
) which join
the adjacent extremities of
& 110 equal and parallel frraight
lines (—mmmm and wes

themfelves equal and parallel.

wnsn), are

Draw

the diagonal.

= wsacmeen (hyp.)

‘ = ‘ (pr- 29-)

aNJ emm— common to the two triangles ;

o — I e— 1nd' = ‘ (pr- 4-);

and ', — ] — (pr. 27.).

QE.D.



BOOK I. PROP. XXXIV. THEOR. 35

SRHLE oppofite fides and angles of

any parallelogram are equal,

and the diagonal ()
drvides it into two equal parts.

o | VA
“ b

and s common to the two triangles.

T Lpr6)
A
and ' . (ax):

Therefore the oppofite fides and angles of the parallelo-

gram are equal : and as the triangles /\ zndv

are equal in every refpect (pr. 4,), the diagonal divides

0

the parallelogram into two equal parts.

Q.E.D.



36 BOOK 1. PROP. XXXV. THEOR.




BOOK I. PROP. XXXVI. THEOR.

ARALLELO-
GRAMS

equal bafes, and between the
Jame parallels, are equal.

Draw ~——— and ==
= =—— = =, by (pr. 34, and hyp.);
o — = and | —;

o e = and || smmeeem (pr. 33

And therefore l is a parallelogram :
but ‘ = I = (pr- 35.)
& ‘ = kb (ax1.)
Q.E.D.



38

BOOK I. PROP. XXXVII. THEOR.

=2 RIANGLES
3

;|
AMA

on the fame bafe (mmmmm—m—m—)
and between the fame paral-
lels are equal.

Produce =-emmmmmmaseamas

‘ l are parallelograms

on the fame bafe, and between the fame parallels,

and therefore equal. (pr. 35.)

ey
A
Ad

(pr- 34.)



BOOK I. PROP. XXXVIII. THEOR.

39

A A.

equal bafes and between s
the fame parallels are equal.

Draw  ameems || m—

I }(pn 31).

i-7..
but ﬂ = twice ‘ (pr- 34.)»

(pr- 34.),




40 BOOK I. PROP. XXXIX. THEOR.

| N

G @AL iwangles L.
=
N

and on the fame bafe
() arid o the fame fide of it, are
between the fame parallels.

If e, which joins the vertices
of the triangles, be not || mmm—
draw e || e (pr. 31.),

meeting ==

Draw s,

Becaufe = || s (contt.)

= LN (pr37):

but N = A‘ (hyp.);

a part equal to the whole,
which is abfurd.
o, = J} e and in the fame
manner it can be demonfirated, that no other line except

—i ] — 2y —

Q.E.D.



BOOK I. PROP. XL. THEOR. 41

ESNIQUAL  srian-
1 *}‘\i gles

( and )
on equal bafes, and on the
Jame fide, are between the
fome parte.

If e which joins the vertices of triangles
be 10t || ————
draw e || =——— (pr. 31.),

P g—

Draw
[ ——0+Y

Becaufe

A A .
= k but s =
k = k, a part equal to the whole,

which is abfurd.
¢ and in the fame manner it

O — ..H.
can be demontrated, that no other line except

Q.E.D.

— 5] — 0 c— ]



42 BOOK I. PROP. XLI. THEOR.

and a triangle A‘ are upon
the fame bafe and between
the fame parallels =mmmmm and
» the parallelogram is double
the triangle.

the diagonal ;

Draw

Then \ = A (pr- 37:)
\ = twice \ (pr- 34)
o \ = twice J "

Q.

. E.D.



BOOK I. PROP. XLII. THEOR. 43

O confruzt o %
parallelogram
equal to a given

triangle ‘and hav-

ing an angle equal to a given

rectilinear angle .

Make

Draw "

Make ‘ = (pr. 23.)

Draw {""" l _'} (pr. 31)

= twice 4 (pr. 41.)
but ( = A (pr. 38.)

Q.E.D.



4 BOOK I. PROP. XLIII. THEOR.

YR HE complements

the parallelograms which are about
the diagonal of a parallelogram are
equal.

A = l (pr- 34.)

and A = ' (pr. 34.)

Q.E.D.



BOOK I. PROP. XLIV. PROB. 45

[
WA R Jrraighe  line

N () 2029
08| ply a parallelo~
gram equal to a grven tri-

angle ( ), and

having an angle equal to
4 given reSlilinear angle

(4 )-

Make , = 'wim ‘
)

and having one of its fides wmmmmm conterminous
with and in continuation of —,

Produce

till it meets
ArAW s produce it till it meets =

== continued;
draw = =e=me || semsesmmmm= mecting
produced, and produce easmsseem «

= 5 and

‘ = ': = A; (pr.19. and conft.)

Q.E.D.



46 BOOK I. PROP. XLV. PROB.

O conffrué? a parallelogram equal
to a given redlilinear figure

( t ) and having an

angle equal to a given reclilinear angle
M.

Draw
the re@ilinear figure into triangles.

Conftru& ' = \
. having = ' (pr. 42.)

[ ypm——s =
having ' = ' (pr- 44.)
0 e 2pply ’ = ’
having ' = ' (pr- 44.)

and ’ 'is a parallelogram. (prs. 29, 14, 30.)
having . = ' .

and e dividing

QE.D.



BOOK I. PROP. XLVI. PROB. 47

PON a4 given firaight line
( ) to confirust a
Jyuare.

Draw L oand = e——m
(pr.11.and 3.)
Draw || =, and meet-
ing drawn || ee—

In [ : — I e—(conft.)

. = aright angle (contt.)

‘ = ... =arightangle (pr.29.),
and the remaining fides and angles muft

be equal, (pr. 34.)

and ., [ is a fquare. (def. 27.)
QE.D.
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N right angled triangle

A the fuare on the

lypotenufe is equal 1o
the fim of the fquares of the fides,
and ).

On

) e— g ——

deferibe fquares, (pr. 46.)

[ v
Toeachadd M . . = M,

= mmeene and e— = eeasmees

= 5

N«

T TN | —
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In the fame manner it may be fhown
that . =

hence =

49
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a triangle is
equal to the [quares of the
aMer tawo fides |
), the angle

( ‘ ) Jubtended by that

fide is a right angle.

Draw sesmssses | e and = (prs.1r.3.)
and draw eeeesssse alfo.
[T S—— (contt.)

-!+_.'=—*+__’,
but e o —t I = —— * (pr. 47.),
200 e ? e ? == e ? (hyp.)

oo mememm? = _i,

and ., ‘g - (pr-8.),
confequently . is a right angle.
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DEFINITION L

RECTANGLE or a
% right angled parallelo-
gram is faid to be con-
tained by any two of its adjacent
or conterminous fides.

Thus: the right angled parallelogram - is faid to

be contained by the fides mmmmmmm— and e—

H
or it may be briefly defignated by

If the adjacent fides are equal; i. €. smm——==
then .
for the re@tangle under

is a fquare, and

— e
s equal to { .

@ — Of —f

which is the expreffion
and
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DEFINITION II.

N a parallelogram,
the figure compofed

| of one of the paral-
lelograms about the diagonal,
together with the two comple-
ments, is called a Gromon.

Thus

s
and) = ' are

called Gnomons.
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E=SZue redangle contained

ARM by rwo frraight lines,
one of which is divided
into any number of parts,

is equal to the fum of the rectangles
contained by the undivided line, and the feveral parts of the
divided line.

Draw s L === and = == (prs.2.3.B.1.);
complete the parallelograms, that is to fay,
(

J
N
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the fquare of the whole line
is equal to the fum of the
rfﬂnnglu contained by the whole line and
each of its parts.

—

o ——

Deferibe ' (B. 1. pr. 46.)

Draw parallel to mmmmm= (B.1.pr.31.)
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=IF a firaight line be di-
&N vided into any two parts
e the rectangle
Bl contained by the whole
line and either of its parts, is equal to
the fquare of that part, together with
the rectangle under the parts.

— — g —— o,

—— g ——,

Deferibe . (pr- 46, B. 1)

| o |
I
Complete =t (pr. 31, B. 1.)

Then- =.+ s, but
|
.= —t D:——.—,

O — — i — o —

=

In a fimilar manner it may be readily thown
thit —m—— e = =t e —"

QE.D
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e F a firaight line be divided

' [ nto any Fwo Parts e,

) NG the fyuare of the whole line

=l is equal to the fquares of the

parts, together with twice the rectangle
contained by the parts.

—_——t ety

Wice m—— —

Deferibe (pr. 46, B. 1.)

AraW em——eses (poft. 1.),

znd{-T"" I } (pr- 31, B. 1.)

‘ = ‘ (pr- 5, B. 1),
4d_4....,
-4 -d
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. by (prs.6,29, 34. B.1.) m is 2 fquare = ammmss’.

For the tume reafons P is s fquare = ==,

r ‘1: F}: wm—t = (pr. 43, b. 1.)

but d:ﬂ+ . H+ (4

o —— I —t e
IWICE emmmm—. ==,

Q.E.D.
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F a firaight
line be divided

Y into two equal
partsandalfo
into two unmequal parts,
the rectangle contained by
the unequal parts, together with the fquare of the line between
the points of feétion, is equal to the fguare of half that line

== ——,

Deferibe . (pr- 46, B. 1.), draw ———— and

——nrann || ———
Il (pr-31,B.1.)

- = ‘3 (p- 36, B. 1)
E = D (p- 43, B. 1.)

o (ax. 2.) % = _ =
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but . = e=—? (cor. pr. 4. B. 2.)

and - = ——* (conft.)
e - I-

59

Q.E.D.
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F a firaight line be
bifeéted
and produced to any
POt e
the reclangle contained by the
whole line fo increafed, and the
part produced, together with the

Jyuare of half the line, is equal
to the fquare of the line made up
of the half, andthe produced part.

— b o — I e ?

Deferibe

(pr. 46, B. 1.), draW emm—

; = " = %
and 3 eewesrmsen e || e { (pr. 31, B.1)

D: D: - (prs. 36, 43, B. 1)

o

bul. = =m—* (cor. 4, B. 2.)

: -=—' ‘(«mﬂm)

o —— e —

Q,E.D.
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SF o fraight line be divided
into any two parts
the fquares of the whole ine
and one of the parts are
equal to twice the reflangle contained by [§
the whole line and that part, together
with the fquare of the other parts.
— e —t

2 e ¢ e

Deferibe 5 (pr. 46, B. 1.).

DraW e (poft. 1.),
o { T T s,

E ‘J=I (pr- 43, B. 1.),
«i [l = =1 to both, (cor. 4, B. 2.)

r'] I___._

——-'(cow-!sz)
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a firaight line be divided
into any two parts
—— the fyuare of
the fum of the whole line

Md any one of its parts, is equal to
Jfour times the rectangle contained by
the whole line, and that part together
with the fquare of the other part.

— 4o —— e,

Produce emmsme— and make — = a—

Conftruét (pr- 46, B. 1.);

AraW  ee—
—n—

= —-

(pr. 31, B. 1)

—— e’ —— 2 ——
(pr. 4, B. 11.)

DUt em? ! T 2 ¢ e e e '
(pr- 7, B. 11.)

S mm—— T 4 —— e —

Q.E.D.
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P4 Vine be divided
into two equal
Arts emm—
m{ alfo into two unequal
DOTES s e o the
Jquares of the unequal
parts are together double
the fyuares of half the line,

and of the part between the points of fection.
T2 —,

Make emmmmeses L and == emem——or
Draw =

— e —m?z 2

ey

and  cemmmm———

e || ey s || e

5 and draw e,

— ) (pr. 5, B. 1) = half a right angle.
« (cor. pr. 32, B. 1)

‘ _ (pr. 5, B. 1) = halfa right angle.
- (cor. pr. 32, B. 1.)
4

= a right angle.

A;Ab

henCe e == e, e

(prs. 6, 34, B. 1.)

—— T e, OF et

L= i (pr. 47, B. 1.)

t wnr—t I 2 e

2

e e = 2 — 2 e,

Q.E.D.
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WENE o Siraight ine
Bl —— i
\GR fected and pro-
il duced toany point
| e the fyuaresof the
whole produced line, and of
the produced part, are toge-
ther double of the fyuares of
the half line, and of the line
made up of the half .and pro-
duced part.

and { el } (B

075 e 1055

(pr. 5 B. 1.) = half a right angle.
‘ = d (cor. pr. 32, B. 1.)

(pr. 5 B. 1.) = half a right angle
‘ ‘ (cor. pr. 32, B. 1)

T 0 = aright angle.
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A=A=f}=‘=‘=

half a right angle (prs. s, 32, 29, 34, B. 1.),

M — I eairmann, —— et

]
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ﬁ O divide a given firaight line
bR in fuch a manner, that the rectangle

i of its parts may be equal to the
Jquare of the other.
.

Deferibe (pr. 46, B. 1.),
make mmmmm I wmeews (pr. 10, B.1.),

AraW e—

take mmmm— = = (pr. 3, B. 1.),

deferibe . (pr. 46, B. 1.),

Produce assmsssasssamses (poft. 2.).

=+
= et ——

= w—at, or,

Then, (pr. 6, B. 2.) =ssermmm—m— +

Q.E.D.
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N any obtufe angled
triangle, the fquare
of the fide fubtend-
ing the obtufe angle
exceeds the fum of the fquares
of the fides containing the ob-
tufe angle, by twice the rec-
tangle contained by either of
thefe fides andthe produced parts
of the fame from the obtufe

angle to the perpendicular let
fall on it from the oppofite acute
angle.
— e ? o e by

2

By pr. 4, B. 2.
T e
add == * to both
- + = * (pr. 47, B. 1.)

I 2 ¢ m— e

4

4+ ———* (pr. 47, B.1.). Therefore,

— T 2 o e—

: hence =—

by 2+ + mammm,
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FIRST. SECOND.

bl /. fubtend-
ing an acute angle, is
lefs than the fum of the
Jyuares of the fides con-

taining that angle, by twice the reélangle contained by either
of thefe fides, and the part of it intercepted between the foot of
the perpendicular let fall on it from the oppofite angle, and the
angular point of the acute angle.

FIRST.
e ! ] ! e by 2 o combamasee & o,
SECOND.

—t ] —? e — by 2 ¢ c——

“Firft, fuppofe the perpendicular to fall within the
triangle, then (pr. 7, B. 2.)

— e —t 2 o — ",

add to each een? then,
st et e T I 2 ¢ et o
i
. (pr. 47, B. 1.)

s o ? T2 2+ et 6 e e et
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and 2. m? T it e * by

2 ¢ — —

Next fuppofe the perpendicular to fall without the
triangle, then (pr. 7, B. 2.)

— g —t =2 vo e ammant,

add to each ==——* then

[———
et =1 o (pro47,B. 1),

.

et ot 2 — o —,

P I 2 ¢ e o —

e T et o e by 2 ¢ eren ¢ e,

Q. E.D.
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O draw a right line of
which the fquare fhall be
equal to a given refti-
linear figure.

T draw eem—fuch that,

.U

4

Produce e until sesseme = — 3

take wasmessam =

(pr- 10, B. 1.),

Deferibe Q (pott- 3.),

and produce to meet it: draw




BOOK III.

DEFINITIONS.

I
QUAL circles are thofe whofe diameters are
equal.

II.
A right line is said to touch a circle
when it meets the circle, and being
produced does not cut it.

1.

Circles are faid to touch one an-
other which meet but do not cut
one another.

1v.

Right lines are faid to be equally
diftant from the centre of a circle
when the perpendiculars drawn to
them from the centre are equal.
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V.

And the firaight line on which the greater perpendi-
cular falls is faid to be farther from the centre.

VI

A fegment of a circle s the figure contained
by a ftraight line and the part of the circum-
ference it cuts off.

VIL
An angle in a fegment is the angle con-
tained by two ftraight lines drawn from any
point in the circumference of the fegment
to the extremities of the ftraight line which
is the bafe of the fegment.

VIIL

An angle is faid to ftand on the part of
the ci or the arch, intercep
between the right lines that contain the angle.

IX.
A feor of a circle is the figure contained
by two radii and the arch between them.
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X.

Similar fegments of circles
are thofe which contain
equal angles.

N

Circles which have the fame centre are
called concentric circles.
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py| O find the centre of a given

circle O .

Draw within the circle any fraight

lin€ mmmsmmm, make mmmm == wmeers,

draW e— L —eeee s
bife@ e , and the point of
bifection is the centre.

For, if it be poffible, let any other

B

point as the point of concourfe of
and =smsemsans be the centre.

Becaufe in and

= cmmm=m (hyp. and B. 1, def. 15.)

= ~~==== (conft.) and sssssssesn common,

‘ = W (B. 1, pr. 8., and are thrcfore right
angles; but.v‘ = ﬂ (contt) W = “ (wx11)

which is abfurd; therefore the affumed point is not the
centre of the circle; and in the fame manner it can be
proved that no other point which is not on is
the centre, therefore the centre is in
therefore the point where emmm—— is bifected is the

, and

centre.
Q. E.D.
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O o lies wholly within the circle.

Find the centre ofO (B.3.pr.1.);

from the centre draW smmsmmms t0 any point in

meeting the circumference from the centre ;

draw ANd m—

Then ' = \ (B. 1. pr. 5)
CTaN-h K= Q B rpr6)

oy e [ i (B. 1. pr. 19.)

' CVETY POINt in wmmmmemmm lics within the circle.

Q.E.D.
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\ ‘?, | drawn through the centre of a
I

U circle O bife@sachord

( ez ) which does not pafs through

the centre, it is perpendicular to it; or,
if perpendicular to it, it bifects it.

and == to the centre of the circle.

i I e | e COMMON, a0

and .°,

,
R ‘ L) (Borpr8)
1 (B. 1. def. 7.)
JVITI 1Y Y E—

Then in 4 I\

- = B (B
™
‘ A (hyp.)
e (B. 1. pr. 26))
bifells —meie o

Q.E.D.
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F in a circle two firaight lines
cut one another, which do
not both pafs through the
centre, they do not bifect one

another.

I one of the lines pafs through the
centre, it is evident that it cannot be
bife@ed by the other, which does not
pafs through the centre.

But if neither of the lines s OF we——

pafs through the centre, draw =

from the centre to their interfetion.

77

If e be bife@ted, mmmmmm L to it (B. 3. pr. 3.)

! = wair

bife@ted, wma L

and ,°, . = !; a part

be

(B. 3. pr- 3.)

equal to the whole, which is abfurd :

AN —

do not bife one another.

Q.E.D.
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F two circles @

interfect, they have not the

78

Jame centre.

Suppofe it poflible that two interfecting circles have a

common centre; from fuch fuppofed centre draw e
meenng

to the i point, and

the circumferences of the circles.
= e (B. 1. def. 15.)

Then
and = emmenssmsn (B, 1. def. 15.)

\y — I ——uums § 3 DArt

equal to the whole, which is abfurd :

o~ circles fuppofed to interfect in any point cannot

have the fame centre.

QE.D.
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= |
U rwo circles touch

| o710 another internally, they
have not the fame centre.

For, if it be poffible, let both circles have the fame

centre; from fuch a fuppofed centre draw ===s:

cutting both circles, and == to the point of conta&.
Then = ====== (B. 1. def. 15.)
and = =esmem—— (B. 1. def. 15.)
R

equal to the whole, which is abfurd ;
therefore the affumed point is not the centre of both cir-
cles; and in the fame manner it can be demonftrated that
no other point is.

Q E.D.
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FIGURE 1.
Y@ \F from any point within a circle O
N
DAV

& which is not the centre, lines {

are drawn to the circumference; the greateft of thofe
lines is that (memsmsear) whick paffes through the centre,
and the leaft is the remaining part ( ) of the
diameter.
Of the others, that ( ) which is nearer to
FIGURE 11. the line paffing through the centre, is greater than that
) which is more remote.

Fig. 2. The two Jines (wmmmsere and )
which make equal angles with that paffing through the
centre, on oppofite fides of it, are equal to each other; and

N there cannot be draen a third line equal to them, from
the fame point to the circumference.

FIGURE L
To the centre of the circle draw =

AP RR—

then wmmmseme == womicenees (B. 1. def. 15.)
— — e e (B.1.pr. 20.)
in like manner assssme= may be fhewn to be greater than

s , 01 any other line drawn from the fame point
to the circumference.  Again, by (B. 1. pr. 20.)

— — e e o —,
take wmme from both; .°, [y (ax.),
and in like manner it may be fhewn that is lefs
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than any other line drawn from the fame point to the cir-

cumference.  Again, in

— common, M = - 5

(B.1. pr. 24.) and

o —

may in like manner be proved greater than any other line
drawn from the fame point to the circumference more

remote from m————————

FIGURE IL

If ‘ = |- thel mmmmiuee = === if not

take — draw ——-+=-, then

y = common,

<=’ P oand — e

*, wwssssemmn I e (B 1. pr. 4.)

a part equal to the whole, which is abfurd :
of e = e iane and 1o other line is equal to
= drawn from the fame point to the circumfer-
ence; for if it were nearer to the one paffing through the
centre it would be greater, and if it were more remote it

would be lefs.
Q. E.D.
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The original text of this propofition is here divided into
three parts.

I

[ & @ from @ poine withus o circle, frghe
%) 8 S
*\\1 \GH Jines { }ar: drawn to the cir-

— 5

[umfzrmte; of thefe falling upon the concave circum-
Serence the greateft is that (emmees) which paffes
through the centre, and the line (mwsmmemme=) which is
nearer the greateft is greater than that ( )
which is more remote.

Draw =sssssssss and =ssasisess to the centre.

Then, =mmmmsees which pafies through the centre, is
greateft; for fince memmmmmmm = ececeees if
be added to both, memwsess = =+ -
but = (B. 1. Pr. 20.) %, wmmmasa is greater
than any other line drawn from the fame point to the

concave circumference.

y semmsemmm IZ smsmeenny

Again in
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-

common, but | = ],
v

and

[ (B. 1. pr. 24.);
and in like manner == may be fhewn [= thanany

other line more remote from  smmsens,

L

O thefe lines falling on the comves circumference the
Leaft is that (<mmmmwese) which being produced would
pafs through the centre, and the line which is nearer to
the leaft is lofs than that which is more remote.

For, fince

4 --ereen [ smmmmmen (B. 1. pr.20.)
and ——— —

D )

And again, fince wm—fe sreesee [
—— o crmeee (Bo1.prozn),

and —— T —

]
o wesmees T} =====_ And {o of others.

IIL
Alfo the lines making equal angles with that which
paffes through the centre are equal, whether falling on
the concave or convex circumference ; and no third line
can be drawn equal to them from the fame point to the
circumference.

r/

Forif ssssssm—— [= mwssns, but mzking‘ = ‘;

make =emass == =swen, and draw sesssem—,
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Thenin we have =asmemss == wmemee,

4
ad e common, and alfo ‘ = 4,
s e e = e (B. 1. r. 4.)3

but m—— e

assess—, which is abfurd.

4 Dor to any part
not [T ======,

[ sveer—, they are
. = to each other.

And any other line drawn from the fame point to the
circumference muft lie at the fame fide with one of thefe
lines, and be more or lefs remote than it from the line pafi~
ing through the centre, and cannot therefore be equal to it.

Q. E.D.

s
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§F o point be taken within

circle , from which

more than two equal firaight lines
( . —

can be drawn to the circumference, that

point muft be the centre of the circle.

For, if itbe fuppofed that the point N
in which more than two equal ftraight
lines meet is not the centre, fome other
point m=.. muft be; join thefe two points by e

and produce it both ways to the circumference.

Then fince more than two equal ftraight lines are drawn
from a point which s not the centre, to the circumference,
two of them at leaft muft lic at the fame fide of the diameter

e 12123 and fince from a point A\, which is

not the centre, ftraight lines are drawn to the circumference;;

the greateft is mmmm~=x+, which paffes through the centre :

and e Which i5 nearer to emmm—rres, [ ———
which is more remote (B. 3. pr. 8.);

(hyp.) which is abfurd.

but — =

The fame may be demonftrated of any other point, dif-

ferent from A\, which muft be the centre of the circle,
Q.E.D.
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2l
\INE circle O cannotinterfeét another

O in more points than two.

For, if it be poffible, let it interfeét in three points;

from the centre of O draw y
and to the points of interfection ;
(B. 1. def. 15.),
but as the circles interfe@, they have not the fame
centre (B. 3. pr. 5.):
«*. the affumed point is not the centre of O, and
o as . and are drawn

from a point not the centre, they are not equal (B. 3.

prs. 7, 8); but it was fhewn before that they were equal,
which is abfurd; the circles therefore do not interfet in
three points.

Q.E.D.
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touch one another

F two circles O and
L 4

internally, the right line joining their
centres, being produced, fhall pafs through
a point of contaét.

For, if it be poffible, let —mm

join their centres, and produce it both

ways; from a point of conta@ draw

———— to the centre of O 5 and from the fame point

of conta@ draw eemssasa= to the centre of O.

A

T A ¥ G I —_ J—"
(B. 1. pr. 20,

and =ssmmests == ——mmememmm as they are radii of

O
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DUt e = [ =—-eeemmmj take
2Way e which is common,

= ;

[ — ,

becaufe they are radii of O s

[ === a part greater than the

and

and *, =mem——

whole, which is abfurd.

The centres are not therefore o placed, that a line
joining them can pafs through any point but a point of
contact. )

Q.E.D.
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F two circles O and
O touch one ano-

ther externally, the firaight line
e e joiting their centres,

paffes through the point of contalt.

join the centres, and

If it be poffible, let
not pafs through a point of conta@; then from a point of

contaét draw ===~ and to the centres.
Becaufe = ===~ + C ———
(B. 1. pr. 20.),

A e == = —-=== (B. 1. def. 15.),
ad — == (B. 1. def. 15.),

, @ part greater

. — f —C
than the whole, which is abfurd.

The centres are not therefore fo placed, that the line

joining them can pafs through any point but the point of

contact.
Q.E.D.
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FIGURE I. FIGURE II.

[ g NV E circle can-
| 4 d not touch ano-
4l ther, either
7 externally or
internally, in more points

than one.

FIGURE 1L

Fig. 1. For, if it be poffible, let

O and O touch one
—ealll]

another internally in two points;

draW e joining their cen-

tres, and produce it until it pafs
through onc of the points of contact (B. 3. pr. 11.);

[ —1 ,

But =mmame == e (B. 1. def. 15.),
"4 if = be added to both,

——es I et— e —

but  e—serses =

(B. 1. def. 15.),
and ., m— = s but
e+ = [ ———— (B.1. pr. 20.),

which is abfurd.
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Fig. 2. But if the points of contact be the extremities
of the right line joining the centres, this ftraight line muft
be bifected in two different points for the two centres; be-
caufe it is the diameter of both circles, which is abfurd.

Fig. 3. Next, if itbe poffible, let Q and O

touch externally in two points; draw e

joining
the centres of the circles, and paffing through one of the

LY. QE—
(B. 1. def. 15.)5
and = mm——(B. 1. def. 15.):

points of contat, and draw

Sy — o —— i —iaas 3 but
e o} etm [ emeen= (B. 1 pr. 20.),
which is abfurd.

There is therefore no cafe in which two circles can
touch one another in two points.

Q E.D.
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inferibed in a circle are e-
qually djfant fromthe cencre;

d liffant from the centre are equal.

From the centre ofO draw

emmmmm L 0 m———

L ey oI s and —

Then = = half w—seee (B. 3. pr. 3.)
and —— (B. 3. pr. 3.)
(hyp.)

aNd w— == —(B. 1. d:f,s)

*(B-r.progz) -
* for the

fame reafon,

mmmmem? o — I eeees oo —
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——
Alfo, if the lines —mmmeesverr and —seseocie be
equally diftant from the centre; that is to. fay, if the per-
pendiculars sasssssssm and eeses, be given equal, then

For, as in the preceding cafe,
=

et e

amamssane ?:
o e * = %, and the doubles of thefe
cvere 0 s raas are alfo equal.

QE.D.
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FIGURE I

ESEYHE dumeter is the grzal of firaight

FIGURE I

The diameter —mmmmmm is [= any line =——

and =-e

For draw

Then «erencease =

S — e =
but 4 e 2 (B. 1.pr.20.)
. c .

Again, the line which is nearer the centre is greater

than the one more remote.
and

Firft, let the given lines be
which are at the fame fide of the centre and do

not interfect;
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I B and
and evsseonce = wmsmmemsw aNd sesessrsess

w & BT

C ====== (B. 1. pr- 24.)

FIGURE II. FIGURE II.

and e

Let the given lines be

which either are at different fides of the centre,
orinterfect ; from the centre draw =eee-seees

and —,

Since and emmmm——— are equally diftant from
the centre, = (B. 3. pr. 14.);
but [ (Pt. 1. B. 3. pr. 15,

o —0C .

Q. E.D.
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RHE fraight
| Jine enee
drawn
Srom the
extremity of the diame-
ter e of a circle
perpendicular to it falls

without the circle.
And if any frraight
Jine  wmmmanem be
drawn from & point

ithin that perpendi-
cular to the point of contald, it cuts the circle.

PART I

If it be poffible, let
again, be L.

» which meets the circle

5 and draw e—

Then, becaufle wmm—— —

J: ¢ B1prs),

and .*, each of these angles is acute. (B. 1. pr. 17.)

B

= D (hyp.), which is abfurd, thercfore

e Arawn L. s does not meet

the circle again.
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PART IL

Let

be L. e and let =m==w== be

" between and the

drawn from a point

circle, which, if it be poffible, does not cut the circle.

Becaufe ‘ = D ’

- ’ is an acute angle ; fappofe
L

-, drawn from the centre of the
circle, it mutt fall a the fide of [P the acute angle.

. > which s fuppofed to be  right angle, is [= ’,

S —

but «

and %, cesseeme [ w=s, a part greater than
the whole, which is abfurd. Therefore the point does
not fall outfide the circle, and therefore the ftraight line
~ cuts the circle.

Q. E D.
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pg| O draw a tangent to a given

circle Sfrom a

given point, either 1 or outfide of its
circunference.

If the given point be in the cir-

cumference, s at ] itis plain that
the firaight line = L assesewas

the radius, will be the required tan-

gent (B. 3. pr. 16 But if the given poine <] be

outfide of the circumference, draw «sesesmmm—

from it to the centre, cutting O; and

N

N\
-, deferibe J
concentric with O radius = -

then will be the tangent required.

draw swewesenee L

—




BOOK III. PROP. XVII. THEOR.

B. 1. pr. 4.) = = aright angle,

"y em— 5 2 tangent to O

QE.D.

99
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T

F a right line
a tangent to a circle, the
Jraight line e drawn
Srom the centre to the
patnt of conta, is perpendicular to it.

For, if it be poffible,
Jot mmmmsee be _|_ &

then becaufe . = D
‘ is acute (B. 1. pr. 17.)

o, e— L ——
(B. 1. pr. 19.);

but e—

-, a part greater than

i

and .2, e—
the whole, which is abfurd.
ity mmmsenrs i5 00t L smmessesen3 and in the fame man-
ner it can be demonftrated, that no other line except

——— is perpendicular to ==
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F a firaight line e
be a tangent to a circle,
the fraight line e s
drawn perpendicular to it

from point of the contalt, paffes through
the centre of the circle.

For, if it be poffible, let the centre

be without 5 and draw

«sesseeiee from the fuppofed centre
to the point of contact.

but h. D (hyp.), and ."

a part equal to the whole, which is abfurd.

Therefore the affumed point is not the centre; and in
the fame manner it can be demonftrated, that no other

point without . is the centre.

Q. E.D.
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FIGURE I

I ERQHE angle at the centre of a circle, is double
the angle at the circumference, when they
have the fame part of the circumference for
their bafe.

FIGURE L
Let the centre of the circle be on emmeieas

afideof ...

Becaufe wmm— I c—

A‘ = ‘(B. Lpr. 5.
="+

or ‘ = twice « . (B. 1. pr. 32).

FIGURE II. FIGURE IL

Let the centre be within l , the angle at the
from the angular

circumference ; draw
point through the centre of the circle;;

thenl: ',nnd Y= N,

becaufe of the equality of the fides (B. 1. pr. 5).
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Hence‘-‘-l ‘.+ _=twice‘..
Bu:':l-}- ,and
»- .

'_.m l

FIGURE IIL

FIGURE III.

Let the centre be without ( and
the diameter.

draw

Becaote W = twice v; and

twice W (cafe 1.);
= twice (
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FIGURE 1.
v HE angles ( ‘ i ‘ ) in the fame
Jigment of a circle are equal.

FIGURE L.
@ Let the fegment be greater than a femicircle, and
draw and to the centre.
T = twice ‘ or twice = ‘

(B. 3. pr. 20.);

b - 4.

FIGURE IL

FIGURE II
Let the fegment be a femicircle, o1 fefs than a

femicircle, draw

the diameter, alfo draw

Q.E.D.
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1L oppofite angles ‘
el ’,' and

W7 o any quadritareral figure in-
Jeribed in a circle, are together equalto

tw0 right angles.

Draw = and se—

the diagonals; and becaufe angles in

the fame fegment are equal ': ‘ ’
and ' = 4;
add ! ) to both.
PPV

two right angles (B. 1. pr. 32.). In like manner it may

be thown that,

9.v-m

Q.E.D.
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PON the fame
Jiraight  line,
and upon the
Jame fide of it,
two fimilar fegments of cir-
cles cannot be conflructed
which do not coincide.

For if it be poffible, let two fimilar fegments

draw any right line wmeseme— cutting both the fegments,

draw and

Becaufe the fegments are fimilar,

= By et o,
b o = M B 16)

which is abfurd : therefore no point in cither of
the fegments falls without the other, and
therefore the fegments coincide.
Q. E.D.
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B,
LN, of i

cles upon equal firaight

lines (e a1 e )

are each equal to the other.

For, if & w. befoappliedto N ,
that may fall on o the extremities of

and

e may be on the extremities

T N ethelbmelilen 27 NG

becaufe

H

muft wholly coincide with
and the fimilar fegments being then upon the fame
ftraight line and at the fame fide of it, muft
alfo coincide (B. 3. pr. 23.), and
are therefore equal.
Q.E.D.
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SEGMENT of a circle
being given, to defcribe the
circle of which it is the

Segment.

From any point in the fegment

bife@

draW emmm— and
them, and from the points of bifection
draw L —

i T

and

where they meet is the centre of the circle.

Becaufe mmmmme terminated in the circle is bifected

, it pafles through the

perpendicularly by
centre (B. 3. pr. 1.), likewife wmmmmmmm pafles through
the centre, therefore the centre is in the interfection of

thefe perpendiculars.
Q.E.D.
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VAN cqual circles O and O,

Y the ares NS, N o which

Jfland equal angles, whether at the centre or circum-
Sference, are equal.

Firft, let < = ‘ at the centre,

raw e and ==ss

¢, e == =esmesss (B.1.pr.4.).

e B = ‘ (B. 3. pr.20);

Q and m are fimilar (B. 3. def. 10.);

they are alfo equal (B. 3. pr. 24.)
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If therefore the equal fegments be taken from the

equal circles, the remaining fegments will be equal ;

hence vy = ¥ 7 (ax. 3.);

and oo NS = NS
But if the given equal angles be at the circumference,
it is evident that the angles at the centre, being double
of thofe at the circumference, are alfo equal, and there-

fore the arcs on which they fland are equal.
Q.E.D.
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&
4 N equal circles, O an O

A
the angles . i and ‘ which fland upon equal

arches are equal, whether they be at the centres or at

%3

the circumferences.

For if it be poffible, let one of them
A

‘ be greater than the other .

and make

= g (B. 3. pr. 26.)
but o = “wemwe (hyp.)

S N = N part equal
to the whole, which is abfurd ; .*, neither angle
is greater than the other, and

ot they are equal.
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N equal circles Q O

equal chords

e cut of equal

arches.

From the centres of the equal circles,

draw y —— and

and becaufe Q O

el

alfo ———— = seewerem (hyp.)

. =

. N’ = N’ (B.3.pr.26)

and ., m = O (ax. 3.)

Q. E.D.
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the chords emmmmmm and eeeseeees which fub-

tend equal arcs are equal.

If the equal arcs be femicircles the propofition is
evident. But if not,
let em— o— a0d smsmsaam insnsses
be drawn to the centres ;

becaufe e’ = S’ (hyp)

and ‘ = & Bprar;

but mm— AN —— = weeesees and ses

= meveeene (Bl 1 pr. 43

but thefe are the chords fubtending
the equal arcs.

Q.E.D.
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O bife@ a given

Draw  emm——sssnens ;

make

draw e |, emmmmesns , and it bife@s the arc.

Draw «

e and

= (contt.),

is common,

and ‘ = . (conft.)

= e (B.1.pr.4.)
N\ = o7 (Bogoproa8l),
and therefore the given arc is bife@ed.

Q.E.D.
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FIGUKE 1.
N q circle the angle in a femicircle is a right

angle, the angle in a fegment greater than a

Jemicircle is acute, and the angle in a fig-

ment lefs than a femicircle is obtufe.

FIGURE L

The angle - \ in a femicircle is a right angle.

Draw AN ——

‘ = A = \ (B.1.pr.s)
A+ A== oo

right angles == a right angle. (B. 1. pr. 32.)

FIGURE 1L FIGURE II.
The angle ‘ in a fegment greater than a femi-

circle is acute.

the diameter, and esem——

. ' = aright angle
‘ is acute.

Draw
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FIGURE IIL.
FIGURE IIL The angle ‘ in a fegment lefs than femi-

circle is obtufe.

Take in the oppofite circumference any point, to

which draw  eeese——— aNd  ——mm

Becaufe ‘, + ‘ = CD

(B. 3. pr. 22.)

but ' a d (part2.),
‘ is obtufe.
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e

F a right line
be a tangent 1o a circle,
and from the point of con-
tatt a right line ———

be drawn cutting the circle, the angle
', made by this line with the tangent

is equal to the angle - in the alter-
ate fegment of the circle.

¢ [
If the chord fhould pafs through the centre, it is evi-
dent the angles are equal, for cach of them is a right angle.
(B. 3. prs. 16, 31.)

But if not, draW e L cosmmmm— from the
point of conta&, it muft pafs through the centre of the
circle, (B. 3. pr- 19-)

= ﬂ (B.3. pr. 31.)
er=Aa=r

B = (ax.

% S NS

(B. 3. pr. 22.)

. a = ‘ , (ax.), which is the angle in

the alternate fegment.

(B. 1. pr. 32.)

Q. E.D.
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N a given firaight line mmm—
10 deferibe a figment of a
circle that fhall contain an
@l angle equal to a given angle

DOA

If the given angle be a right angle,
bife& the given line, and defcribe a
femicircle on it, this will evidently
contain a right angle. (B. 3. pr. 31.)

If the given angle be acute or ob-
tufe, make with the given line, at its extremity,

L: = ‘. draW e | e and

ic @ =, sine ()

with or as radius,

for they are equal.

———— i5 2 tangent to O (B. 3. pr. 16.)

o' wmmmmm divides the circle into two fegments
“capable of containing angles equal to

and ) which were made refpecively equal

to O and ‘ (B. 3. pr. 32.)

Q.E.D.
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E==2g O cut off from a given cir-

E5

cle a fegment
which fball contain an angle equal to a

given angle ' LY

Draw

(B. 3. pr. 17.),

a tangent to the circle at any point ;

at the point of contact make
. = M i angle ;
and contains an angle = the given angle.

BeCaufe —mmmm— is 2 tangent,

AN e cuts it, the

"
angle in = .(B. 3. pr. 32.),
y
o Ml = M

Q.E.D.
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FIGURE 1.
F tws chords { —""} in a circle
en [
W interfect each other, the rectangle contained
| by the fegments of the one is equal to the
rectangle contained by the figments of the other.
FIGURE I
If the given right lines pafs through the centre, they are
bifected in the point of interfection, hence the rectangles
under their fegments are the fquares of their halves, and
are therefore equal.
FIGURE II.
. FIGURE IL
Let msmemecnmmmm  pafs through the’centre, and
—m—srewn NOt; draw ANd  —
FIGURE IIL FIGURE IIL.
Let neither of the given lines pafs through the

centre, draw through their interfection a diameter

"""" St
and =crmrimin K — T — X
wmeses (Part. 2.),
alfo eneiinie W o = e ¢
- (Part. 2.

o = — wmnem.
Q.E.D.
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F from a point without a FIGURE I.
circle two firaight lines be
drawn to it, one of which

is @ tangent to

the circle, and the other wem =
cuts it ; the reclangle under the whole
cutting line wmmsssesemm and the
external fegment = is equal to
the fyuare of the tangent s,

FIGURE 1.

Let mmm wesemmmme pafs through the centre ;
draw

from the centre to the point of contact ;
* (B.1.pr.47)
MINUs svesens?y

(B. 2. pr. 6).

— st minus

OF e 2 IR

FIGURE IL FIGURE I
If - do not
pafs through the centre, draw

= and .
Then oo X —— \

= — minus e *
(B. 2. pr. 6), that is,

— ) — .

minus s,
o — N —

= = (B. 3. pr. 18).
QE.D.
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IF from a point outfide of a

circle two firaight lines be
drawn, the one emmmsas
B cutting the circle, the
meeting it, and if

other
the reGlangle contained by the whole

cutting line e and its ex-
ternal fegment = be equal to
the fyuare of the line meeting the circle,
the 161167 e 35 @ tangent to
the circle.

Draw from the given point
e, 2 tangent to the circle, and draw from the
) ansemenes y A0d mmm——

(B. 3. pr. 36.)

centre .

‘Then in 7 and //

menerrers AN —— I emememae AN —

and e is common,

. ' = o ® 8
v M = D a right angle (B. 3. pr. 18.),
' = D a right angle,

and ., s s a tangent to the circle (B. 3. pr. 16.).

Q E.D.
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BOOK IV.

DEFINITIONS.

L
RECTILINEAR figure is
faid to be inferibed in another,
when all the angular points
of the inferibed figure are on
the fides of the figure in which it is faid
to be inferibed.

1L
A FIGURE is faid to be deferibed about another figure, when
all the fides of the circumieribed figure pafs through the
angular points of the other figure.

1L
A RecTiLNear figure is faid to be
inferibed in a circle, when the vertex
of cach angle of the figure is in the
circumference of the circle.

Iv.
A RECTILINEAR figure is faid to be cir-
cumferibed about a circle, when each of
its fides is a tangent to the circle.
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V.
A crcLe is faid to be inferibed in
a reilinear figure, when each fide
of the figure is a tangent to the
circle.

VI

A cIrcee is faid to be circum-
Jferibed about a re@ilinear figure,
when the circumference paffes
through the vertex of each
angle of the figure.

‘ is circumferibed.

VIL

A sTRAIGHT line is faid to be inferibed in
a circle, when its extremities are in the
circumference.

The Fourth Book of the Elements is devoted to the folution of
problems, chicfly relating to the infeription and circumferip-
tion of regular polygons and circles.

A regular polygon s one whofc angles and fides are equal.
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N agivencircle C

= | 10 place a firaight line,
equalto agiven flraight line (mmm),

not greater than the diameter of the

circle.
Draw «ssrevsmm  the diameter of O;
and if woeseem = o then
the problem is folved.
But if =essssem= be not ¢qual t0 mmm——

snvemrme 2 e (byp.);

= ——— (B.1.pr. 3.) with

=== as radius,

dfaW ey which is the line required.

For =

(B. 1. def. 15. contt.)

Q. E.D.
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BN o given circle

Jferibe a triangle equiangular
to a given triangle.

To any point of the given circle draw 5 a tangent
(B. 3. pr. 17.); and at the point of contact

‘ ‘(Blprnz)

and in like manner | =", amd

draw  e—

Becaufe ‘ = ' (contt.)
and ‘ = ' (B. 3. pr. 32.)
- ‘ = ‘; alfo

V-

for the fame reafon.

' '(Bxprgz

and therefore the triangle inferibed in the circle is equi-
angular to the given onc.

Q.E.D.
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PRSI BOUT a4 given

circumferibe a triangle equi-

angular t0 a given triangle.

Produce any fide mmm—— , of the given triangle both
ways; from the centre of the given circle draw mmm———,
any radius.

Make = 7 (Brprag)

and ': | $

At the extremities of the three radii, draw =m—
e N esemseae= o tangents to the

given circle. (B. 3. pr. 17.)

The four angles of 5 taken together, arc

equal to four right angles. (B. 1. pr. 32.)
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but ‘ and ‘ are right angles (conft.)

‘ + .= m 5 two right angles
but [ A = m (B. 1. pr. 13.)
and ’ = > (conft)
and ,*, ‘ = ‘ .

In the fame manner it can be demonftrated that
A=0;

‘ = ‘ (B. 1. pr. 32.)

and therefore the triangle circumfcribed about the given
circle is equiangular to the given triangle.
Q.E.D.
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fromthe point where thefe lines
meet draw  ememmes, -

and =ewss refpectively per-
pendicular to

P A ®.....

common, %, «:ssesiess == mmmmsssmes (B. 1. pr. 4and 26.)

In like manner, it may be fhown alfo

hence with any one of thefe lmes as radius, defcnbe
and it will pafs through the extremities of the

other two; and the fides of the given triangle, being per-
pendicular to the three radii at their extremities, touch the
circle (B. 3. pr. 16.), which is therefore inferibed in the
given circle.

s QE.D.



T O deferibe a circle about a given triangle.

===es and =—
(B. 1. pr. 10.)
From the points of bifeGtion draw ———— and

......... L ———— and ——— refpec-
nvcly (B. 1. pr. 11.), and from their point of
concourfe draw

130
and defcribe a circle with any one of them, and
it will be the circle required.
In ,/and \
H
= —— (contt),
common,

J—

» = § )

o\ — = mm (B. 1. pr. 4.).

In like manner it may be thown that

; and
therefore a circle defcribed from the concourfe of
thefe three lines with any one of them as a radius
will circumferibe the given triangle.

Q. E.D.
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N a given circle O 10

inferibe a fyuare.

Draw the two diameters of the
circle . to each other, and draw

) — and —
is a fquare.
\
For, fince and are, cach of them, in

a femicircle, they are right angles (B. 3. pr. 31),
o, mm— || =——— (B.1.pr.28):

and in like manner ——— || .

And becaufe ‘ . (contt.), and

rorn I mmmeemenn I seemnmins (B, 1. def. 15).

Sy — (B. 1. pr. 4);

and fince the adjacent fides and angles of the parallelo-

gram are equal, they are all equal (B. 1. pr. 34);

and v, o infcribed in the given circle, is a

fquare. QE.D.



132 BOOK 1V. PROP. VII. PROB.

FE=SE BOUT o given circle
O to circumferibe

Draw two diameters of the given
circle perpendicular to each other,
and through their extremities draw

a ﬁunrf

— —— — and —
tangems to the circle ;

and D is a fquare.

L. a right angle, (B. 3. pr. 18.)

alfo ‘ ﬂ (contt.),

'\ || +eeeses} in the fame manner it can
be demonftrated that e || and alfo

- H

o D is a parallelogram, and
v (===l =

they are all right angles (B. 1. pr. 34):
it is alfo evident that e,
and e are equal.

D is a fquare.

that e and

y —
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(O inferibe a circle in a

given fuare.

EE

Make ——— =
I
[ IO | ———
Y RN | |

(B. 1. pr. 31.)

. is a parallelogram ;

P W Y — | 5

. is equilateral (B. 1. pr. 34.)

In like manner, it can be fhown that

. - are equilateral parallclograms.
———

and thercfore if a circle be defcribed from the concourfe

of thefe lines with any one of them as radius, it will be

inferibed in the given fquare. (B. 3. pr. 16.)
Q.E.D.
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WO defiribe a circle about

oo “ L

Draw the diagonals emmemsmese
a0d emmmmeme interfecting cach
other ; then,

S
becaufe and | . have
LA
their fides equal, and the bafe
—tznasss cOMMon to both,

= ‘ (B. 1. pr. 8),
7
or is bife@ed : in like manner it can be fhown

. is bifected ;

hence ‘ = ' their halves,

Sy — = ; (B. 1. pr. 6.)

and in like manner it can be proved that

If from the confluence of thefe lines with any one of
them as radius, a circle be deferibed, it will circumferibe

the given fquare.
H Q. E.D.
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O confirust an ififeeles

PR
A B ¥ triangle, in which each of
*%‘ ){ the angles at the bafe fhail
Gkesladasl| be double of the wertical

angle.

Take any ftraight line emmmmmses
and divide it o that
—ree X s TS —

(B. 2. pr. 11.)

With essmeses as radius, defcribe and place

in it from the extremity of the radius, we—— = ————

(B. 4o pro1); draw e

Then / _X is the required triangle.

For, draw  ————— and defcribe

O about d (B. 4. pr. 5)

Since mmmmsmms X maven Z= mm? I —

.. = is a tangent to O (B- 3. pr- 37)

A = A (B. 3. pr. 32),
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add(meach,
v =4 €
but(+,.ol’¢ ‘(BlP"S

fince == mmmem (B. 1. pr. 5.)
confequently ‘ = A+ 4= A
(B. 1. pr. 32.)

e — (B. 1. pr.6.)

Yo ———— S m—— = e (conft.)
" A= ( (B. 1. pr.5.)

‘ = ‘ = . =A+

( = twice )3 and confequently each angle at
Q.E.D.

the bafe is double of the vertical angle.

136
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to infiribe an equilateral and equi-
angular pentagon.

Conftrué an ifofceles triangle, in
which each of the angles at the bafe
fhall be double of the angle at the
vertex, and infcribe in the given

A

circle a triangle | ) equiangular to it; (B. 4. pr. 2.)

Bifect “ andA(B 1.pr.g.)

and messsee,

draw

Becaufe cach of the angles

4 " ‘, A,A and Q are equal,

the arcs upon which they ftand are equal, (B. 3. pr. 26.)

and .\, — ’ : and
«esesamee which fubtend thefe arcs are equal (B. 3. pr. 29.)
and ., the pentagon is cquilateral, it is alfo equiangular,

as each of its angles ftand upon equal arcs. (B. 3. pr. 27).

Q.E.D.



' 138 BOOK 1IV. PROP. XII. PROB.

58| O deferibe an equilateral
and equiangular penta-
&on about a given circle

Draw five tangents through the
vertices of the angles of any regular
pentagon inferibed in the given

circle O (B. 3. pr. 17).

(B. 1. pr. 47),
common ;

ammnssesmn == weseeems, and

V = ‘ wi €= 4 (B.1.pr.8.)
o m = twice ‘, and t = twice li;

In the fame manner it can be demonftrated that

ﬂ = twice ‘, and . = twice ‘;
but t, = . (B. 3. pr. 27),
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. their halves 4 = k, a6 (] = D, and

asssmssms=  COMMON ;

.‘.‘:‘and— [ R

= tWICE m—
In the fame manner it can be demonftrated
that eemmeeeee T2 IWICE s,
but — o —

H

In the fame manner it can be demonftrated that the
other fides are equal, and therefore the pentagon is equi-
lateral, it is alfo cquiangular, for

ﬂ = twice ‘ and B = twice ‘,
adeheretore N = M\,
ﬂ = D; in the fame manner it can be

demonttrated that the other angles of the defcribed
pentagon are equal.

QE.D
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O inferibe a circle in a
given  equiangular  and
equilateral pentagon.

Let O be a given cquiangular

and equilateral pentagon; it is re-
quired to inferibe a circle in it.

Mike W= M, e 4 =¥

(B. 1. pr. 9.)

) mmeeeen, e

V=4,

ANd  emm— common to the two triangles

o T —

Becaufe

,
and "= M\ (B.rpr. 4)
.
Andbecute ' = M = wie &
.

is bifeéted by ———,

In like manner it may be demonttrated that 9 is

bife@ted by wece-eenny and that the remaining angle of
the polygon is bife@ed in a fimilar manner.
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Draw

y mmsmems, &c. perpendicular to the
fides of the pentagon.

Then in the two triangles ‘/ and A

wehie W = M, (conft), e common,

‘ = aright angle;

. (B.1.pr. 26,

and

In the fame way it may be (hown that the five perpen-
diculars on the fides of the pentagon are equal to one
another.

Deferibe O with any one of the perpendicu-

lars as radius, and it will be the infcribed circle required.
For if it does not touch the fides of the pentagon, but cut
them, then a line drawn from the extremity at right angles
to the diameter of a circle will fall within the circle, which
has been fhown to be abfurd. (B. 3. pr. 16.)

Q.E.D.
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5O deferibe a circle about a
gven equilateral and equi-
angular pentagon.

from the poml of fcamn, draw

s, OSFRH) AT e,

e (B 1.pr4).

In like manner it may be proved that

— and

therefore

Therefore if a circle be defcribed from the point where
thefe five lines meet, with any one of them
as a radius, it will circumferibe

the given pentagon.
Q. E.D.



BOOK IV. PROP. XV. PROB. 143

SO inferibe an equilateral and equian-

==
\'.‘f;’;y gular hexagon in a  given circle
:; O

¥

From any point in the circumference of

the given circle deferibe O pafling

through its centre, and draw the diameters
> 3 draw
B T , &c. and the
required hexagon is inferibed in the given
circle.

— e a0d

Since pafes through the centres

of the circles, and are equilateral

triangles, hence d-= b = one-third of two right

angles; (B. 1. pr. 32) but ‘ =

(B. 1. pr. 13);

=P = Q=i (D)

(B. 1. pr. 32), and the angles vertically oppofite to thefe
are all equal to one another (B. 1. pr. 15), and fland on
equal arches (B. 3. pr. 26), which arc fubtended by cqual
chords (B. 3. pr. 29); and fince each of the angles of the
hexagon is double of the angle of an equilateral triangle,
it is alfo equiangular. Q.E.D.
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=S intrite an eqitateral and

% ), cquiangular quindecagon in
I o given circle.

be
the fides of an equilateral pentagon

inferibed in the given circle, and
the fide of an inscribed equi-
lateral triangle.

The arc fubtended by } -

LT PR

of the whole
=%

circumference.

of the whole
=51 .
circumference.

Their difference = 75

The arc fubtended by } _

o~ the arc fubtended by = = & difference of

the whole circumference.

Hence if ftraight lines equal to sassmsssm be placed in the
circle (B. 4. pr. 1), an cquilateral and equiangular quin-
decagon will be thus inferibed in the circle.

Q.E.D.
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BOOK V.

DEFINITIONS.

L
LESS magnitude s faid to be an aliquot part or
fubmultiple of a greater magnitude, when the
lefs meafures the greater; that is, when the
lefs is contained a certain number of times ex-
aﬂly in the greater.

IL
A GREATER magnitude is faid to be a multiple of a lefs,
when the greater is meafured by the lofs; that is, when
the greater contains the lefs a certain number of times
exa@ly.

jus
RATIO is the relation which one quantity bears to another
of the fame kind, with refpec to magnitude.

1v.
MaGNITUDES are faid to have a ratio to one another, when
they are of the fame kind; and the one which is not the
greater can be multiplied fo as to exceed the other.

The other definitions will be given throughout the book
where their aid is firft required.
u
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AXIOMS.

. I
QUIMULTIPLES or equifubmultiples of the

fame, or of equal magnitudes, are equal.

If A =B, then
twice A == twice B, that is,
2A=2B;
3A=3B;
4A=4B;
&ec. &e.
and $of A==} of B;
1of A=1of B;
&e. &c.

I
A muLTIPLE Of a greater magnitude is greater than the fame
multiple of a lefs.
Let A [ B, then
2AC 2B;
3AC3B;
4ALC4B;
&c. &e.
IIL
THAT magnitude, of which a multiple is greater than the
fame multiple of another, is greater than the other.
Let2 A [ 2 B, then
ALCB;
or, let 3 A [Z 3 B, then
ALCB;
or, let m A = m B, then
ALCB.
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§E any number of magnitudes be equimultiples of as
many others, each of each: what multiple soever
any one of the firft is of its part, the fame multiple
Jhall of the firft magnitudes taken together be of all
the others taken together.

Let OO be the fame multiple of (O,

that 7 isof .

that QOOOO isof O.

Then is evident that
[alalalala] J’
[3T750070 ¢is the fame multiple of { T3
QOO0Q
which that QAN isof O 5
becaufe there are as many magnitudes
[alalalala] (@]
in {7 TSI =19
QOO00 Qo
asthere are in Q00O = O.

The fame demonttration holds in any number of mag-

nitudes,. which has here been applied to three.

.+, If any number of magnitudes, &c.
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¥ the firf} magnitude be the fame multiple of the
Jecond that the third is of the fourth, and the fifth
the fame multiple of the fecond that the fixth is of
the fourth, then fball the firft, together with the
fifth, be the fame multiple of the fecond that the third, together
with the fixth, is of the fourth.

Let ¢3¢ 73, the firft, be the ame multiple of ¢,
the fecond, that (3¢ ¢, the third, is of ¢, the fourth;
and let @ @ @ @, the fifih, be the fame multiple of (3,

the fecond, that GOOQ, the fixth, is of ¢S, the
fourth.

(1 1]
fifth together, is the fame multiple of ), the fecond,

Then it is evident, that { 1. the firft and

that { 0000000} the third and fixth together, is of

the fame multiple of (>, the fourth; becaufe there are as

many magnitudes in { = ¢ as there arc

oo:o}
SESAEES

o+ If the firft magnitude, &c.
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F the firf} of four magnitudes be the fame multiple
of the fecond that the third is of the fourth, and
if any equimultiples whatever of the firft and third

M ¢ taken, thofe hall be equimultiples ; one of the

/écan.d and the other of the fourth.

The First. ‘The Second.

Let { [ .1} be the tame multiple of
1%

‘The Thi ‘The Fourth.

which {::}M *
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)
which J
L

as many times as

}m{gg}m ..

The fame reafoning is applicable in all cafes.

L 22 2 4

*00
690
1 664
1244

. If the firft four, &c.
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DEFINITION V.

Four magnitudes, @, £1, 4, @, are faid to be propor-
tionals when every equimultiple of the firft and third be
taken, and every equimultiple of the fecond and fourth, as,

of the firt @@ of the third @ @
® 090

&ec. s

Then taking every pair of equimultiples of the firft and

third, and every pair of equimultiples of the fecond and
fourth,

=o RO
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That is, if twice the firft be greater, cqual, o lefs than
twice the fecond, twice the third will be greater, equal, or
lefs than twice the fourth; or, if twice the firft be greater,
equal, or lefs than three times the fecond, twice the third
will be greater, equal, or lefs than three times the fourth,
and 50 on, as above exprefled.

R4
nnnnn

In other terms, if three times the firft be greater, equal,
or lefs than twice the fecond, three times the third will be
greater, equal, or lefs than twice the fourth; or, if three
times the firft be greater, equal, or lefs than three times the
fecond, then will three times the third be greater, equal, or
lefs than three times the fourth; or if three times the firft
be greater, equal, or lefs than four times the fecond, then
will three times the third be greater, equal, or lefs than four
times the fourth, and so on. Again,
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&e.
And so on, with any other equimultiples of the four
magnitudes, taken in the fame manner.

Euclid exprefles this definition as follows :—

The firft of four magnitudes is faid to have the fame
ratio to the fecond, which the third has to the fourth,
when any equimultiples whatfoever of the firft and third
being taken, and any equimultiples whatfoever of the
fecond and fourth ; if the multiple of the firft be lefs than
that of the fecond, the multiple of the third is alfo lefs than
that of the fourth; or, it the multiple of the firft be equal
to that of the fecond, the multiple of the third is alfo equal
to that of the fourth; or, ir the multiple of the firft be
greater than that of the fecond, the multiple of the third
is alfo greater than that of the fourth.

In tuture we thall exprefs this definition generally, thus :
IfM @C, =or 3 mL3,
when M @ C, =or 3 @
x
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Then we infer that @, the firft, has the fame ratio
to L1, the fecond, which 4, the third, has to @ the
fourth : expreffed in the fucceeding demonftrations thus :

and is read,
“as @isto[7,s0is @ to §.7

;1 4 1 @ we thall infer if
=or3m[], then will

MO C,=ornW.
That is, if the firft be to the fecond, as the third is to the
fourth; then if M times the firft be greater than, equal to,
or lefs than m times the fecond, then thall M times the
third be greater than, equal to, or lefs than  times the
fourth, in which M and m are not to be confidered parti-
cular multiples, but every pair of multiples whatever;
nor are fuch marks as @, @), I, &c. to be confidered
any more than ives of ical magnitud

The ftudent hould thoroughly underftand this definition
before proceeding further.
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F the firft of four magnitudes have the fame ratio to
the fecond, which the third has to the fourth, then
any equimultiples whatever of the firft and third

sl shall have the fame ratio to any equimultiples of
the fecond and fourth ; iz., the equimultiple of the firft Jhall
have the fame ratio to that of the fecond, which the equi-
multiple of the third has to that of the fourth.

Let

W@ :P.then; O 2 [W:39:2,

every equimultiple of 3 C) and 3 4 are equimultiples of

O and @, and every equimultiple of 2 [l and 2 @, are
cquimultiples of [l and @ (B. 5, pr. 3.)

That is, M times 3 ) and M times 3 4 are equimulti-
plesof € and 4, and 7 times 2 [f] and m 2 @ are equi-
multiples of 2 [l and z @; but O :Wl:: ¢ : @
(hyp); < if M 3 & E, =, or 3 m 2 [, then

M3 @ C, =,or Omz @ (def. 5.)
W3 @2 @ (ki 5)
The fame reafoning holds good if any other equimul-

tiple of the firft and third be taken, any other equimultiple
of the fecond and fourth.

and therefore 3

. If the firft four magnitudes, &c.
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F one magnitude be the fame multiple of another,
(I which a magnitude taken from the firf is of  mag-
NE2 nitude taken from the ather, the remainder fhall be
2| the fame multiple of the remainder, that the whole

is of the whole.

O A
L QO =M )
O

and (=M g,

Q .
<o QO minus ([ =M minus M' u,
O
OOO = M'(: minus u),
and .*, ooo =M.

2*. If one magnitude, &.
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|F two magnitudes be equimultiples of two others,
and if equimultiples of thefe be taken from the firft
two, the remainders are either equal to thefé others,
or equimultiples of them.

Q
Let OO =Mw; ad OO =M 43
o

then () minusm' m =
Qo

M’ w minus ' = = (M’ minus ) ,
and (O minus m & = M’ & minus » 2 =
(M’ minus ) & .
Hence, (M’ minus ) m and (M’ minus ) & are equi-
multiples of w and &, and equal to m and 4,
when M’ minus n = 1.

.+, If two magnitudes be equimultiples, &c.
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F the firft of the four magnitudes has che fame ratio
to the fecond which the third has to the Sourth,
then if the firft be greater than the Jecond, the
third is alfs greater than the fourth ; and if equal,

if lefs, lefs.

cqual;

Let @ : Ml :: @2 5 therefore, by the ffth defini-
tion, if @@ = MM, then will PP = & & ;
buif @ = W, then 9@ = WM
PP =G,

and PO

Similarly, if @ =, or = i, then will W =,
or 3

«*. If the firft of four, &c.

DEFINITION XIV.

GEeoMETRICIANS make ufe of the technical term “ Inver-
tendo,” by inverfion, when there are four proportionals,
and it is inferred, that the fecond is to the firft as the fourth
to the third.

Let A
B:A:D

C:D, then, by “invertendo” it is inferred
C.
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Leeg:0::
then, inverfely, O : @ 22 &

M@ In O, then M Bl 2m &
by the fifth definition.

Lt M @ Om O, thatis, n O M @,
SMBORG,onn CME;

o ifmUEM.,thenwillm SE =3’y N
In the fame manner it may be thown,

thatif m (J =or IM @

then willm < =,or IM M ;

and therefore, by the fifth definition, we infer

that J:@: ¢ M

. If four magnitades, &c.
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F the firft be the fame multiple of the fecond, or the
fme par/ of it, that the third is af the fnur{/),
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n

Therefore, if M be of @ a greater multiple than

m @ is, then M is a greater multiple of ¢ than

be greater than 7 @), then

m is; that is, if M —
M will be greater than @3 in the fame manner

it can be thewn, if M == be equal m @), then

M Y% will be equal m .

And, generally, if M EE_ _. .o

then M willbe S, =or m

by the fifth definition,

Next, let @ be the fame part of um
[ ] partof g

that # s of T .

In!hisca[:alfo.:== a:

For, becaufe
@ i the fime part of== that M is of

¥
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chercfore MM . e multiple of
] ple of @
that ¥ 'Y isof g

Therefore, by the preceding cafe,

by propofition B.

. Tf the firft be the fame multiple, &c.



BOOK V. PROP. D. THEOR. 163

SF the firft be to the fecond as the third to the fourth,

and if the firft be a multiple, or a part of the
Jecond ; the third is the fame multiple, or the fame
part of the fourth.

Let o H it ’ ‘ H H
oyl o &
and firft, let . be a multiple [ll;

0 &4 fhall be the fame multiple of @.

*
T S :‘ Fous.
B o¢ ¢

o Q9

[aTaRRels
e I = 7
Tak on =«

Whatever multiple s of [l
ke gg the fame muliple of g,
.90
229

then, becavie < [l
and of the fecond and fourth, we have taken equimultiples,

 and 88 therefore (B. 5. pr. 4),
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2.0 ..06.00

EHaa kR £ SRS but (conft.),
-0 . S & %%
' =an "Esrtiee =80
and gg is the fame multiple of @

that is of -

Nex(,le(.:: '::':::,

and alfo [l a partof 7. ;

e

then @ fhall be the fame part of @ & .
oo

Inverfely (B. 5.), H :: ' 9P,

but [l isa partof 7. ;

that is, ., is a multiple of [l ;

.+, by the preceding cafe, :: is the fame multiple of §
that is, @ is the fame part of::
that [l isof .. .

o If the firft be to the fecond, &c.
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IQUAL magnitudes have the fame ratio to the fame
magnitude, and the fame has the fame ratio to equal

magnitudes.

Let @ = ¢ and [ any other magnitude;
then@ : . =@ :Tad @ =11:¢.
Becaufe @ = @,

S MO® =M¢;

M@ C,=or O m [, then
ML, =07
and .. @ :. 0 =@ :[7 (B.s def 5).

From the foregoing reafoning it is evident that,
ifml C,=or M@, then
,=orM¢
: @ (B. 5. def 5).

++. Equal magnitudes, &c.
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DEFINITION VIIL

WiEn of the equimultiples of four magnitudes (taken as in
the fifth definition), the multiple of the firft is greater than
that of the fecond, but the multiple of the third is not
greater than the multiple of the fourth; then the firft is
faid to have to the fecond a greater ratio than the third
magnitude has to the fourth: and, on the contrary, the
third is faid to have to the fourth a lefs ratio than the firft
has to the fecond.

If, among the equimultiples of four magnitudes, com-
pared as in the fifth definition, we (hould find

9090060 2, but

60006 =01 . WY@, or if we thould
find any particular multiple M’ of the firft and third, and
a particular multiple 7' of the fecond and fourth, fuch,
that M’ times the firft is [Z »' times the fecond, but M’
times the third is not [Z # times the fourth, 7.e. = or
1 # times the fourth; then the firft is faid to have to
the fecond a greater ratio than the third has to the fourth;
or the third has to the fourth, under fuch circumftances, a
lefs ratio than the firft has to the fecond : although feveral
other equimultiples may tend to fhow that the four mag-
nitudes are proportionals.

This definition will in future be exprefled thus:—

M@~ O, buM
then @: O B

In the above general expreffion, M’ and / are to be
confidered particular multiples, not like the multiples M
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and m introduced in the fifth definition, which are in that
definition confidered to be every pair of multiples that can
be taken. It muft alfo be here obferved, that @, O, M,
and the like fymbols are to be confidered merely the repre-
fentatives of geometrical magnitudes.

In a partial arithmetical way, this may be fet forth as
follows :

Let us take the four numbers, §, 7, 10, and o

Firft. | Second. | Thrd. | Fourth.
S 7 9
16 14 20

24 21 30

32 28 40

40 35 50

48 2 o

6 49 o

i 56 8o

72 63 90

8o 70 100

88 7 110

96 7 120

104 91 130 17
N2 98 1io '
&e. &ec. & | &c

Among the above multiples we find 16 [Z 14 and 20
[ 13 that is, twice the firft is greater than twice the
fecond, and twice the third is greater than twice the fourth;
and 16 321 and 20 T 27; that is, twice the firft is lefs
than three times the fecond, and twice the third is lefs than
three times the fourth; and among the fame multiples we
can find 72 [Z 56 and 90 [Z 72 : that is, 9 times the firft
is greater than 8 times the fecond, and g times the third is
greater than 8 times the fourth. Many other equimul-
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tiples might be selected, which would tend to fhow that
the numbers 8, 7, 10, g, were proportionals, but they are
not, for we can find a multiple of the firft [Z a multiple of
the fecond, but the fame multiple of the third that has been
taken of the firft not [T the fame multiple of the fourth
which has been taken of the fecond; for inftance, g times
the firft is [Z 10 times the fecond, but g times the third is
not [= 10 times the fourth, that is, 72 [Z 70, but go
not = 9o, or 8 times the firft we find [= g times the
fecond, but 8 times the third is not greater than g times
the fourth, that is, 64 [= 63, but So isnot [= 8:. When
any fuch multiples as thefe can be found, the firft (3) is
faid to have to the fecond (7) a greater ratio than the third
(10) has to the fourth (¢), and on the contrary the third
(10) is faid to have to the fourth () a lefs ratio than the
firft (8) has to the fecond (7).
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F unequal magnitudes the greater has a greater
ratio to the fame than the lefs bas : and the fame
magnitude has a greater 1atio to the lefs than it
has to the greater.

A
Let [l and ] be two unequal magnitudes,
and @ any other.

A
We fhall firft prove that [fi] which is the greater of the
two unequal magnitudes, has a greater ratio to @ than [ I,
the lefs, has to @ ;
thatis, l: @ C11:@;
A
take M' [ll, 7 @, M [, and ' @
fuch, that M’ 4 and M’ il thall be each @ ;
alfo take 7/ @ the leaft multiple of @),
which will make » @ =M’ I=MH;
S M Ilisnot = @,
A
but M' [l is = ' @, for,
as n @ is the firft multiple which firft becomes = M I,
than (' minus 1) @ or @ minus @ isnot =M’ [,
and @ isnot C M’ a,

o m @ minus @ + @ muftbe T M [l + M a;
that is, ' @ muft be T M [l ;
A
W is = » @ ; but it has been fhown above that
z
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M’ £ isnot[= ' @, therefore, by the feventh definition,
i has to @ a greater ratio than {1 : @.
Next we thall prove that @ has a greater ratio to [], the
lefs, than it has to i, the greater;
o @:liC@: i

Take ' @, M’ [1, w @, and M’ i,
the fame as in the firft cafe, fuch, that
M s and M’ g will be cach [= @, and n @ the leatt
multiple of @, which firft becomes greater
than M’ i = M’ [].
. n @ minus @ isnot" M |,
and @ is not = M 4 ; confequently
7 @ minus @ + @ isIM W+ M a;

A
oo @ is 1M’ [, and %, by the feventh definition,

A
@ has to [] a greater ratio than @ has to Jij.

" Of unequal magnitudes, &.

The contrivance employed in this propofition for finding
among the multiples taken, as in the fifth definition, a mul-
tiple of the firft greater than the multiple of the fecond, but
the fame multiple of the third which has been taken of the
firft, not greater than the fame multiple of the fourth which
has been taken of the fecond, may be illuftrated numerically
as follows :—

The number g has a greater ratio to 7 than 5 has to 7:
thatis, g : 7L 75 or, 8 1: 72837,
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The multiple of 1, which firft becomes greater thany,
is 8 times, therefore we may multiply the firft and third
by 8, 9, 10, or any other greater number; in this cafe, let
us multiply the firft and third by 8, and we have 648
and 6 : again, the firft multiple of 7 which becomes
greater than 64'is 10 times; then, by multiplying the
fecond and fourth by 10, we fhall have 70 and 70 ; then,
arrangmg thefe multiples, we have—

10 times
e . Gesood,  thothid. e fourh.
6148 70 b4 70
Confequently 64 = 8, or 72, is greater than 7o, but o4
is not greater than 70, .*. by the feventh definition, 9 has a
greater ratio to7 than 3 has to7.

The above is merely illuftrative of the foregoing demon-
ftration, for this property could be fhown of thefe or other
numbers very readily in the following manner ; becaufe, if
an antecedent contains its confequent a greater number of
times than another antecedent contains its confequent, or
when a fraction is formed of an antecedent for the nu-
merator, and its confequent for the denominator be greater
than another fraction which is formed of another antece-
dent for the numerator and its confequent for the denomi-
nator, the ratio of the firft antecedent to its confequent is
greater than the ratio of the laft antecedent to its confe-
quent.

Thus, the number g has a greater ratio to 7, than 8 has
9. 8
to 7, for 3 is greater than 7

Again, 17 : 19 is a greater ratio than 13 : 15, becaufe

17 17 X 15 955 13 13 X 19

1 , an 229

s = i =ty M =y
s L

evident that is greater (han o .‘§ is greater than

SaL hence it is
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12, and, according to what has been above thown, 17 has

to 19 a greater ratio than 13 has to 15.

So that the general terms upon which a greater, equal,
or lefs ratio exifts are as follows :—

If 4 be greater than $, A is faid to have to B a greater
ratio than C has to D; if 4 be equal to 5, then A has to
B the fame ratio which C has to D; and if 5 be lefs than
S Ais faid to have to B a lef ratio than C has to D.

The ftudent thould underftand all up to this propofition
perfectly before proceeding further, in order fully to com-
prehend the following propofitions of this book. We there-
fore ftrongly recommend the learner to commence again,
and read up to this flowly, and carefully reafon at cach ftep,
as he proceeds, particularly guarding againtt the mifchiev-
ous fyftem of depending wholly on the memory. By fol-
lowing thefe inftructions, he will find that the parts which
ufually prefent confiderable difficultics will prefent no diffi-
culties whatever, in profecuting the ftudy of this important
book.
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AGNITUDES which have the fame ratio to the
gAY /o magnitude are equal to. one another ; and
k thofe to which the fame magnitude has the fame
U rat1o are equal to one another.
Let g 102 il theng =@-
For, if not, let oCeO,; then will
@ il (Bspr8),
which is abfurd according to the hypothefis.
R Y isnot = @ .
In the fame manner it may be thown, that
® is not = ‘,
SO =@.-
o :.,lhenwill‘ =@.
For (invert.) 4 HESN
therefore, by the firft cafe, ¢ =0

Again, let

.+, Magnitudes which have the fame ratio, &c.

This may be thown otherwife, as follows :—

Let A :B=A:C, then B=C, for, as the fration
£ = the fration 7, and the numerator of one equal to the
numerator of the other, therefore the denominator of thefe
fra&ions are equal, that is B = C.

Again, if B: A =C:4,B=C. For,asl =7,
B muft = C.
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BHAT magnitude which has a greater ratio than
another has unto the fame magnitude, is the greater
of the two: and that magnitude to which the fame
has a greater ratio than it has unto another mag-
nitude, is the lefs of the two.

Le@: I C@:htagT@.
Forifnot,let P =or 1@ ;
then, @ : 9 =@ : 7 (B. 5. pr.7)or

W:I 3@ 11 (B 5 pr8) and (invert.),
which is abfurd according to the hypothefis.

o @ isnot==or I @, and
W muttbe = @

Again, let 7}
then, [ =] |
For if not, @ muft be Cor =g,
then 77: @ 3 13:@ (B. 5. pr.8) and (invert.);
@ = [7: W (B.5. pr.7), whichis abfurd (hyp.);
s @isnot Cor=V,
and .-, @ muftbe 1.

or

.*. That magnitude which has, &.
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ATIOS that are the fame to the fame ratio, are the
% Jfame to each other.

Ltg: B=@:amd @: U=
then will @ : [l =4:

For it M ¢ C,=,or I m |,
thenM @ =, or T m
and if M @ =, =, or A m 17,
then M o I, =, or I m @, (B. 5. def. 5);
M@ C=oTnl,MaC, =0 One,
and o, (B.5.def.5) @ (Il =acze.

.*. Ratios that are the fame, &c.
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F any number of magnitudes be proportionals, as
one of the antecedents is to its confequent, fo fball
all the antecedents taken together be to all the
confequents.

Lell:@=0:0=2:1
then will [l : @ =
B+O0+ 9 +e+4:0+ O+ T+ v+
Forif MIIC 7 @ then MO = O,
adM & EmJMeCmy,
alfo M a = m ®. (B. 5. def. 5.)

Therefore, if M i [= 7 @, then will
ME+MO+M S 4MedMa,
o M (W + T+ & + o= 4) be greater
thnm @+mnOFmn i dnvgme,

on(@+ O+ +vte
In the fame way it may be fhown, if M times one of the
antecedents be equal to or lefs than 7 times one of the con-
fequents, M times all the antecedents taken together, will
be cqual to or lefs than 7 times all the confequents taken
together. Therefore, by the fifth definition, as one of the

d is to its fo arcall the d
taken together to all the confequents taken together.

. If any number of magnitudes, &c.
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F the firf# has to the fecond the fame ratio which
the third has to the fourth, but the third to the
Sfourth a greater ratio than the fifth has to the
Jixth; the firft fball alfo have to the fecond agreater
ratio than the fifth to the fixth.

Le@:O=0:¢,ul: > 20: 0O,
then @: 0O @

For, becaufe ll : & = O : @, there are fome mul-
tiples (M’ and ) of Ml and O, and of & and @,
fuch that M’ @7 O,
but M’ ¢S not =/ @, by the feventh definition.

Let thefe multiples be taken, and take the fame multiples
of @ and .
oo (B. 5. def. 5) if M@ S, =, or T T3

then will M' M, =, or O m' &
btM

9 C=~0,
but M’ ¢ is not [= » @ (conftruction) ;

and therefore by the feventh definition,
| Hel=¥o3y B
.. If the firft has to the fecond, &c.

»

% (conftruction) ;

AL
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F the firft has the fame ratio to the fecond which the
third has to the fourth; then, if the firft be greater
than the third, the fecond fball be greater than the
Jourth ; and if equal, equal ; and if lefs, lefs.

Let @ :Jz: 11z @, and firft fuppofe
O L thawil O ¢.

For @: 0 [!: T (B.s.pr.8), and by the
hypothcﬁs,.:U: X

e Il:OG s prg),

<. @0 Bspr0)orJC @

Tythenwill O = @.
O @ 5. pr.7),
& (byp);
=71:¢ (B.s5pr11),

Secondly, let

COudi:4=9:0;
. @ = O, by the firft cafe,
thatis, J 3 .

o If the firft has the fame ratio, &c.
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f AGNITUDES kave the fame ratio to one another
WA
QRGN which their equimultiples bave.

Let @ and _ be two magnitudes ;

then, @: 20 M @:M [ .

For@:  =@:.

L@ @400, (Bospriz).

And as the fame reafoning is generally applicable, we have

@:::M@:M[.

" Magnitudes have the fame ratio, &c.
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DEFINITION XIII.

THe technical term permutando, or alternando, by permu-
tation or alternately, is ufed when there are four propor-
tionals, and it is inferred that the firft has the fame ratio to
the third which the fecond has to the fourth; or that the
firft is to the third as the fecond is to the fourth: as is
thown in the following propofition :—

LeG: 4@l

by ¢ permutando” or ““alternando ” it is
inferred © : @ :: @ : -

It may be neceflary here to remark that the magnitudes
&, 4, @, l, muft be homogencous, that is, of the
fame nature or fimilitude of kind; we muft therefore, in
fuch cafes, compare lines with lines, furfaces with furfaces,
folids with folids, &c. Hence the ftudent will readily
perceive that a line and a furface, a furface and a folid, or
other heterogenous magnitudes, can never ftand in the re-
lation of antecedent and confequent.
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four magnitudes of the fame kind be proportionals,
they are alfo proportionals when taken alternately.

Leg@: Ol @,thn @ O:e-
FoM@:MQO:: @:0 (B.5 pr15),
adMg:MO ¢ (byp) and (B. 5. pr. 11);

e @ (B-5.pro15);
S M@g:MQO:un m 4 (B. 5. pr-14),
and L if M @, =, or Om [,
then will M O 5, =, or I ¢ (B. 5. pr. 14);
therefore, by the fifth definition,

alfo m

.*. If four magnitudes of the fame kind, &c.
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DEFINITION XVI.
Divipenpo, by divifion, when there are four proportionals,
and it is inferred, that the excefs of the firft above the fecond
is to the fecond, as the excefs of the third above the fourth,
is to the fourth.

LetA:B::C:D;
by “dividendo ” it is inferred
A minus B: B:: C minus D : D.

According to the above, A is fuppofed to be greater than
B, and C greater than D ; if this be not the cafe, but to
have B greater than A, and D greater than C, B and D
can be made to ftand as antecedents, and A and C as
confequents, by “ invertion”

B:

then, by ““dividendo,” we infer

1C;

Bminus A : A :: D minusC :C.
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[F' magnitudes, taken jointly, be proportionals, they
Jhall alfo be proportionals when taken feparately :
that is, if two magnitudes together have to one of
them the fame ratio which two others have to one
of thefe, the remaining one of the firf two Jhall have to the ther
the fame ratio which the remaining one of the laft two has to the
other of thefe. :

Lt @4+ 0: 0!
then will @ : O

+6:0
EER B
Take M @ = m (J to each 2dd M O,
thenwe e M P+ MO = O +MO,
oM(@+0)E »+MO:
but becaufe @ 4+ T : D :: L2 4+ @ : @ (hyp.),
amdM (@ +O)En+MT;
S M (L4 9 (m M) @ (B s defi5);
M +MOCn®+ME;
.M Il m @, bytaking M 4 from both fides :
thatis, hen M @ = O, thean M I = @
In the fame manner it may be proved, that if
M@ =orgnm D, thenwill M [} =or 2 @ ;
and., @:J:: 070 @ (B 5. def. 5).

.+, If magnitudes taken jointly, &c.
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DEFINITION XV.

T term componendo, by compofition, is ufed when there
are four proportionals; and it is inferred that the firft toge-
ther with the fecond is to the fecond as the third together
with the fourth is to the fourth.

LetA:B:
then, by the term  componendo,” it is inferred that
A4-B:B::C 4D:D.

:D;

By “invertion” B and D may become the firft and third,
AandC the fecond and fourth, as
B:AuD:C,
then, by ¢ componendo,” we infer that

B Az Az Do
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IF magnitudes, taken feparately, be proportionals,
they fhall alfo be proportionals when taken jointly :
| that is, if the firft be to the fecond as the third is
to the fourth, the firft and fecond together fhall be
10 the fecond as the third and fourth together is to the fourth.

Le@:0:ull 1 @
then @4+ T: 02+ @ @5
forifnot, et @ +0: T  + @: @,
fuppofing @ not = 4 ;
@O0l @ (B s proa7);
i1 4 (byp)s
@il 4 (Bos.pran);
S @=¢ (B.spro)

which is contrary to the fappofition ;

.. @ is not unequal to 4 ;
thatis @ = ¢ ;
BN FACH =Y X2 %

.+, T magnitudes, taken feparately, &c.

BB
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F a whole magnitude be to a whole, as a magnitude
taken from the firfl, is to a magnitude taken from
the other ; the remainder fball be to the remainder,
as the whole to the whole.

Leg+O:W+59: 0

thenwill J: & @+ 0O : B+ ¢
Forp+0: g W+ ¢ M (aler),
SO G @ivid),
again O & 12 4 : I aleer),
g+ O: 0+ @ hyp);
therefore J: ¢ @+ O : M+ O
(B. 5. pr. 11).

.. If a whole magnitude be to a whole, &c.

DEFINITION XVII

THE term “ convertendo,” by converfion, is made ufe of
by geometricians, when there are four proportionals, and
it is inferred, that the firft is to its excefs above the fecond,
as the third is to its excefs above the fourth. See the fol-
lowing propofition :—
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=NIF four magnitudes be proportionals, they are alfo
| proportionals by converfion : that is, the firft is to
4l its excefs above the fecond, as the third to its ex-
B cofi above the fourth.

L @O: O WS G,

then all @O : @ :: M2 : M,

. If four magnitudes, &.

DEFINITION XVIII.

« Ex aquali” (fe. diftantia), or ex zquo, from equality of
diftance : when there is any number of magnitudes more
than two, and as many others, fuch that they are propor-
tionals when taken two and two of each rank, and it is
inferred that the firft is to the laft of the firft rank of mag-
nitudes, as the firft is to the laft of the others: “ of this
there are the two following kinds, which arife from the
different order in which the magnitudes are taken, two
and two.”



188 BOOK 7. DEFINITION XIX.

DEFINITION XIX.

« Ex aquali,” from equality. This term is ufed fimply by
itfel, when the firft magnitude is to the fecond of the firft
rank, as the firft to the fecond of the other rank ; and as
the fecond is to the third of the firft rank, fo is the fecond
to the third of the other ; and fo on in order: and the in-
ference s as mentioned in the preceding definition; whence
this is called ordinate proportion. It is demonftrated in
Book §. pr. 22.

Thus, if there be two ranks of magnitudes,
A, B, (, 1, E, F, the firft rank,
and L, M, N, O, P, Q, the fecond,
fuch that A : B : M, B:
C:DuN:O,D:E::0:P, E: F:: P: Q;
we infer by the term “ ex zquali” that
A:F:uL:Q
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DEFINITION XX.

«Ex aquali in p bath feu i
from equality in perturbate, or diforderly proportion. This
term is ufed when the firft magnitude is to the fecond of
the firft rank as the laft but one is to the laft of the fecond
rank ; and as the fecond is to the third of the firft rank, fo
is the laft but two to the laft but one of the fecond rank ;
and as the third is to the fourth of the firft rank, fo is the
third from the laft to the laft but two of the fecond rank ;
and fo on in a crofs order : and the inference is in the 18th
definition. It is demonttrated in B. §. pr. 23.

Thus, if there be two ranks of magnitudes,
A,B, C,D,1, ', the firft rank,
and |, \1, N, O, P,Q, the fecond,
fuch that A :B ::P :Q, B :C:: O
C:D:N:0, D: N, E i F
the term “ ex zquali in proportione perturbati feu inordi-
natd” infers that
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F there be three magnitudes, and other three, which,
mken two and two, have the fame ratm, then, if

U be gream than the fixth; and jj fequal equal ;
and i i lefs, Iefs.
Let @, O, 13, be the firft three magnitudes,
and 4 ), be the other three,
fuch that @ : T :: @ : O, and J 2O .
Then, it @ [, =, or [ 7, then will ¢ =, =,
or 1.

From the hypothefis, by alternando, we have
9:9:0:0,
and J:O [
KA _EX 3
S QP =, or 05, then will @ [, =,
orZ] & (B. 5. pr. 14).

s

) (B. 5. pr. 11);

o+, If there be three magnitudes, &c.
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F there be three magnitudes, and other three which
have the fame ratio, taken two and two, but in a
crofs order ;. then if the firft magnitude be greater
than the third, the fourth fhall be greater than the

_/.xm ; and if equal, equal ; and if lefs, lefs.

Let 77, gy, [, be the firft three magnitudes,
and 4, ¢, ©3, the other three,
fuch that 77 : gy > i, and g T @O

Then, if © =, =, or 71 [ll, then

will @ =, =3 G-
Firft, let 7 be = I :
then, becaufe gy is any other magnitude,
i C Ml (B s opr8);
i (hyp)s
O C M@ (B s pro3);
and becaufe gy : [l :: @ : O (hyp.)s
N BY RHORX XCIAN
anditwasthownthat O : O Il : b
;@ (B 5. pr.13);

but
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o3e,

that is 4 =
Secondly, let ©7 = il ; then fhall @p =
For becaufe

.:. ;@ (B.5.pr.7);

but':: @ =0 ) (hyp.),
and f : = O : @ (hyp. andinv),
O =O: @ (B.s pro11),

;. @ = (Bsprog)

Next, let 77 be 71 fi, then 4p fhall be T3 0 ;

for @l 1,
and it has been thown that [l : M= : @,
and‘:"’: -O;
o, by the firft cafe ) is = 4,

that is, @

o If there be three, &c.
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the fame ratio; the firft fball have to the laft of
| tie firft magnitudes the fame ratio which the firft
qf the others has to the laft of the fame.

N.B.—This is ufually cited by the words  ex aquali,” or

“ex aquo.”

Firft, let there be magnitudes @ , @, I 1,
and as many others @ , O, &,

fuch that
9:¢:¢:0;

and @O 0;
then (hall @ : 17

Let thefe magnitudes, as well as any equimultiples
whatever of the antecedents and confequents of the ratios,
* ftand as follows :—

| JX R8T JROTREH
and
Mg, @, N ,M§,nO,NO,
becafe @ : @ 2 @ 1 O3
SM@P:n@ M@ :nO (B s opg)
For the fame reafon
n@:Nlun:NO;

and becaufe there are three magnitudes,
cc




BOOK V. PROP. XXII. THEOR.

M@, n@,NL],
and other three, M @, m (5, N
which, taken two and two, have the fame ratio ;
S M@ E,=,orON L]
then will M @ [=, =, or IN O, by (B. 5. pr. 20);
and . @ ¢ @ 1O (def. 5).

Next, let there be four magnitudes, @, @, [, @,
and other four, O, @, W3, A,
which, taken two and two, have the fame ratio,
thatisto fay, @ : @ :: O : @5
@,

A,

194

and [] ¢
then hall @ : @ :: O : 4
for, becaufc @ , @, [1, are three magnitudes,
and O, @, =, other three,
which, taken two and two, have the fame ratio;
therefore, by the foregoing cafe, @ : [
but {7 : @ 2es : 4
therefore again, by the firft cale, @ : @ 11> : & ;

and fo on, whatever the number of magnitudes be.

o+, TF there be any number, &.
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[F there be any number of magnitudes, and as many
others, which, taken two and two in a crofs order,
have the fame ratio ; the firft fhall have to the laft
of the firft magnitudes the fame ratio which the
Jirft of the others has to the laft of the fame.

N.B.—This is ufually cited by the words “ex quali in

proportione p batd ;” or “ ex aquo pe

bato”

Fift, let there be three magnitudes, 77,0, ll»
and other three, &, ¢>, @5

which, taken two and two in a crofs order,

have the fame ratio ;

thatis, 7 : 0 1O : @

Let thefe magnitudes and their refpective equimultiples
be arranged as follows :—

7,0, 0,00
MO,MO,"@8,M&,nO,n@,
then £ :Q 1t M52 : M (B. 5. pr. 15);
and for the fame reafon
O @®iuind in@;
but 77 17 > ¢ @ (hyp.)




196 BOOK 7. PROP. XXIII. THEOR.

SMTMQ O @ (Bs.preo11);
and becaufe ) : [l :: & : O (hyp.),
SMOim @l S mO (Bosopra);
then, becaufé there are three magnitudes,
M, MO, H,
and other three, M &, m O, m @,
which, taken two and two in a crofs order, have
the fame ratio ;
therefore, if M 77 [, =, or T [,
then will M & [, =, or T m @ (B. 5. pr. 21),
H B : @ (B. 5. def 5).
Next, let there be four magnitudes,
0O m O,
and other four, O, @, m, A,

and o, €

which, when taken two and two in a crofs order, have
the fame ratio; namely,

D0 um: A,

OR:@® m,
and @,
then fhall (O A

For, becaufe =, (J, [l are three magnitudes,



BOOK V. PROP. XXIII. THEOR. 197
and @ , mm, A, other three,
which, taken two and two in a crofs order, have
the fame ratio,
therefore, by the firft cafe, 7 :
buc |l : §
therefore again, by the firft cafe, ©

and fo on, whatever be the number of fuch magnitudes.

. If there be any number, &c.
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F the firft has to the fecond the fame ratio which
the third has to the fourth, and the fifth to the
Jecond the fame which the fixth has to the fourth,
U the firft and fifih together fball have to the fecond
the fame ratio which the third and fixth together have to the
Sourth.

First. Second. Third. Fourth.
» T B o
Fifth. Sixth.

O [ ]

Leg:0:0: ¢,
ad :0:@: 2,
then W+ O:T:: W+ @: 5.

For &H: 0 @: & (hyp),
adJ: @: B (hyp.) and (invert.),
SO 9@ (B pro22);

and, becaufe thefe magnitudes are proportionals, they are

proportionals when taken jointly,
L9+ OO0+ B: @ (B.s.pra8),

but O: O @ (hyp)
SO+ O:0: @+ W: § (Bs pr.22).

o If the firft, &c.
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[P four magnitudes of the fame kind are propor-
tionals, the greateft and leaft of them together are
greater than the other two together.

Let four magnitudes, @ + O, W+ ¢, O, and &,
of the fame kind, be proportionals, that is to fay,
o+0: W+ =0
and let @ = O be the greateft of the four, and confe-
quently by pr. A and 14 of Book 5, < is the leaft;
thenwill g + O+ ¢ be = W+ & +0s
becante @ + O : B+ ¢ :0: 0,

@ B9 +0: B+ O (Bsprag),
bug + 0= W+ O (yp),

c. @ B 5 oprA);
to cach of thefe add (J <4 ¢
- 9+0+<¢cCcm+0+ 4.

.+, If four magnitudes, &.
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DEFINITION X.
WhHEN three magnitudes are proportionals, the firft is faid
to have to the third the duplicate ratio of that which it has
to the fecond.
For example if A, ©, C, be continued proportionls,
that is, A : A is faid to have to C the dupli-
cate ratio of /

or = == the fquare of 2.

This property will be more readily feen of the quantites

'J, vy a, for art

and - = #* = the fquare of

orof o,.ur,art;

e

for — = ’l, = the fquare of
ar z

DEFINITION XI.

Waen four are continual proportionals, the
firft is faid to have to the fourth the triplicate ratio of that
which it has to the fecond; and fo on, quadruplicate, &c.
increafing the denomination ftill by unity, in any number
of proportionals.

D, be four continued propor-
C::C:D; A s faid to have

For example, let
tionals, that is, A :
to D, the triplicate ratio of A to

A A
or 5 == the cube of 5.
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This definition will be better underftood, and applied to
a greater number of magnitudes than four that are con-
tinued proportionals, as follows :—

Letar’,s+ yar» a be four magnitudes in continued pro-
portion, that is,ar® tir% t1:r' tar tiar @,

art ar®
then — = r* = the cube of —=r.

Or, let ar®, ar, ar®, ar®, ar, a, be fix magnitudes in pro-
portion, that is
ariartiart artiiariartsiar sar ar i a,

then the ratio 27 = > = the fifth power of 273 = r.
a ar*

Or, let a, ar, ar*, ar® ar*, be five magnitudes in continued
a 1 a _1

roportion; —; = — = the fourth power of — =-.

proportion; then ATa P " -

DEFINITION A.

To know a compound ratio :—

When there are any number of magnitudes of the fame
kind, the firft is faid to have to the laft of them the ratio
compounded of the ratio which the firft has to the fecond,
and of the ratio which the fecond has to the third, and of
the ratio which the third has to the fourth ; and fo on, unto
the laft magnitude.

be four magnitudes of the fame ABCD

kind, the firft A is faid to haveto | EF G HK L

the lat D the ratio compounded MN ‘

of the ratio of A toB, and of the — .

ratio of B toC, and of the ratio of C to D ; or, the ratio of
bo

For example, if ,B,C, D, —~—,
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A toD is faid to be compounded of the ratios of 4 to 3,
Bto(C,and C to D.

And if A has to B the fame ratio which E has to F, and
5 to C the fame ratio that G has to H, and C to D the
fame that K has to L ; then by this definition, A is said to
have to D the ratio compounded of ratios which are the
fame with the ratiosof E to F, G to H, and K toL. And
the fame thing is to be underftood when it is more briefly
expreffed by faying, A has to D the ratio compounded of
the ratios of E to F, G to H, and K to L.

In like manner, the fame things being fuppofed ; if 11
has to I the fame ratio which A has to D, then for fhort-
nefs fake, 1 is faid to have to X the ratio compounded of
the ratios of E to F, G to H, and K to L.

This definition may be better underftood from an arith-
metical or algebraical illuftration ; for, in fact, a ratio com-
pounded of feveral other ratios, is nothing more than a
ratio which has for its antecedent the continued produé of
all the dents of the ratios ded, and for its
confequent the continued product of all the confequents of
the ratios compounded.

Thus, the ratio compounded of the ratios of
213, 117 6311, 255,
istheratioof 2 X . X 6X2:3 X7 X 11 X5,
or the ratio of 96 : 1155, or 32 : 385.
And of the magnitudes A, B, C, D, E, F, of the fame
kind, A : F is the ratio compounded of the ratios of
AtB,B:C, C:D), D:E, E: F;
for AXBX CX DXE:BXCXDXEXF,
E__ A
7

, or the ratio of A :
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A CDE
FGHKL

Then the ratio which is compounded of the ratios of
A:B, B:C, C:D, D:E, or the ratio of A:E, is the
fame as the ratio compounded of the ratios of F : G,
G :11, 11: K, K : L, or the ratio of F : L.

or the ratio of A : E is the fame as the ratio of F: L.

The fame may be demonftrated of any number of ratios
fo circumftanced.

Next, let /
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Then the ratio which is compounded of the ratios of

A 3:C, C: : E, or the ratio of A: E, is the
fame as the ratio compounded of the ratios of 1L, (1:.,
216, F : G, or the ratio of F : L.
A
For = = T

or the ratio of A : E is the fame as the ratio of F : L.

"+ Ratios which are compounded, &cc.
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[F feveral ratios be the fame to feveral ratios, each
) 10 each, the ratio which is compounded of ratios
| which are the fame to the fir}t ratios, each to each,
=Bl 1411 bz the fume to the ratio compounded of ratios
which are the fame to the other ratios, each to each.

| ABCDEFGH PQRST
abcdefgh \

and A:B:

IfA:B::a:b
c:D
E:F

and G:H:

|
sle Sye sl ol
1]

and 0 55

.. If feveral ratios, &c.
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F a ratio which is compounded of feveral ratios be
the fame to a ratis which is compounded of feveral
other ratios ; and if one of the firft ratios, or the

B ratio which is compounded of feveral of them, be

the fame to one of the laft ratios, or to the ratio which is com-

pounded of feveral of them ; then the remaining ratio of the firft,
or, if there be more than one, the ratio compounded of the re-
maining ratios, fhall be the fame to the remaining ratio of the
laft, or, if there be more than one, to the ratio compounded of thefe

remaining ratios.

ABCDEFGH

PQRSTX

Let A:B, B:C, C:D, D:E, E:F, F:G, G:H,
be the firft ratios, and P: Q, Q:R, R:S8, $:T, T:X,
the other ratios; alfo, let A : H, which is compounded of
the firft ratios, be the fame as the ratio of P : X, which is
the ratio compounded of the other ratios; and, let the
ratio of A : E, which is compounded of the ratios of A : B,
B:C, C:D, D:E, be the fame as the ratio of P : R,
which is compounded of the ratios P : Q, QG R.

Then the ratio which is compounded of the remaining
firft ratios, that is, the ratio compounded of the ratios
E:F, F:G, G:H, that is, the ratio of E: H, fhall be
the fame as the ratio of R: X, which is compounded of
the ratios of R:S, $:T, T:X, the remaining other
ratios,
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AXEXCXDXEXEXG—PXOXRXSXT
XCXDXEXFXGXH — CXRXSX TXX

EXEXG o IXO yo EXEX
o = axx X

i
FXTXX

m

. If a ratio which, &c.
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BSGIE there be any number of ratios, and any number of
‘A‘ ,. »:,l\ other ratios, fuch that the ratio which is com-
,Q; G2 pounded o ratios, wchich are the fame to the firf

el ratios, each to each, is the fame to the ratio which
is compounded of ratios, which are the fame, each to each, to
the laft ratios—and if one of the firft ratios, or the ratio which
is compounded of ratios, whick are the fame to feveral of the
Jirf ratios, each to each, be the fame to one of the laft ratis,
or to the ratio which is compounded of ratios, which are the
Jame, each to each, to feveral of the laft ratios—then the re-
maining ratio of the firfi ; or, if there be more than one, the
ratio which is compounded of ratios, which are the fame, each
t0 each, to the remaining ratios of the firft, fball be the fame
to the remaining ratio of the laft; or, if there be more than
one, to the ratio which is compounded of ratios, which are the
Jame, each to each, to thefé remaining ratios.

| hokmons

| AB,CD,EF,GH,KL,MN, abcde/g
| ORI QEST, VW, XY, hklmnp

I abecd e fg
L

Let A:B, C:D, E:F, G:H, K:L,
firft ratios, and © :P, ¢ S
other ratios ;

andlet A :B = 4 :4,
C:D = +4:
E:F =c¢:d,
G:H = d:,
K:L =«¢:f,

M:N = f:q.
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Then, by the definition of a compound ratio, the ratio
of 4 15 is compounded of the ratios of 4 14,4 i¢, ¢ :ds d ies
s » which are the fame as the ratioof A : B, C: D,
E:F, G:H, K:L, M:N, each tocach.

hiky
kil

l:m,

3
*

N
hd

Then will the ratio of 4:p be the ratio compounded of
the ratios of 4:4, £:1, Jim, m:n, n:p, which are the

fame as the ratios of O :} » 5T, VW, XY,

each to each.
*. by the hypothefis s: ; = 4:p.

Alfo, let the ratio which is compounded of the ratios of
A:B, C:D, two of the firft ratios (or the ratios of 4:¢,
for A 1B = 41/, and C:D = 4:(), be the fame as the
ratio of a:d, which is compounded of the ratios of a:b,
b:c, c:d, which are the fame as the ratios of O :P,
¢y 1R, S :T, three of the other ratios.

And let the ratios of h:s, which is compounded of the
ratios of h:k, k:m, m:n, n:s, which are the fame as
the remaining firft ratios, namely, I :F, G :H, K : L,
M :N ; alfo, let the ratio of e: g, be that which is com-
pounded of the ratios e: f, f: g, which are the fame, each
to each, to the remaining other ratios, namely, V : W,
£ :Y. Then the ratio of h:s fhall be the fame as the
ratioof e:g; orh:s = e:g.

For AXCXEXGXEXM _ aXbX cXdX X[

XD XFXH XL XN X X dX X fX 9"

EE
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and OX 9X SX VX X

BOOK V. PROP.K. THEOR.

AXEXIXmXn

PX AX TX WX V

AXIXmXnaXp’

by the compofition of the ratios;

o aXbXeXdXEXS am ll)(h)(l)(m)(n<h )
U IXeXdXeXfXE - kAXIxXmxnxp VWP
aXb eXdXeXf AX kX1 mXn
o ixe X Gxexyxe = ixtxn X ixpr
but @X& — AXC _— OXOXs axbXe hXEXL
IXe T EXD T FXRXT bXeXd EXTxXm’
. eXdXeXf — mXn
*tdXeXsfXg T mXp
eXéXeXf — hxXkXmxn
And IXeXFXE = Exmxaxs (WP
mxn __ exf
and 250 = 155 (byp),
hxkXmxn ef

EXmXn Xs

o his = e:g

.+, If there be any number, &e.

“.* Algebrical and Arithmetical expositions of the Fifth Book of Euclid re given in
Byme's Doctrine of Proportion ; published by WiLctaus and Co. London, 1841
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BOOK VI
DEFINITIONS.

L
ECTILINEAR A

figures are faid to
be fimilar, when

they have their fe-

veral angles equal, each toeach,
and the fides about the equal ’
angles proportional.

IL
Two fides of one figure are faid to be reciprocally propor-
tional to two fides of another figure when one of the fides
of the firft is to the fecond, as the remaining fide of the
fecond is to the remaining fide of the firft.

IIL
A sTRAIGHT line is faid to be cut in extreme and mean
ratio, when the whole is to the greater fegment, as the

greater fegment is to the lefs.

v.
Tae altitude of any figure is the straight line drawn from
its vertex perpendicular to its bafe, or the bafe produced.
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RIANGLES
and  parallels-
W& grams havingthe

Wl| /ame altitude are
t0 one another as their bafes.

Let the triangles 1 and k

have a common vertex, and

— S W their bafes e and m——
in the fame fraight line.

Product mmmmemmm both ways, take fucceflively on
—— produced lines equal to it; and on wmm pro-

duced lines succeffively equal to it; and draw lines from

the common vertex to their extremities.

The triangles thus formed are all equal

to one another, fince their bafes are equal. (B. 1. pr. 38.)

. and its bafe are refpectively equi-

multiples of ‘ and the bafe —.,
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In like manner L - and its bafe are refpec-

tively equimultiples of ‘ and the bafe ===,

. If mor 6 times ‘ [ = or J nor 5 times
then 7 or 6 times == [Z == Or ] 7 OF 5 tiMes wa——,
m and » ftand for every multiple taken as in the fifth
definition of the Fifth Book. Although we have only

_fhown  that this property exifts when m equal 6, and #
equal g, yet it is evident that the property holds good for
every multiple value that may be given to 7, and to 7.

‘:‘:: — ——— (B. 5. def. 5.)

Parallelograms having the fame altitude are the doubles
of the triangles, on their bafes, and are proportional to
them (Part 1), and hence their doubles, the parallelograms,

are as their bafes. (B. 5. pr. 15.)
Q. E.D.
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F a firaight lint emm—
be drawn parallel to any
Wl fide an . of @ tri-
angle, it [hall cut the other
fides, or thofe fides produced, into pro-
portional fegments.

And if any firaight line emm—
divide the fides of a triangle, or thofe
Jfides produced, into proportional feg-
ments, it is parallel to the remaining

-

PART L.

Let emmmmmme || =ssmmenss, then fhall

Draw

and V:‘ (B. 1. pr. 37);
AR

fLY p—

,, (Bs:pr)sbue
i

(B. 6. pr. 1),

(B. 5. pr. 11).
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PART IL

Let H

then = || ssesssm=,

Let the fame conftru&ion remain,

becaufe

N
|
=L (B.6.pr. 1);

N

V= : (B. 5. pr.9);

but they are on the fame bafe =sssssswss | and at the

fame fide of it, and

JORPEIY | E—: TR

Q.E.D.
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RIGHT /ine (s )
bifetting the angle of a
triangle, divides the op-
pofite fide into fegments
(e, mmmmmmme) proportional
10 the conterminous fides (

And if a firaight line ()
drawn from any angle of a triangle
divide the oppofite fide ( )
into fegments ( o memweneans)
portional to he conterminous fies ) —,
bifects the angle.

b4
it

PART I

5 0 MeEt comrnan
then, <, = ‘ (B. 1. pr. 29),

==\ -V =4,

L = (B. 1. pr. 6);

and becaufe mmmmm— || seees

(B. 6. pr. 2);

L
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PART IL

Let the fame conftruion remain,

(B. 5. pr. 11).

and %, sevmremess =

(B. 5. pr. 9),

and ,°, 4 = ‘(BA 1. pr. 5); but fince
-V
and f = ‘ (B. 1. pr. 29);
4:', and ‘_4= ‘,

and ", comssmm— bifects ‘ .

Q.E.D.
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N equiangular tri-

and / L) the fides
about the equal angles are pro-
portional, and the fides which are

kY
oppofite to the equal angles are
homologous.

Let the equiangular triangles be fo placed that two fides

=== oppofite to equal angles Q and

Q may be conterminous, and in the fame ftraight line;
and that the triangles lying at the fame fide of that ftraight

—

line, may have the equal angles not conterminous,

i M oppotitcto < and ‘ to ‘
O . Then, becaufe

‘ ‘ S E— 28),

But

(B. 6. pr. 2);

[ D
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(B. 1. pr. 34),
5 and by

and fince

AlLErNAtion, ee——f —

(B. 5. pr. 16).

In like manner it may be fhown, that

H

and by alternation, that

but it has been already proved that

and therefore, ex @quali,
(B. 5. pr. 22),
therefore the fides about the equal angles are proportional,

and thofe which arc oppofite to the equal angles

are homologous.

Q. E.D.
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SSF two triangles have their fides propor-
tional (= 3

(merennemmnn

FR—

10— ) they are equiangular,
and the equal angles are fubtended by the homolo-
gous. fides.

From the extremities Of e, draw

"i

and wssneenn , making

v | V_A
'= ‘(Bd-pms);

and confequently ' = (B 1pr. 32),

and fince the triangles are equiangular,

(B. 6. pr. 4);

but sesssssnssn § mmemmmms 33 = ¢ e (hyp.)

D — 0 ] —

and confequently mm—— (B. 5. pr. 9).

In the like manner it may be thown that
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Therefore, the two triangles having a common bafe

, and their fides equal, have alfo equal angles op-

pofite to equal fides, i. c.

=' and d = '(B. 1. pr. 8).
Bul' = ‘ (conft.)

and .., = ‘; for the fame

win ) = B, s

4
Confequemly‘ = ., (B.1.32);
and therefore the triangles are equiangular, and it is evi-

dent that the homologous fides fubtend the equal angles.

Q.E.D.
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F two triangles (

N
) and A ) thave one

angle (‘) of the one, equal to one

angle ( ) of the other, and the fides
about the equal angles proportional, the
triangles fhall be equiangular, and have
thofe angles equal which the homologous
fides fubtend.

From the extremities of mmmmmm , one of the fides

of A, about A, draw

-, making

e and e

': ‘,nndv= A; thcn':

(B. 1. pr. 32), and two triangles being equiangular,

o e (hyp.);

‘(B. 5. pr.11),

(B. 5. pr. 9);
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A = S every refpect.
(B. 1. pr. 4).
But v = A (contt),
and .*, A = M;and
fince alfo ﬂ = ‘ s

= <. (B.1.pr32);

and o \;and A are equiangular, with

their equal angles oppofite to homologous fides.

Q.E.D.
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N ta0 triangles A and

%) have one angle in

cach equal (/\. equal o ‘ ) the
H

% Jfides about two other angles proportional

A~

and each of the remaining angles ‘

and A ) either lefs or not I than a
right angle, the triangles are equiangular, and thefe angles
are equal about which the fides are proportional.

Firt let it be affumed that the angles ‘ and A

are each lefs than a right angle: then if it be fuppofed
that A and Q contained by the proportional fides,

are not equal, let 4 be the greater, and make

A = b .
Becaufe ‘ =4 (hyp.), and A = Q (contt.)
O ‘. = A (B. 1. pr. 32);
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(B. 6. pr. 4),

but —mm— —

=== (B. 5. pr. 9),

and .0, ‘ ‘ (B. 1. pr. §).

But ‘ is lefs than a right angle (hyp.)
KN ‘ is lefs than a right angle; and .o, -] muft

be greater than a right angle (B. 1. pr. 13), but it has been

proved = A and therefore lefs than a right angle,

which is abfurd. .*, 4 and Q are not unequal ;
. they are equal, and fince d_ A (hyp.)
. ‘ = 4 (B. 1. pr. 32), and therefore the tri-

angles are equiangular.

But if ‘ and 4 be affumed to be each not lefs

than a right angle, it may be proved as before, that the
triangles are equiangular, and have the fides about the
equal angles proportional. (B. 6. pr. 4).

Q E.D.

e
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N a right angled
triangle

(e xw

a perpendicular ( )
be drawn from the right angle
2o the oppofite fide, the triangles

4
( ds k) on each fide of it are fimilar to the whole
triangle and to each other.

Becaufe ‘A = ‘ (B. 1. ax. 11), and
B common o A and A:__qA;
A = ‘ (B. 1. pr. 32);

i |
1 and ..l are equiangular; and
conf:quently have their fides about the equal angles pro-

portional (B. 6. pr. 4), and are therefore fimilar (B. 6.
def. 1).

In like manner it may be proved that k is fimilar to

A
/_1 5 but | has been thewn to be fimilar
-2 ;o ! and B are

fimilar to the whole and to each other.

Q.E.D.
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B ROM a given firaight line (—==-==)
to cut off any required part.

From cither extremity of the
given line draw emmmmtimess MaKing A1) foee——
5 and produce g

angle with =
wmmmeesssns  till the whole produced line
as often as

—ttrimars CONtAINS
e maname cONtains the required part.

Draw , and draw

is the required part of ——ms -2,

(B. 6. pr. 2), and by compofition (B. 5. pr. 18);

15— —

as often

=+ contains
contains the required part (conft.);

%y e s the required part.

Q.E.D.
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50 divide a firaight
Jine (-
Similarly  to a
given divided line

—=)

(——).

From cither extremity of
the given line

€qual {0 w—
rel’pe&lvely (B. 1. pr. 2);
, and draw esssmesss and

—_— ] it

Since { samereens } are |,

(B. 6. pr. 2),

(contt.),

(contt.),
is divided

and ., the given line

fimilarly to  m——

Q.E.D.
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S22/ O find a third proportional

[C— pE—

line  emm— draw

and draw

(B. 1. pr. 31)
———— s the third proportional

10 e and

For fince —e || -

(B. 6 pr. 2);
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B0 find a fourth pro-
V4 portional to three

B given lines

3

Draw

and =——oemmm making any angle ;

= emmemeen,

take em—

aNd — e s

alfo e = e

draw ,
and eemeesee= ||

(B. 1. pr. 31);
is the fourth proportional.

On account of the parallels,

(B. 5. pr. 7)-



BOOK VI. PROP. XIII. PROB.

10 find a mean propor-

tional between two given
Jraight lines

Draw any ftraight line ——m—

make c— I eememmeen

JEY 5 bifet S—

and from the point of bifection as a centre, and half the

line as a radis, deferibe a femicircle .
draw  eeee—— ] ——

is the mean proportional required.

Draw and
Since ‘ is a right angle (B. 3. pr. 31),
and e is L from it upon the oppofite fide,

——— s 2 mean proportional between

and s (B. 6. pr. 8),

and ,*, between =sssmmms= and s=messses (conft.).

QE.D
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E
QUAL  parallelograms

and s

which have one angle in each equal,
have the fides about the equal angles

reciprocally proportional
(P —p e p —))
1L

And parallelograms which have one angle in each equal,
and the fides about them reciprocally proportional, are equal.

Let

and = e fo placed that —mm—

and 3 and

and ——=—— may be continued right lines. It is evi-
dent that they may affume this pofition. (B. 1. prs. 13, 14,

15:)
Complete ‘ §

Since = H
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(B. 6. pr. 1)

The fame conftrution remaining :

k -. : ‘ (B. 6. pr. 1.)

—_— e (hyp)

:‘ (B. 6. pr. 1.)
N :‘ ] :‘(B.;pr.u.)

and oo L h o= (B. 5. pr. 9).

Q.E.D.

HH
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I
PSSR QUAL triangles, which have
f‘%w one angle in each equal

B ( = ), have the

| Jides about the equal angles reciprocally
| proportional

—_—— D — ).

1.
And twn triangles which have an angle of the one equal to
an angle of the other, and the fides about the equal angles reci-
procally proportional, are equal.

L
Let the triangles be fo placed that the equal angles

’ and ‘ may be vertically oppofite, that is to fay,

fo that —mmmmmm and = may be in the fame

ftraight line. Whence alfo emmmmm and muft

be in the fame ftraight line. (B. 1. pr. 14.)

Draw ssssmenem , then

— L — ::':v (B. 6. pr. 1.)

=] ¢ B. 5. pr. 7.
| G (B.5pr7)

[T —p——(: N B



BOOK VI. PROP. XV. THEOR. 235

(B. 5. pr. 11)

II.

Let the fame conftruction remain, and

NP i ———— i — (B. 6. pr. 1)

and  — ::‘:v

(B. 6. pr. 1.)

;Y p— p—— A P ) 1 8]

' :v::‘ :V(BAs pro11);
= e
1

Q.E.D.
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PART I.
s F four [iraight lines be proportional
( f P,

SR—
the rectangle ( X meemmemnn) contained
by the extremes, is equal to the rectangle

el ) contained by the means.

PART II.

And if the reéi-
angle contained by
the extremes be equal
to the rectangle con-
tained by the means,
the four firaight lines
are proportional.

PART I.
From the extremities Of = and =mmem= draw

L to them and =
and sesemenss refpetively : complete the parallelograms

.-
And fince,

—  — 38

— and

eseneen (hyp.)

§ e (conft.)

“El =[] eero
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that is, the re@angle contained by the extremes, equal to

the re@tangle contained by the means.

PART 1L

Let the fame conftruction remain; becaufe

— __,- .

aNd e—

Q. E.D.
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= PART 1
F three firaight lines be pro-
POrtional (m— co—
3l —l —) the
rectangle under the extremes
is equal to the fquare of the mean.
PART I

And if the reflangle under the ex-
tremes be equal to the fquare of the mean,
the three Jiraight lines are proportional.

i

PART L

——yiand
—_——,
] —

?, — e— . Y e

(B. 6. pr. 16).

But = —

o — X — . X ey
OF == e * 5 therefore, if the three ftraight lines are
proportional, the rectangle contained by the extremes is

equal to the fquare of the mean.
PART 1L

Affume = e , then

K —— s K ey

(B. 6. pr. 16), and

Q.E.D.
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BN 4 given firaight line (smmmmm)
N 10 confirugt a rettilinear figure

fimilar to a given one ( ‘ )

and fimilarly placed.

Refolve the given figure into triangles by
drawing the lines e-ccm-e and

At the extremities Of mmmmmmm make

A:Band‘ =D

again at the extremities of e make @ = G

and Q= Q: in like manner make
V= Vand ‘ = ‘.

Then b is fimilar to ’

It is evident from the conftruction and (B. 1. pr. 32) that

the figures are equiangular; and fince the triangles

>
and | are equiangular; thenby (B. 6. pr. 4),




240  BOOK VI PROP. XVIII. THEOR.

Again, becaufe ‘ and ‘ are equiangular,

(B. 6. pr. 22.)

In like manner it may be fhown that the remaining fides

of the two figures are proportional.

. by (B. 6. def. 1.)

. is fimilar to ‘

and fimilarly fituated ; and on the given line

Q.E.D.
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and ) are to one

another in the duplicate ratio
of their homologous fides.

Let ‘ and ‘ be equal angles, and ssasss mm——

AN e homologous fides of the fimilar triangles

and and on m—— the greater

of thefe lines take =

w= a third proportional, fo that

H
draw e,
(B. 6. pr. 4);

5 onere—} — 12— :

(B. 5. pr. 16, alt.),

DUE sstm s { e 3} e essassen (cONLE),

o — wmsswss 33 - ! e confe-
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quently = for they have the fides about
A
the equal angles ‘ and ‘ reciprocally proportional
(B. 6. pr.15);

that is to fay, the triangles are to one another in the dupli-
cate ratio of their homologous fides

— (B. 5. def. 11).

—— and =

Q.E.D.
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IMILAR  poly-
A gons may be di-
wvided into the
Jame number of
Jimilar triangles, each fimilar
pair of which are propor-
tional to the polygons; and
the polygons are to each other
in the duplicate ratio of their
homologous fides.

and

-5 refolving
the polygons into triangles.
Then becaufe the polygons

are fimilar, . ~

v ) and _T are finilar, and ‘ =d

(B. 6. pr. 6);

but . = ‘ becaufe they are angles of fimilar poly-

gons; therefore the remainders M and M are equal;
hence mmsmssssss 3 ceessmses 33 mmmsmmme—— 3 sssssseness
on account of the fimilar triangles,
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and

S R L e — SE—

on account of the fimilar pclygons,

ex aquali (B. 5. pr. 22), o 5 thels propnmoml fides

contain equal angles, the (rhng]:s’ and ’

are fimilar (B. 6. pr. 6).

In like manner it may be fhown that the

" in the duplicate ratio of
(B. 6. pr. 19), and

) is to ’ in like manner, in the duplicate

ratio of wsssssessss 0 =e=

e ».

(B. 5. pr. 11)

il ’ is to ) in the duplicate ratio of
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the duplicate ratio of to

®

and as one of the antecedents is to one of the confequents,
fo is the fum of all the antecedents to the fum of all the
confequents ; that is to fay, the fimilar triangles have to one
another the fame ratio as the polygons (B. 5. pr. 12).

. ¢
But is to in the duplicate ratio of

to 5

—
‘ is to‘ in the duplicate

12O Of e 10 e

Q E.D
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ECTILINEAR figures

| N §

whichare fimilar to the fame figure . |
are fimilar alfo to each other.

Since ‘ and “ . are fimi-

lar, they are equiangular, and have the

fides about the equal angles proportional
(B. 6. def. 1); and fince the figures

N ‘ and [0 arealfo fimilar, they

are equiangular, and have the fides about the equal angles

proportional ; therefore ; and ‘ are alfo

equiangular, and have the fides about the equal angles pro-
portional (B. . pr. 1), and are therefore fimilar.

Q.E.D.
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PART I.
JF four fraight lines be pro-

portional (3 —

D — e ), 1 —
B fimilar reStilinear figures

ﬁrmlarly described on them are alfe pro-

portional.

PART 1L,

And if four fimilar reSlilinear

figures, fimilarly deferibed on_four

fraight lines, be proportional, the
fraight lines are alfo proportional.

PART L

-ec- a third proportional to emmmmm—m
a third proportional
e (B.6. pr. 1)

(iN1CE mmmmn 3 e §5 e 3 (hyp.),

REem—ee 5]

-, ex aquali,

2% —l esamsiess
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WY X6

(B. 5. pr. 11).

PART I1.

Let the fame conftru@ion remain :

A.0C..

D m—— eseeeees (conft.)

nd ') — — — -

(B. 5. pr. 11).

Q.E.D.
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QUIANGULAR paraliel-

ograms ( and

) are to one another
in a ratio compounded of the ratios of
their fides.

Let two of the fides mmmm and
about the equal angles be placed
fo that they may form one ftraight

Since ' + = m,
ad AN = & Gyp.
A+ =D,

form one ftraight line
(B. 1. pr. 14);

complete ’.
sivce /7 s M pe s

(B. 6. pr. 1),
and’:- ! — — (B.6. pr.1),

has to JfJJl] 2 ratio compounded of the ratios of

line.

and ,*, ee—and

— 10 ... 5 N Of e— 0

KK Q.E.D.
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S9N any parallelogram (ﬂ

the parallelograms (

and H ) which are about
the diagonal are fimilar to the whole, and
t0 each other.

As ﬂand ﬂ have a

common angle they are equiangular;

but becaufe mmmmm— || —

B and B B arc fimilar (B. 6. pr. 4),

§ —neses

and the remaining oppofite fides are equal to thofe,

ﬂ ﬂ have the fides about the equal

angles proportional, and are therefore fimilar.

In the fame manner it can be demonftrated that the

parallelograms lg and ﬂ are fimilar.

Since, therefore, each of the parallelograms

P i ﬂ s fimilar to lg  they are fimilar

to each other.

Q E.D.
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O deferibe a reffilinear figure,
which fhall be fimilar to a given

rectilinear figure ( i ), and
equal to another (‘ %

Upon deerive [l = .,
deferibe [:l =d,

and having = . (B. 1. pr. 45), and then

and upon

and wmssssesws will lie in the fame ftraight line
(B. 1. prs. 29, 14),

Between and esssssmsss find 2 mean proportional
(B. 6. pr. 13), and UPON e

deferibe , fimilar to ol

and fimilarly fituated.

Then = . .

For fince g\ and ", are fmilar, and

! o T T e (conlt),
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boc [ : E’ [T — . N YR
> W R D(EAs.p,A“);
but A = - (contt.),
and,s, o= D (B. 5. pr. 14);
wa [ ] = B (contt); confequently,
 which is fmilar 0 . isalto = M.

QE.D.
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s§F fimilar and fimilarly
pofited parallelograms

and
have a common angle, they are about
the fame diagonal.

For, if poffible, let m=====—

be the diagonal of ﬂ and

draw || = (B. 1. pr. 31).
Since l g are about the fame
diagonal ===, , and have common,

they are fimilar (B. 6. pr. 24);

3% —tets § —emn

which is abfurd.

1+, gm— is not the diagonal of Z

in the fame manner it can be demonftrated that no other

line is except

Q. E.D.
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F all the reétangles
| contained by the
A Jegments of a given
Jfraight line, the
greateft is the fquare which is

deferibed on balf the line.
Let - mmmmmem= be the
given line, —— and === uncqual fegments,
and ~em—— and =mm——cqual fegments;

lhcn.:. .

For it has been demonttrated already (B. 2. pr. 5), that
the fquare of half the linc is equal to the re@angle con-
tained by any unequal fegments together with the fquare
of the part intermediate between the middle point and the
point of unequal fection. The fquare defcribed on half the
line exceeds therefore the rectangle contained by any un-

equal fegments of the line.

Q.E.D.
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L | /o that the rec-
tangle contained by its segments /
may be equal to a given area,

ot exceeding the fjuare of \.
half the line. i

Let the given area be = «-sesssssmeneines .

Bife@ acss

N
and if wmmsce— = oo 3

the problem is folved.

BUt if ssesmmmmm ¢ cosacanen %y then

MU - ooe emm— [ e (hyp.).

Draw ewem—— 1 —

Make ememm—

With essmsmm———esse= as radius defcribe a circle cutting the

given line; draw — .
Then ssme= X } ‘= *

(B.z.pr.5) = ——*

B

—— o —

(B. 1. pr. 47);
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X -+

= —— o —

)

from both, take emm—

and =wue X T e ?,
But ————— = (contt.),
and %, oo c— = is fo divided

L T p—
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55| O produce agiven firaight
Uine (m———cus), fo
that the rectangle con-
tained by the fegments
between the extremities of the given
line and the point to which it is pro-
duced, may be equal to a given area,
i.e. equal to the [quare on e,

draw 3 and
with the radius 4 defcribe a circle
meeting  m— produced.
Then mmmmmeseesacmme ) oo o wan

et (B. 2. PI. 6.) I= e T,

we= * (B.1.pr.47.)

But se—— ? 2 <o -

ROV Q- R

P i i

from both take .

* = the given arca.
Q.E.D.

LL
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% R

= O cut a given finite firaight line (memmneses )
@ A

in extreme and mean ratso.

deferibe the fquare | I

(B. 1. pr. 46) ; and producCe e, fo that
.

On —

(B. 6. pr. 29);
take

and draw em— ]

,
(B. 1. pr. 31).

meeting e || s

|

P

Then i |- —

andis o= | ]; and if from both thefe equals

be taken the common part %

, which s the fquare of mmm———

will be = ',which [V QS

that is —— I —— 3

+ is divided in extreme and mean ratio.
(B. 6. def. 3).

Q.E.D.



BOOK VI. PROP. XXXI. THEOR. 259

§F any fimilar redtilinear
G figures be fimilarly deferibed
Vel o the fides of a right an-

gled triangle ( Y G ) the figure
deferibed on the fide (wesssmmmme) fisb-
tending the right angle is equal to the
Jum of the figures on the other fides.

From the right angle draw mmmmmm perpendicular

O nem s —

then ssssssssmmm— o

(B. 6. pr. 8).

(B. 6. pr. 20).

o [ -

(B. 6. pr. 20).
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N
F two triangles ( ‘_‘ and
A), have two fides pro-

POrtiona] ( m—

), and be fo placed

"\ af an angle that the homologous fides are pa-

rallel, the remaining fides ( swmcomsnson and <sisucsscns) form
one right line.

[T S | —

.=+ (B.1.pr.29);

and alfo fince [T ——

= ‘ (B. 1. pr. 29);

and fince

(hyp-),

the triangles are equiangular (B. 6. pr. 6);

.y

but & L= W 3

A+ + A=A+ +B=
m (B. 1. pr. 32), and .7, —mmm and sereareens

lic in the fame firaight line (B. 1. pr. 14).
Q.E.D.
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N cqual circles (O, O ) angles, /

whether at the centre or circumference, are
in the fame ratio to one another as the arcs

on which they fland (‘ H 2 - )
Jo alfo are fectors.

Take in the circumference of O any number

of arcs =, w5 &c. cach == == , and alfo in

the circumference of O take any number of

arcs e - 5 &. each = wuwr , draw the

radii to the extremities of the equal arcs.

Then fince the arcs e, =, wms, &c. are all equal,
the angles / , / s \, &c. arealfo equal (B. 3. pr.27);
A is the fame multiple of / which the arc
N s Of mmmj and in the fame manner A

is the fame multiple of 4 , which the are “.,,., e
is of the arc v,
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Then it is evident (B. 3. pr. 27),

if ‘ (or if m times /)|:, =23 &
(or # times 4)

then Saee” (Or 7 times ~==) [,

oo™ (O 7 times <) 3

/: 3 w2 ., (B. 5. def 5), or the
angles at the centre are as the arcs on which they ftand ;
but the angles at the circumference being halves of the
angles at the centre (B. 3. pr. 20) are in the fame ratio
(B. 5. pr. 15), and therefore are as the arcs on which they
ftand.

It is evident, that fe@ors in equal circles, and on equal
arcs are equal (B. 1. pr. 4; B. 3. prs. 24, 27, and def. g).
Hence, if the feGors be fubftituted for the angles in the
above demontration, the fecond part of the propofition will
be eftablifhed, that is, in equal circles the fectors have the
fame ratio to one another as the arcs on which they ftand.

Q.E.D.
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the right line (sanuxavs),
bifedting an  external

A angle ‘ of the tri-

angle meet the oppofite

Jfide () produced: that whole produced fide (=mmsrs),

and its external fegment (=====ew=) will be proportional to the
Jfides (mmmmnnmsren and i), which contain the angle
adjacent to the external bifected angle.

For if

then ‘

be drawn | swessmens

v, (B. 1. pr. 29);
‘, (hyp.),

= .- o (B. 1. pr. 29);
5 (B. 1. pr. 6),
: 18— e
(B.5.pr-7);
But alfo,

(B. 6. pr. 2);
and therefore

and %, eesssmseme I

and e——

(B. 5. pr. 11).

Q. E.D.
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NF an angle of a triangle be bi-
Jested by a firaight line, which
likewife cuts the bafe ; the rec-
¥ tangle contained by the fides of
the triangle is equal to the rectangle con-
tained by the fegments of the bafe, together
with the fyuare of the firaight line which
bifects the angle.

Let = be drawn, making

‘ = ‘; then thall

— X — s X e - -,
Y
About A deferibe { ) (B. 4. pr. 5,
produce to meet the circle, and draw ssssssmnm,

Since ‘ = ‘ (hyp.),
and « _ = ’ (B. 3. pr. 21),

'Aand

./\ are equiangular (B. 1. pr. 32);
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K o erireen

(B. 6. pr. 16.)
- x —— + [
(B. 2. pr. 3);

but wemvrmren I mmem IS mmmmems 30 emm—
(B. 3. pr. 35);
X =t

Q.E.D.

V— X

.\ — X —
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UF from any angle of a triangle a
| fraight line be drawn perpendi-
cular to the bafe ; the rectangle
contained by the fides of the tri-
angle is equal fo the reétangle contained by
the perpendicular and the diameter of the
circle deferibed about the triangle.

fhall

X the

diameter of the defcribed circle.

Deferibe O (B. 4. pr. 5), draw its diameter

———, 21d draW =3 then becaufe

‘ = A (contt. and B. 3. pr. 31);
and A A (B. 3. pr. 21);

and %, seameseme X

(B. 6. pr. 16).
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PEESSFLIE reffangle contained by the
723 DR diagonals of aquadrilateral figure
5 WA i1firibed in a circle, is equal to
WDendold joch the rectangles contained by
its oppofite fides.

i

Let k] be any quadrilateral
figure infcribed in O; and draw

sssansmm— ANd = then

[V C— o X mewmnenes,

Make ‘ ‘ (B. 1. pr. 23),
b:';and . }=0

(B. 3. pr. 21);

DV R —

(B. 6. pr. 4);

and 2, e X e =

(B. 6. pr. 16); again,

becaufe A = ‘ (@ﬁ.).
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zndv = v (B. 3. pr. 21);

268

(B. 6. pr. 4);
| (I
(B. 6. pr. 16);

but, from above,

and .7,

THE END.

CHISWICR | FRINTED BY €. WHITTINGHAN.
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